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PREFACE. 



T N the present Work I have endeavoured, without exceed- 
ing the usual size of an Elementary Treatise, to give a 
comprehensive account of the Analytical Geometry of the 
Conic Sections, including the most recent additions to the 
Science. 

For several years Analytical Geometry has been my special 
Study, and some of the investigations in the more advanced 
portions of this Treatise were first published in Papers written 
by myself. These include : finding the Equation of a Circle 
touching Three Circles; of a Conic touching Three Conies ; 
extending the Equations of Circles inscribed and circum- 
scribed to Triangles to Circles inscribed and circumscribed 
to Polygons of any number of sides; the extension to Conies 
of the properties of circles cutting orthogonally ; proving 
that the Tacl-invariant of two Conies is the product of Six 
Anharmonic Ratios; and some others. 
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iv Preface. 

Of the Propositions in the other parts of the Treatise, 
the proofs given will be found to be not only simple and 
elementary, but in some instances original. 

In compiling my Worlt I have consulted the writings of 
various authors. Those to whom I am most indebted are ; 
Salmon, Chasles, and Clebsch, from the last of whom I 
have taken the comparison of Point and Line and Line 
Co-ordinates (Chapter IL, Section IIL); and Aronhold's 
notation (Chapter VIIL, Section IIL), now published for 
the first time in an English Treatise on Conic Sections. 
For Recent Geometry, the writings of Bkocard, Neubeeg, 
Lemoine, M'Cay, and Tucker. 

The exercises are very numerous. Those placed after the 
Propositions are for the most part of an elementary cha- 
racter, and are intended as applications of the propositions 
to which they are appended. The exercises at the ends of 
the chapters are more difficult. Some have been selected 
from the Examination Papers set at the Universities, from 
Roberts' examples on Analytic Geometry, and Wolstenholme's 
Mathematical Problems. Some are original ; and for a very 
large number I am indebted to my Mathematical friends 
Professors Neuberg, R. Curtis, s.j., Crofton, and the 
Messrs. J. and F. Purser. 

The work was read in manuscript by my lamented and 
esteemed friend, the late Rev. Professor Townsend, f.r.s. ; 
by Dr. Hart, Vice-Provost of Trinity College, Dublin ; and 
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Preface. v 

Professor B. Williamson, f.r.s. Their valuable suggestions 
have been incorporated. 

In conclusion, I have to return my best thanks to the 
last-named gentleman for his kindness in reading the proof 
sheets, and to the Committee of the ' Dublin University 
Press Series' for defraying the expense of publication. 

JOHN CASEY. 

86, South Ciecular Road, Dublin, 
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[The following Course, omitting the Articles marked with asterisliS, is 
recommended for Junior readers: Chapter I., Sections I., n.. III.; 
Chapter 'U., Section I. ;5 Chapter HI., Section!.; Chapters "V., VI., 

vir.] 
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ERRATA. 
Page 26, line 3, for (see 18, 2"), read (see ij, 2°). 

„ 33,ek.s, „ ^,x';x"; „ y,y,y". 



57, line 2 from bottom, for k", 
183, Ei. 16, a/ier "between," im 
313, line g,/erBiCi, read £'C. 
319, line I, for PQ, read QT. 
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The Author is indebted to the Rev. Sebastian Sircom, S.J,, 
Stonyhurst, for the greater number of the following correc- 
tions : — 

Page 44, line r3, for u, read o. 
„ 58, line lo from bottom, for 2(fli— Ss)(7i — 72] ''ead 

,, 61, last ^■aSifor Ssiu'o rearf Scos^h. 

„ 65, iioe 5, for A read B ; line 7, for I read - l ; line 16, for S 
reads. 

„ 69, line 10 from bottom, dele - before = j^; = — . 

„ 75, line 2 from bottom, fi>r{x-x') read {x-x'){x-x ). 

„ 77, line 6 from bottom, for r" read r'. 

„ 83, line 15, for f"' read f"; for r'" co% <p"' read r""cos<p""; 

for g'", read g""\ line 23, for g'" read f . 
„ 91, line II, /orsi, iz mKi 3r, la. 

„ 92, line 4 from bottom, for cos Jc read cos=^C; line 2 from bot- 
tom, for S' read Si ; and for — , read -^. 

h ~h 

„ 94, last line, fcr read ^^ — z:^. 

-- 9S' ^"" '3- /"'■ '4. ^2 read 14, iz. 

96, line 4 from bottom, /)>■ .^, B, C, read A „ 3u C,; last Ime, 
forn sin^^' sin^^' sinjc readri sinj^, an^Si sinjCi- 

97, fine 4, yiw^', read Ai. 

lOZ, line 2 irom bottom, for sin ^B read cos ^S. 
107, line 12, >r f, D\ E, read F', D\ E\ 

115, line 3 from bottom, for y read y. 

116, line ib,for^Ti{C-A).Breadsai.{C-A).B- 
ll-;,'&az %, for J-i' read iy 
ll^,liae ^, for d read S. 

120, line ^,for 2gx ^^fy , read 2g x \ if y. 

121, line 8 ftom bottom, /(ij- isiuflcosfl, read 2k arnicas 9. 
lid, line ao, for {ax^hx\g\ read {ax \hy \ g). 
127, line 8, for ax + by read ax + ky. 
131, 4°. The general proposition. Art. 100, Car., does not extend 

to this case ; and the conclusion here stated does not hold for 
the hyperbola, unless the point P' is on the line AB, which is 
supposed to be parallel to an asymptote. 
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Page 132, line 18, far - read =. 

'33. line S from bottom, far -q read - — W"" 



161, Es. 51, for ai + Si read oi + St. 
170, last Une, firyy read y/. 
176, line 10, forM(P read MG. 



189, line 10, fztt - before I -j- + ^ - 
193, line 7, for - read =. 



z^l,lmeS,f'>rAx' + Bf read A^x^ -'r B'^f. 
249, line 1 1 from bottom, for C, read c ; and line 10 from bottom, 
for (cos C+ fl) read cos {(7+ fl). 

252, line 4 from bottom, _^r jc fflni ay; and yor ocsin^ raarf 

253, line 15, and p, 255, line 13 from bottom, for read 



252 and 253, last line but one, for A read A'. 

257, line iS, for Creadc; p. 259, line ^for ^ reaif 2^. 

268, line 6,far+ read-; p. 269, line 9, and p. 271, line 5, for -v 

271, line zi, for {he -^ ca - aif read {be •{■ ca - aij=7=. 

278, line 8 from bottom, dele ' sin.' 

2^2, Une JO, for HR . RL read HR . RK. 

299, line 4 from bottom, for ki read k\ 

301, line 13, forz{fg-ch)g- read 2[hf- bg)^. 

302, line 7, for S read Si; p. 316, line 12, for e read c. 

317, line T, for Li readXi; sndforLs read Xi. 

318, line 15, insert + after cosfl cosfl"; and in line lf>,for ff reads. 

319, line 16, for zfy read ifiyz; and line li from bottom, 

320, line 5, for circle's read circles of. 

322, line I, /oc I r^oi^ I,; and in line 3, /u/- 2 f«iiii£ ; line 12 from 

bottom, for QQ read QQ. 
324, line 13 from bottom, for f read q ; and lines 6 and 2 from 

bottom, for g read a. 

^ ds ds dS dS 

32S.lme6,>/-^^=i'^arf(ri'';3mel9,/o,--, ^' "ad ^. — ; 

line 8 from bottom, before 'the parabola', insert the parallel to ; 
line 6 &om bottom, for l^ifi - a^f, read k'x - <^y ; line 3 
from bottom, /(W {{a'- f«)a;H&c. j read {(a'-r»).»:H&c.)". 
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TREATISE ON ANALYTIC GEOMETRY. 



CHAPTER I. 



THE POINT. 



Section I. — Cartesian Co-ordinates. 

Definition i. — Two fixed fundamental lines XX', FV in a 
plane, which are used for the purpose of defining the posi- 
tions of all figures that may be drawn in the plane, are called 
axes. When these are at right 
angles to each other they are 
called rectangular axes, other- 
wise they are called obUqui axes, x ' 

Def. II.— The lines XX', 
Yi" are called respectively the 
axis of abscissa, and the axis of 
ordinates. XX' is also called, for reasons that w 
further on, the axis of .*■, and TV the axis oly. 

Def. Ill, — The point O, the intersection of the axes, is 
called the origin. 

Def, IV. — The origin divides each axis into two parts, one 
positive, the other negative* Thus, X'X is divided into the 

• A little consideration will show that the dislinclion of positive and 
negative in connexion with the position of a point is absolutely necessary, 
and not merely a convention, as stated by some writers. All that is con- 
ventional is the direction which we fix upon as positive ; but whatever thiit 
be, the opposite must be negative. 
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2 The Point. 

parts OX, OX', of which OX measured to the right is usually 
considered positive, and OX' negative, becaqse it is measured 
in the opposite direction. Similarly the upward direction, 
OF, is regarded as positive, and the downward, OV, negative. 
When the axes are oblique the angle XOY between their 
positive directions is denoted by <u. The axes will be rect- 
angular unless the contrary is stated, 

Def. v.— Any quantities serving to define the position of 
a point in a plane are called its co-ordinates. Three different 
systems of co-ordinates are in use, namely, Carksian (called 
after Descartes, the founder of Analytic Geometry), Polar, 
and Trilinear co-ordinates. 

Bef. VI. — The Cartesian co-ordinates of a point P are 
found thus :— Through P draw PM parallel to OF; then the 
lines DM, MP are the co-ordi- 
nates of P ; and since OM is 
measured along OX it is positive, 
and MP parallel to OF is also 
positive. Thus both co-ordi- 
nates of P are positive. Simi- 
larly the' co-ordinates of R, viz., 
ON', N'R are both negative ; 
and lastly, the points Q, S have each one co-ordinate positive 
and the other negative. 

Def. tii. — The Cartesian co-ordinates of a known or fixed 
point are usually denoted by the initial letters of the alphabet, 
such as a, b. They are also denoted by the letters x,ji, with 
accents or suffixes, thus: :j:',y; x",y',&c.; Xi,jy,; Xa.j'a.&c. 
The co-ordinates of an unknown or of a variable point are 
denoted by the final letters, such as x, y, without either 
accents or suffixes, and sometimes by the Greek letters a, j3 ; 
but these are more frequently employed in triiinear co-ordi- 
nates, which will be explained further on. 
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Cartesian Co-ordinates. 



To find, the distance S between two points in terms of thd. 



co-ordinates. 

1°. Lei the axes he rectangular. 

Let A, B be the points, x/y', 
x"y" their co-ordinates. Draw 
BC parallel to OX; AD, BE 
parallel to OY. Then, since 
the co-ordinates of A are x'y, 
we have 




Similarly 
Hence 
but 
therefore 



OD = x-, DA =y. 

OE = xf', EB =y". 

BC ^x'- x", CA=y' - y" ; 
AB' = BC''+CA"-; 

S'^{x'-x"f + {y-y"r. 



(0 



Hence we have the following rule : — Subtract the x of one 
point from- the x of the other, also they of one point from they of 
the other; then the sum of the squares of the remainders is equal 
to the square of the required distance. 

2°. Let the axes he oblique. 

Since the angle A CB is the supplement of XOF, we have 

Hence AB" = BC + CA'' + iBC . CA cos a>, 

that is, S' = {x'- x'J + (y' - y'J + 2 (jt/ - x"){y' -y") cos 0,. 

In practice, oblique axes are seldom employed ; but as they 
sometimes are, we shall give the principal formulae in both 
forms. 
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Examples. 

1. Find the distance of the point x'y' from the origin— 

1°. When the anes are rectangular. Ans. z^ = x"^-\-y'-. (z) 

2°. When they are oblique. Ans. B' = i'* +y + i*y cos a. (3) 

2. Find the distance between the points(rcosS',»'sinfl'), (>-cose", »-sine"). 

Ans. a = 2rsin^(e'-e'-). (4) 

3. Find the distance between the points / ~ — , o 1 , 10, - — J . 

1°. When the axes are rectangular. Ans. S = -r-fJ^-^^ + ^- (5) 



2". Whenobliqne. Ans. l = -—->jA^-i-B^+2ABi:osa. (6) 

4. Find (he distance between the points {a cos (a + 6), 5 sin (a + j9)}, 
iacos(=-B), 6sin(a-e)i. 



Def, — The line joining two ^nts -will for shortness be caUed the join 
of the twa points. 

5. Find the condition that the join of the points j^y', x"y" may subtend 
a right angle at xy. Smce the triangle formed by the three points is right- 
angled, the square on one side is equal to the snm of the squares on the 
other two. Hence 

K - x"f + {y -yf = (^ - x'f + [y -yf + {x- ^y + (y- yy-. 

and reducing, we get 

{x-x-){x-x'-) + {j'-yny-y-) = o. (8) 

If the aies be oblique, the condition Is 
{x^x'){x~x") + {y-y){y-y) 

+ 2[{x.^x-){y-y)+{x-x"){y-y)}cos«^o. (9) 

2. To find the condtlion that three points x'y, x"y", x"'y" 
shall he collinear. 
Let A, B, C be the points : drawing parallels we have, from 
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Cartesian Co-ordinates. 




similar triangles, BD:AD::CE:EB. 




H»« y-y.-y._y". 


(,o) 


or (*y' - yy ) + (*'y» - *"y') + (*"y - *y") - o. 


(>0 




(■=) 



This may be'written in the form-of the determinant 

, y, 
'. y, 
", y-", ^ 

3. This proposition^ may be proved otherwise, and by a 
method which will connect it with another of equal impor- 
tance. 

Lemma. — The ana'of Ihe triangle whose angular pints are 
^y', xf'y, and the origin, is ^ (jrV - Jr"y) sin w. 

Hem. — Through the points 
x'y, x"/' draw parallels to 
the axes; then the parallelo- 
grams ODCE, OGFI/are re- 
spectively equal to x'y sin <u, 
x"y sin w. Hence the tri- 
angle 0A£, which is evi- 
dently equal to half the dif- 
ference of these paralldo- 
grams, is 



1 

H 


B>iy 






P N 


A.,~ 


//^ 









C 


, 


3 



!(jty'-yy)s 



(ij) 
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—If the axes be rectangular, the triangle 

AOB = ^(x-y - x"y). (i+) 




To apply this, let A, B, C be three collinear points. Join 
OA, OB, OC; then we have 

£^OAB+ i\OBC= t.OAC\ 

therefore ^y" - xf'y' + x/'y'" - x"'y' = x'y'" - xf"y', 

or {^y - xy) + ix'-y - x"'y") 4 (y>' - x'y) = o. 

Cor. 2.— The A (55^=- A OAB. For OBA = x"y -xy, 
and OAB = x'y - x"y'. 

+. The Lemma of Art. 3 enables us fo /mi^ the area of a tri- 
angle in terms of the co-ordinates of its vertices. 

For, if any point O within the triangle be taken as the origin 
of rectangular axes, and the co-ordinates of the vertices be 
x'y', x'y, xf"y"', then join OA, OB, OC. Since the triangle 

ABC = OAB + OBC + OCA, 
we have 

£^ ABC ^h{x'y - x'y + x^y - x^y ■^- ^y - x'y'"], (15) 



= i 



(.6) 



x", y, 
x"'. y". 

It is evident that we get the same result if we take the 
origin outside the triangle by attending to the signs of the 
areas (see Cor. z. Art. 3). 
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Cartesian Co-ordinates. 7 

From this proposition it follows that the geometrical in- 
terpretation of the condition that three points should be 
collinear is, that the area of the triangle formed by them is 
zero. 

5. In the same manner it follows that the area of any 
polygon, in terms of the co-ordinates of its vertices, is 

h {xiyi - x^y^) + {xtyi -x^yi) + . . . [x^y^ - Xi>'„) | . (17) 

Examples. 
Find the areas of the triangles whose vertices are — 
1. (1,2); (3, 4); {5, 2). 2, (3,4); (5,3); (6- 2). 

3- (-5>4); (-6, 5); (6, 2). 4- (2, 1); (3,-2); (-4- -I)- 

6. (aC^ 20/-), (tti-=, lat"), [af"^. laf). 



Ans. Half Ihe area of Ex. 2. 
(acos^', *sinf). (acosf", Ssinf), (acosf, Ssinf"). 

Ans. iab sin \ (*' - <f) sin -^ (*" - f ") sin ^ (*"■ - $') . (20) 
f acos^(B + g) isin^(a + ^)j ( acos^O + 7> &si[i^(fl + 7)l 
lcosJ(«-S)' cosi(fl-B)r l.eosJ(6-7)' <^%HS-y)V 

(cos^(7-t)' cosH7-«)r 
^«.r. aitanJ(a-^)Uni(5-r)tan^(y-«). (21) 
(*tan*, (tcotf), (Atanp', *col^'), (*tanf, ieot^"). 
I I, tanf, tan'^, | 

Ans. ; — : . —-„ 1, Ian a' tan'*', I - (22) 

lani>.tanf..tanp '^ ' v > ^ 

I I, tan0", tan'f" | 
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8 The Point. 

6. To find the co-ordinates of ihi point which divides in a given 
ratio I : m the join of two points, ^y, x"y'. If A, B be the given 
points, let C be the point of division, xy its co-ordinates ; 
then, drawing parallels, we have 



AC 



AE_ 
CD' 

AE 
"'" CD ~ 



Similarly, y = — — \ 

If the join of the two points be cut externally, we get 



and 






("4) 



Hence the formulEe for external division can be obtained 
from those for internal section by changing the sign of the 
ratio. This is evident a priori if we consider that for internal 
section the segments AC, CB are measured in the same di- 
rection, and therefore have a positive ratio ; but for external 
section, being measured in opposite directions, they have 
contrary signs, and hence a negative ratio. 

Cor. I . — If the ratio — be denoted by A, we have 



y+xy' 



(^5) 
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Cartesian Co-ordtnates. g- 

Hence, by varying A we get the co-ordinates of any point in 
the hne AB, in terms of a single parameter A. 
Cor. 2. — If A be equal to unity, we get 

Hence we have the following rule : — 

The co-ordinates of the middle point of I he join of two given 
points are respectively half the sums of the corresponding co-ordi- 
nates of these points. 

Examples. 

1. If the segment AB be divided in the points L, M, N in the ratios 
A, li,, y respectively, find the ralios of the segments— y 

1°. Into which AL is divided in M. Ans. ^Jl±t} ; (27) 

2. The joins of the middle points of opposite sides, and the join of the 
middle points of the diagonals of a quadrilateral, are eoncuirent. For, if 
*i^ii xsyi, Xsyi, Xiyt be the co-ordinates of its angular points, then the 
eo-ordinates of the point of bisection of the join of the middle points of 
its diagonals, or of either pair of opposite sides, are 

Def. — The point whose abscissa and ordinate are respectiiisly ihearitk- 
metic means of ike abscissa and ordinates of any system of points is called 
the mean centre of that system 0/ points. Thus tke point-aihose co-ordinates 
are those found in Ex. 2 is the mean centre of the angidar points of the 
quadrilateral. 

3. If O be the mean centre of a system of m points, O' the mean centre 
of another system of n points ; prove that the mean centre of the system 
composed of l>oth divides the line OO' inversely in (he ratio of ot : h. 

4. The medians of a triangle are concurrent {each passes through the 
mean centre of its angular points). 
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10 The Point. 

5. Find the co-otdiEales of the mean centre of the points 
(«cos^, Jsina), (a cos^, Jsin fl), (a 0057. fisinyl, 

(acos(,+ 3 + 7), -ism(a + 3 + 7)). 
^-«-.' i = o cos H« + B) cos i(fi + 7) cos 1(7 + a), ) 
j^ = i sini(a + fl) sin i{0 + 7) sin i(T + -) ) 

It is usual to put a horizontal line over the co-ordinates of the mean 
centre of a system of points. 

7. The definition of mean centre may be extended as fol- 
lows : — 

If A, B, C . . . L be any syskm of points Xiy„ x^y^ . . . x,^'„, 
a, b, c . . . I, a corresponding system of mulliples, then the point 
whose coordinates are 



a + * + ... / 
_ ayi + tyj + . . . /Vb 
-^" a^b...t 

is called the mean centre of the points A, B, C . . . L for the system 
of multiples a, b, c . . . I. — (Sequel to Euclid, p. 13). 
The equations {30) are, for shortness, usually written 
_■ _ S(aA-i) - 'S.jayi) , 



Section II. — Polar Co-ordinates. 

8. The polar co-ordinates of a point P are — 

1°. Its distance OP from a fixed point 0, called Ike origin. 

OP is usually denoted by p, and is called the radius 

vector of the point P. 
2°. The angle $, which OP makes with a fixed line {called 

the initial line), passing through the origin. 
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Polar Co-ordinates. 



From these definitions it is evi 
Cartesian co-ordinates will be 
transformed into polar co-ordi- 
nates if the initial line coincide 
with the axis of x, hy the substi- 
tution X = p cos 0, jr = p 
by the substitution x = p cos {0~a), 
y = p sin {6 - a), if it make an 
angle a with the axis of x- 



dent that any equation in 




Examples, 
. change tlie following equations 

. Change the following equations 



polar co-ordinates :- 



e = ai. 



3- What is (he condition that the points pifli ; psfli; p^Ss may be col- 
linear? Am. cip-j sin [fli - fe) + pspjsin (fti - Ba) + papi sin (fla - Si) = o. 



4. Espress the area of any rectilineal fi 
ordinates of its angular points. 



Section III. — Trak, 



OF Co-ordinates, 



9. TAe co-ordinates of any point Pwith respect to one system of 
axes being known, to find its co-ordinates with respect to a parallel 
system. 

Let Ox, Oy be the old axes, ffX, OTthe new, so that 0' 
is the new origin ; then let the co-ordinates of (7, with respect 
to Ox, Oy, be y,y— that is, let OL=x\ LO'=y. Again, let 
x,y be the old co-ordinates of JP, that is, let OM^x, MP^y. 
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Lastly, let X, J' be the co-ordinates with respect to the new 



y 


o' 




P 






N X 





I 


M ^ 



axes ; then we have 

O'N^X, NP=r; 
therefore, since 

OM=OL + 0'N, and MP^LO'^NP, 
we have 

x = x'-\-X, and y^y'^F. (32) 

Hence, if in any equation we replace x,y hy x! \ K,y' \ Y, it 
have it re/erred to parallel axes through the point x'y'. 



Examples. 

1. Refer the foDowing equations to parallel asesi^ — 

1°, x' +}fi - i2x - i6j — 44 = o. Now origin 6, 8. 

Ais. x^ + y' - 144 = o. 
2". 3^' — 4jrji + 2y' + 7* - S^ — 3 = o. New origin, i, 1. 

2. Find the co-ordinates of a point, so that when the following equa- 
tions are referred to parallel axes passing through it they may be deprived 
of teims of the first degree: — 

1°. ix'-^^xy+y'- yc ■^2y + 2\=0, .4hj.--H.iI- 

Z°. S-T* -I- 2xy -f jc' — IOC + 2y + lO = O. Ans. f, — J, 

3°. lix' + ^y-^y^— Sx — (iy—io=:0. Ans. 10,00. 

10, The co-ordinates of a point P with respect to a rectangular 
system Ox, Oy of axes being known, to find its co-ordinates with 
respect to another rectangular system OX, OV, having the same 
origin, but making an angle 6 with the former. 
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Transformation of Co-ordinates. 1 3 

Let OM, MP, the co-ordinates with respect to the old axes. 




be denoted \,y x,y; and ON, JVT* the new co-ordinates, by 
X, Y. 

Let OP be denoted by p, and the angle PON b 



Now 



cos(fl + <;•} = cos cos 1^- sin 6 sin 1^. 
and sin (^ + ^) = sin 6 cos <> + cos B sin ^, 

multiplying each by p, and substituting, we get 
A-=Zcos(9-i"sin^, I 

Cur. — If the equations (33) be solved, we get 
X = xco%B^y%\a.B. 1 
Y=y zo^6-x 'ix&Q ) 
Ohervation. — Those who are acquainted with the Diffe- 
rential Calculus will see that 

dy , dx 

x^^, and y--^. 



(33) 



(3+) 



Examples. 

I. If we transfonn from oblique co-ordinates to rectangular, retMning 
the old axis of :e; prove I'=^sm(o, X=x+ycosai. 

z. If in transforming from one set of oblique axes to another, retaining 
the old origin, », & denote the angles which .the new axes make with the 
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The Point. 
o'3' those which fhey make with the old a 



>.sin« = Xsin« + Fsine. 
J. Show thai both transformations are included in the formula; — 



by ^ving suitable values to the c< 

*4. If the old axes be inchned at an angle «, and the new at an angle a/, 
and if the quantic ax' + zhxy + hy^, referred to the old axes, be transformed 
to o-jri + jA'JS"F+ SY', referred to the new ; prove— 



-h"^ 



(3S) 




*^Section IV. — Complex Variables. 

1 1 . An expression x + ty, in which x, ji are the rectangular 
Cartesian co-ordinates of a point P, and i the imaginary radical, 
v'- I is called a complex magni- 
tude. If p'= ■yx''+_y' = OP, 
p is called the modulus, and the 
angle $, made hy OP wilh the 
axis of X, the inclinalion or 
argument. 

Complex magnitudes were introduced_bj; Cauchy in 1825, 
"Sur Us integrales difinies prises enire des limites 
" the method of representing them geometrically 
is doe t o Ga uss^ The introduction of these variables is one 
of the greatest strides ever made in Mathematics. The 
whole of the modern theory of functions depends on them, 
and they are so connected with modem Mathematics, that 
some knowledge of them is essential to the student. We 
shall give only their most elementary principles. 



tmagznatres: 
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Complex Variables. 15 

12. Being given two paints A, B, which are the geometric repre- 
sentations of two complex magnitudes Sj, Sj, il is required lo find 
the point which represents their sum or their difference. 

I °. Their sum. — Let s, = j;, + iyi ; Ej = Xa 4- y-'s ; then Si + Sa 
= {x, + Xn) + r (^1 +J'0' Now if C represent z, + s^, the co- 
ordinates of C are Xi + x,, _yi + j-?. 
Hencetheco-ordinatesof Care the 
doubles of the co-ordinates of D 
(Art. 6, Cor. 2), the middle point 
of AB. Therefore C will be the 
fourth angular point of the paral- 
lelogram which has OA, OB as two . 
adjacent sides. Hence the vector, 
from the origin to the point which represents the sum 0/ (wo com- 
plex variables, is the diagonal of the parallelogram which has the 
vectors of the two components as adjacent sides. 

z°. Their difference. — If we put z, + ^5 = % we have E8 = Ss-3i. 
Hence we have the following' construction for finding the 
vector and the point which represent the difference of two 
complex magnitudes. Draw from the origin a line OB equal 
and parallel to the line AC, Joining the representative points A, C 
'fzi. Si ; then OB will be the vector, and B the point required, 

13. Being given the points which represent two complex magni- 
tudes, lofind the points which repre- 
sent their product and their quotient. 

1°. Their product. — Let Si.Sj be 
the given points, pi, pa their mo- 
duli, and ^1, ^2 their arguments ; 
then we have 

Si = Pi (cos 5i + i sin Si), 

% = P2 (cos S, + i sin 63) ; ^ ^ 

therefore ZjEa = pipj{cos (i9i + ^0 + )*sin(0i + e^)\ 
= P3(cos(»3-f isin^j). 
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i6 The Point. 

Hence, if Sj be the point required, p^ its modulu';, and ffj its 
argument, we see that the product of two complex magnitudes 
is a complex magnitude, whose modulus is equal to the product of 
their moduli, and argument equal to the sum of their arguments 
Hence, if we make OA equal to the linear unit, the triangle 
AOz-i is similar to SaOsa, and the method of constructing the 
point Es is known. 

2°. Tlieir quotiejit.— This follows from i°. For we have 



Seitce ttie quotient % ~ z^ makes with axis of x an angle equal to 
that which z^ tnakes with Sj, and the modulus is a fourth propor- 
tional to p5, p3, and I. 

Examples. 

1. Transform x + iy to polar co-ordinates. Ans. pcW. 

2 . Find the point which represents — 

1°. The sqnare of the magnitude a -f ifi. 

2". Its sq^iiare root. 3". Its a"' poiver. 4". It? n"' root. 

3. If si, !3, S3 be three coinitial complex -variaUes, prove that if threo 
multiples /, m, n can be found satisfying the two equations 

the corresponding points are colKnear. 

4. If O be the origin, a, fi, y complex magnitudes representing the 
angular points of the triangle ABC; prove that if lo. + m^ + B-y = o, the 
points A', B', C, in which the lines AO, BO, CO meet the sides of the 
triangle, aie denoted by either of the systems 

-la -mB -ny _ m^ + ny n y + la. la + inQ 
mT^' «+!' l + m' m + n' n^l' l+m' 

5. If H, 5, 7, 6 represent aiiy four copliiiiar points A, B, C, D, and if 
the multiples I, m, n, p satisfy the two equations la^m^\ ny + pS = o, 
l+m + ti+p = o, prove that the point of intersection of AB and CD is 

{?L±^, oiBC.Am, ^i±^^ and of ^C, BDis ^^±^. 
l-i-m ' m + n ' l + n 

6. If ! be the complex magnitude which represents the mean centre of 
the points si, sa . . . i„, Sec., for the system of multiples a, b, c . . . I, prove 
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Miscellaneous Exercises. 



Miscellaneous Exercises. 



1. Show that the polar co-ordinates (p, e] ; (-p, T + fl) ; (p, fl — b), all 
represent the same point. 

2. Prove that the three points 



form a right-angled triangle. 

3. Find the perimeter of the quadrilaleral whose vertices, taken in order, 

(«, ••fit : (- 5VJ, i) : (-«, -«VI) i {iVl -i). 

4. If the three sides of a triangle, taken in order, be divided in the ratios 
l:-m, m:-n, n :-/, prove that the three points of sectionare coLinear. 

5. If (x,y) (x',y') be the co-ordinates of a point referred respectively to 
rectangular and oblique ases having a common origin, prove that if the 
axes of the first system bisect the angles between those of the second, 

^={^' + /)cos^, y = {^'-y-)na\ 

6. If the points (aS), {a' ¥), {a~a', S - S') be collinear, prove aS' = a'5. 

7. If the co-ordinates [x'y'), {x"y''), l,x"'y") of three variable points 
satisfy the relations 

(«'-«").i(»--«-)-,(y-y-), 
(y-yi =x{y'-/-) *,(»■■ -»■"), 

where K and ji ace constants, p ove that the triangle of which these points 
are vertices is given in species. 

S. If two systems of co-ordinates have the same originand tlie same axis 
of X, prove that 

9. Prove that the orthocentre of a triangle is the mean centre of its 
angular points for the multiples tan A, tan B, tan C. 

10, For what system of multiples is the circumcentre of a triangle the 
mean centre of its angular points i 

It. \lx'y', «"js'", jc"y be the vertices of a triangle, a, b,c the lengths of 
its sides, prove that the co-ordinates of the centre of its inscribed circle are 
ax' + bx" + ex"' ay' + by" + cy'" 



12. If O be the mean centre of three points ^, 5, C for the system of 
multiples/, q, r; prove/ -.g-.r:: A OBC: OCA : OAB. 
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1 8 The Point. 

13. Prove that the degree of any equation cannot be altered by ti 
formation of co-ordinates. 

14. a A, B, C, D be four collinear points, prove tliat 

AB.CD + BC. AD-¥CA.BD = o. 
ij. Prove the following formula of transformation from oblique axi 
polar co-ordinates ;- 



in(--fl) 



y = p': 



1 5. Prove that tlie diameter of the circle passing through the two points 
p'a', p"fl", and the origin, is 



17, Find the area of the I 
(«. 9), i- 



sin{9'-n 
mglcivhoscver 



•18. If O be the mean centre of the system of points A, B, C, Sec,, for 
the system of multiples a, b, c, &c., prove, for any point F, 
S(a . AF') = 2 (a . AC) + Sfl . OF^. 
•19. In the same case prove 

3 (fl) .S(a.AO') = tab . AB^. 
*20. If A, B, C, D be four coplanat points, and if we denote 
Sa, AIT; by a, f. 



AB\ CIT, 






JJultiply together the two matrices 

x^ + y, -2x; -i/, r, X r, x\ y, X 
I he. II &c. 

each consisting of five rows and four columns. — (Cayley). 



Hosted by 



Google 



CHAPTER II. 



THE RIGHT LINE. 



Section I. — Cartesian Co-ordinates. 



14, To repressnt a right line hy a 
ases fo be considered. 



equation, there are three 



1°. When the line intersects both axes, but not at the origin. 

First method.— Let the line be SQ, and let it cut the axes 
in the points^, B; then OA, OB 
are called the intercepts on the 
axes, and are usually denoted by 
a, b. Also when the axes are rect- 
angular, the tangent of the angle 
which the line makes with the 
axis of X on the positive direction 
(viz. the angle PAX) is denoted 
by m. Now take any point P in SQ, and draw PM parallel 
to OY; then OM, MP a.re the co-ordinates of -P; and if the 
axes be rectangular, we have, drawing BT parallel to OX, 
since PT= PM - 03 =_y - b. 



Y 




T 


/ 




/A 
S 


^ 


1 X 



PT 
BT 



■■ tan PAX, 



(37) 
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20 The Right L inc. 

If we had taken any other point in SQ, and called its 
co-ordinates x and y, we should have obtained the same 
equation. On this account j'= mx-\^h\& called the equation of 
the line. If the axes were not rectangular, the equation would 
Still be of the same form. For in that case PT^ BT= OB v OA 
^ sin OAB T sin OBA = sin ^ ^ sin (u. - A), 

or = sin ^ T sin (w - ^) = m ; 

therefore y = mx + h, 

and the only things changed is the quantity represented by m. 
Since X, y denote tbe co-ordinates of any point along the 
line, they are called current co-ordinates. They are also called 
variables, because they vary as the point which they represent 
moves along the line. 

The quantities m, b are called constants ; because they 
retain the same value, while the line remains in the same 
position, and vary only when the position of the line varies. 
Hence we have the following definition ; — 

The equation of a line is such a relation between ike co-ordinates 
of a variable point, which, if fulfilled, the point must be on the 
line. 

Second method. — Let AB be the 
line; and denoting the co-ordinates 
of any point P in it by x,y, and the 
intercepts {se& first method) OA, OB 
by a, b, we have, from similar tri- ~ 
angles. 



(38). 
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Cartesian Co-ordinates. 



Third method. — Lei AB be the line, 
dicular OP from the origin ; and de- 
noting OP hyp, and the angles AOP, 
POB by a., ji, respectively, we, from 
(38), have 



Let fall the perpen- 



\ 



hence 



OA ' 



OB 



P- 



(39) 

(4<i) 



or X cos a \y cOS 

Hence, if the axes be rectangular, 
X cos a +_>> sin 
This form of equation, which in many investigations is 
more manageable than any other, has been called the stand- 
ard form. See Hesse, VorUsungm Analytische Geometrie. 

Fourth method. — The general equation Ax+Bji+ C = o, of the 
first degree, represents a right lint. 

l>em. — By transposition, and dividing by B, we get 
A C 

and this (see/w/ method), being of the form J!^mx^^ b, re- 
presents a right line. 

15. z°. When the line passes through the origin. 

Let OA be the line. Take any point P in it, and draw PM 
parallel to OY; then, if the angle 
POM be denoted by a, we have 



PM-.OM: 



therefore 

y= - 
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22 The Right Line. 

Hence, putting ^■^^'"° =gt, weget>' = mx. {41) 

This equation may be inferred from (37) by putting b = a. 
Hence — If Ihe equation of a line contain no absolute term, the 
line passes through the origin. 

16. 3°. When the line is parallel to one of the axes. 

Let the line AB be parallel to the axis of x, and make an 
intercept b on the axis oiy. Now 
take any point P in AB, and draw 
the ordinate/*^, which is equal 
to b [Euc. I. xxxiv.]. Hence the 
ordinate of any point P in the line 
AB is equal to b, and this state- 
ment is expressed algebraically by the equation y = h, which 
is therefore the equation of the line AB. 

This result can be obtained differently, and in a way that 
will connect it with a fundamental theorem of Modem 
Geometry. 

From equation (38) we have - -f r=ii where « and i are the 

intercepts on the axes. Now if the intercept a be infinite, 

that is, if the line meet the axis of x at infinity, the term - will 

vanish, and we get ^ = i, or j' = i ; but_y = b denotes a line 

parallel to the axis of x. Hence a linejwhich meets the axis 
of X at infinity is parallel to it ; and we have the general 
theorem, that lines which m£et at infinity are parallel. In a 
similar manner x = a denotes a line parallel to the axis of 
y at the distance a. Hence we have the following general 
proposition : — If the equation of a line contains no x, it is 
parallel to Ihe axis ofx; and if it contains no y, it is parallel 
to the axis of y. 
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Cartesian Co-ordinates. 



Examples. 



1. What line is represented by the equation _v = o ? 

Ans. The axis of*. For if S = o in the equation ^ = S, weget_y = o. 

2. Prove that if Ihe equations of two lines dilFer only in their absolute 
terms, the lines are parallel. 

- 3 . Find the intercepts which the line Ax + By + C = o makes on the 



4- If the equation of a line be multiplied by any constant it still repre- 
sents the same line ; for the intercepts made by aAx + \Sy + xC = o 
on the aies are the same as those made by Ax + By + C = o. 

5- Prove that the line which divides two sides of a triangle proportion- 
ally is parallel to the third side. 

6. Find the locus of a point which is equally distant from the Origin 
and the point {zx', aj/}. 

If {xy) be equally distant fi-om (o, o) {2y^, 2^), we have 
^1 ^y == (j; - 2*')!i + {y- 2yf. 
Hence xx' ^i-yy' = x"' -i-y'". (42) 

And ance this contains x and y in the first degree, the locus is a right 

7. Find the loci of points equally distant from the following pairs of 

r. (a cos*, isin*); (acos*', Ssin*'). 

cos5(^ + *) sin^(* + *) 
2\ {(acOs(a + fl), Ssin(a + B)}; {acos(a-^), isin(tt-fl)]. 





Ans. 2X - Y^ ^ kj^i - -—\ (t + f). 


(45) 


4°. {aP, 2 at): 


; [af, 20^). 






Ans. 2(( + /)j^ + 4ji. = a (( + ('! (iHC= + 4)- 


(#) 


S". (a sec p, I 


aan*]; (a sec f , Stanf). 




A, 


2ax 2by a= + S= 


(47) 




cos^ + cosq.' sin(*i-*') cos^cosfl.' 
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24 The Right Line. 

ly. J/iie eguaiions Ax + By + C = o ; xcosa+ysina-p^o, 
repreuni the same line, it is required to find the relations between 
their coefficients. 

1 °. When the axes are rectangular. 

Dividing the first equation bj- R, and equating with the 
second, we get 

A B . 

Square, and add, and we get 

— -j^-~ = 1 ; therefore R = V^= + B^. 

A B 

Hence cos o = , sin a = . (48) 

1°. When the axes are oblique. It 
is required to compare the equations 

Ax + By + C = o, 
and X cos a +ji cos fi - p = o. 

Let OQ, OR be the intercepts ; 
then we have 

Hence QR = V~A^ + B' - 2 AB cos ii> ; 

but QR : OR : : sin «, : sin Q or cos a. 

Hence cos a ^ ^ -^ ^'" " 

VA' + B"- zA3 cos a 




In like manner, 



-g sin ui 
~ V"^^ + B'- zAB'cosl^ 
Cor. I.— 

^-^cosw . „ ^-5cos. 



VA^+B'-iABcosw' "^'^^ ■JA''+B>-2ABcos<L 



(+9) 



Cor. .--tan. = ^-^^-f-n tan /3 = ^1-^". (50) 
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Cartesian Co-ordinates. 25 

18. To find Ihe angle between the lines Ax^-Bji+C^^o (1); 
and A'x + B'y + C =^ o (2). 

1°. Lei the axes he rectangular. Then, if ^ be the angle 
between (1) and (2), it is equal to the difference of their 
inciinations to the axis of x; but the tang-ents of these in- 
clinations arc (see Art. la,, fourth method), 



. and - 



B'' 
AA'\ A'B-AB' 



y^ ^1 ^"^ B&)~ AA' + BB'- ^^'^ 
Cor. 1.— If the lines (1} and (2) be parallel, they make equal 
angles with the axis of x; therefore 
__ ^ _ _ 4' 
B' £•' 
Hence the condition of parallelism is 

AB'-A'B = o. (5^) 

Cor. 2. — If <!> = -, tan <p is infinite, and the condition of the 
lines, being at right angles to each other, is 

AA' + BB'=o: (53) 

That is, iftivo lines whose equations are given be perpendicular 
to each other, Ike sum of the products of the coefficients of like 
variabtes is zero. 

Cor. 3.— If the lines. y = mx-\-h, y = m'x + h' be perpen- 
dicular to each other, 

mm-+i=o. (5+) 

Cor. 4.— The angle between thelines _y=OT^+5, y=m'xib' 
is given by the formula 

tan ^ ^ ,'"+~„^ >- (55) 

Cor. 5, — If the equations of the given lines be in the 
standard form, 

xcos a +-j'sina-^ = o, A-cos/3+j'sin/3-/i' = o, 
we have 1^ = a - j3. (56) 
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26 The Righl Line. 

z". Let {he axes be oblique. 

If B, 6' denote the angles which the given lines make with 
the axis ofx; then {j« 18, a") we have = 11+90; therefore 

-. {See equation (50).) 



tan 6 = - cot a = - 



Similarly, tan^ = 

Hence tan^=tan(0-i9') = 



cos ^-B' 

{A'B - AB') si 



BB--{AB'+A'B)co^u> 
Cor. — ^If the lines be perpendicular to each other 
A A' + BB' - {AB' + A'B) cos <o = o. 
Examples. 
I, Find the angle between the lines 

arcosg , J' sing ^eoS7 ^ siny 



los'B V'a' sin'7 + If 






$!■ « 



pK/J 



Def. — The result of substituting the co-ordinates of any point 
in the equation of any line or curve is called the power of that 
point with respect to the line or curve. 

[This definition, first given by Steinek, 
is now employed by all the French and 
German writers.] 

19. To find the length of the perpen~ 
dicular/rom the point j/y on the line 
Ax \ B^ -^ C = a. 

1°. Let the axes be rectangular. 

Let the line intersect the axes in 
the points Q, R, then the perpendicular Irom P is equal to 
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27 



twice the area of the triangle PQR divided by the base QR ; 
bnt the area of 

C 



PQR = ^ {Ax' + By + C), (Equation ( 1 8).) 



(Equation {5).) 



Therefore the length of the perpendicular is 
A.x' + £/ + C 



(50 
3ngth of 



^A^ + B' 

Hence we have the following rule for finding the 
the perpendicular from a given point on a given line ; — 

Divide the power of the given point with respect to the given 
line by the square root of the sum 0/ the squares of the coefficients 
of the variables, and the quotient will be the length required. 

Cor. 1. — If the equation of the given line he in the standard 
fornix cos a ^jy sinu-/= o, the length of the perpendicular 
on it from any given point x'y is equal to the power of that 
point with respect to the line, for the sum of the squares of 
the coefficients of the variables is unity. 

This result being a very important one, we shall give 
another proof of it. Let MN be 
the line x cos a. +y sin a - ;> = o ; 
R the given point x'y. Through 
R draw the line EQ parallel to 
MN. Draw OQ perpendicular 
to RQ, and let it cut MN in V; . 
then OF is equal to p, and de- 
noting OQ by p', the equation of 
RQ is X cos a. +y sin a=/'; and sii 
the point ^y, these co-ordinates must satisfy its equation. 
Hence ycosa +y sina=/'; 

therefore x' cos a + y sina^p =p'- 




ethis line passes through 
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hutp'^p^ OQ- 0V= Fi3 = TX = perpendicular from i? on 
the line :i;cosa+_)'sina-/; therefore 

perpendicular = x" cos a. +y sin o -p. (62) 

Cor. 2. — From the figure it follows that if^' be greater 
than p, the point R is on the side of the line remote from 
the origin. 

Hence ike power of any point wtlh respect to a line which passes 
between it and the origin is positive, and in the contrary case nega- 

2". J.et the axes he oblique. 

Since the axes are oblique, the area of the triangle PQR is 
C{Ax' + -gi''+C)sin» 

and the length of QR is 



CVji*B^__^ABj^^ (Equation (6).) 



Therefore the perpendicular i; 
(Ax' + -g/ + 



(63) 



^A'-vB'-zABco&M 

Cor. 1 . — The power of any point on a line with respect to 
the line is zero ; and, conversely, if the power of a point]with 
respect to a line be zero, the point must be on the Unc. 

Cor. z.— If S^Ax-\-By^C^o, S' ^A'x + B'y -V C = 0, 
be the equations of any two lines, and /, m any two multiples 
(including unity), either positive or negative, then 

lS + mS'=o (64) 

is the equation of some line passing through the intersection 
of the lines S and S'. 

For, since S and S' are of the first degree with respect to 
X and y, IS + mS' = o will also be of the first degree, and 
therefore will be the equation of some line. Again, if P be 
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Cartesian Co-ordinates. 29 

the point of intersection of ^ and S\ the powers oi P{Cor. i) 
with respect to S, S' are respectively zero. Hence the power 
of P with respect to IS + mS' ~ o is zero, and therefore the 
line IS + mS' = o must pass through P. 

Cor. 3. — The line^ -y' - m{x- :if') = o passes throug-h the 
point xfy'; for the power of ;t^y with respect to it is zero. 

Or thus: y -y' = denotes (Art. 16) a line parallel to the 
axis of X at the distance y ; and x - x' = o a line parallel to 
the axis of^ at the distance x". Hence, Cor, 2, 

y-y-m{x-x') = Q (65) 

denotes a line passing through their intersection, that is, 
through the point xfy'. 

Cor. 4. — In the same manner it may be shown that if 
iS" = o, S' = o, be the equations of any two loci (such as a line 
and a circle, or two circles, &c,), IS + mS' = o will denote 
some curve passing through all the points of intersection of 
S and S'. 

10. To find the equation of a line passing Ihroug/i two points 
xy, x"y". 

Take any variable point xy on the line, then the three 
points xy, x'y', x"y" are collinear. Hence, equation (ii). 



which is the required equation. 

It may be otherwise seen that this is the equation of a line 
passing through the two given points. 1°. It contains x and_y 
in the first degree; hence it is the equation of a right line. 
2°. If we substitute x'y for xy the determinant will have two 
rows alike, and therefore will vanish ; hence the co-ordinates 
x'y satisfy it, and the line passes through x'y. Similarly it 
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30 The Right Line. 

passes through xfy. The determinant (66) expanded gives 

l.y -y) x-{x'- x")y + xy ^ x"y = ; (67) 

from which we infer the following practical rule for writing 
down the equation of a line passing through two given 

points x^y, yy -. — 

Place the co-ordinates of one of the given points 
under those of the other, as in the margin ; then the x', y, 
difference of the ordinates of the given points will y, y, 
give the coefficient of x : the corresponding difference 
of the abscissa with sign changed will he the coefficient of y. 
Lastly, the determinant, with two raws formed hy the given co- 
ordinates, will he the absolute term. 

Cor. I. — If the equation of the iine joining ^i/y', jt"j/' be 
■written in the form Ax + By + C = o, we have 

y-y=A, {x'~ x")^--B, xy-x-'y^^ c. 

Cor. I.— Hence may be inferred the condition that the 
points xf'y", x"'y" may subtend a right angle at xy. 
For, let the join of the points 

-\y, x'y he Ax + By -i C = o, 
and the join of the points 

x'y', x"'y" be A'x + By + C = ; 
and, since these are at right angles to each other, 

AA'+BB'=o; 
and, substituting, we get 

(x' - x"){x' - y") + (y ~y')(y -y) = o. {Comp. (s).) 
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ExAMPLES- 

1. Find tie equation of the join of (2, -4), (3, -5). 

Ans. j;+j + 2 = o. 

2. Findthe medians of the triangle whose vertices ate jy, x"y',x"'y"'. 

Ans. {y"-^y--2y-)x-{x-^x--ix-)y->r{x-Arx-)y 

-(y' + y-)^- = o,&c. (68) 

3. Find the equations of the joins of the pairs of points— 

I', (rcosf, j-sin^'); (^cos^", rsin^"). 

Ans. cosH*' + *")* + sraJ(* + f' )jV = '-<:osi(f -^■■). (69) 
2». {acos<|.', Ssinf.'); (aeos.fi", 6 sin *"). 

Ans. cos J (.p' + <>") ^ + ^1" i (*' + f ")^ = cos ^ (.).' - ^")- (7o) 

3'. locos(a + ^), &sin(a+B)}; {a cos (a - fl), Ssiii(o-S]}. 

^;:^. cos«^ + sin,^ = cos3. (70 



4°- 


« 


2a;) ; (a/'2, 2 


irfl. 


^«, 


,, .,-((+, 


Or 


+ 2« 


5°. 


(«., 


;^, Staii^); 


(a St 


«♦', 


Stn.),'). 








^«j 


. „,5(»-rt^- 


■""*(♦+«»-■ 


■ CO, 


ii«- 


6'. 


(iU-,,, icot«; 


(JtB.»', 


icotf). 










. 




3^ 




JV 





= ^. (74) 
tan$+tan^' cot^ + cotji' ^'^' 

4- Find (he equations of the joins of the middle points of the opposite 

sides, and also of the joins of the middle points of the diagonals of the 

quadrilatetalwhoseverticesaie j;'y, x"y", a:"'y", yy", and show that 

the three lines thus found are concurrent. 

2t. To find the co-ordinates of the point of intersection of two 
lines whose equations are given. 

Since the co-ordinates of the point of intersection must 
satisfy the equation of each line, this problem is identical 
with the algebraic one of solving two simultaneous equations 
of the first degree. Thus the co-ordinates of the point oi 
intersection of the hnes 
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The Right Line. 



Examples. 



I. Find the co-ocdinates of the point? of intersection of the following 
I'. X cos ^ -^y iin p = r, x cos ^' +;v sin flj' = r. 



cosH-C-f)'-^ cosJ(^-^r "^' 
2-. |cos* + ^ sin^-l, %osf +-^sin0' = i. 

cos J (^-f I'-' eosj(^-f) ^' > 
3°. a: - (J. + «-!' = o, JT - O- + "''= = o. 

I. If — ■ "*" A ~ '' ■ — ■ + "^' ~ '' ^^ ""^ P^'"^ °^ opposite sides of 
a qnadrilateral, and the co-ordinate axes the othei pair ; find the co- 
ordinates of the middle points of its three diagonals, and prove that they 



3- Find the co-ordinates of a pomt equally distant from the three points 
(acosis, &sin0); {acasf, S sin f ) ; (acosf, Sainf). 
The locus of a point equally distant from 

(flcos^, Ssin^); and(acosf', Ssin^'), 

is the line l - °^ ■■■■ „ - . , /^ = (a- - iP) cos J (* - A'). 

Is the locus of a point equally distant from 

(«cos^', isinf'); and (acos^", 4 sin f "). 
Hence, solving from these equations, we get 

IS ^ (iS -t 0') cos i (^' + i,") cos ^ (^" + i6), 

; ■ (7S) 
n J (^ + f) sin ^ (0- -H f) sin J (^ " + ^) 
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. Find the co-ordinates of a point equally distant from — 






+ £(• - 



+ 4), 



(asec^), itan^j; (asec^', Stan/); (asec/', 6tan/'). 

j;= "^^^^ cos ^ (0 - -) cos \ i f - f) cos ^ ( 0- - j,) ^ ^ 
a COS ^ cos ^' cos p" | 

^ = °' + *' Sin H^ + ^'j si" ^ W + 0") sin § (f + ) j " 

* cos ^ COS f' COS $" } 

(Stanfp, *cotf); (Jtanf.', :icot$'); (*lan^"). 
s. X — - (tan ^ tan ip' tan ^" + cot ^ + cot ^' + cot <p"), J 

jj' = - (cot^ cotiji' cot ^" + tani(i + taiif' + <an^") I 

(acosa, isina);(aeos(o + fl), Ssin(^ + ffl); (a Cos (a ■ 



•S°. (^>'), K>"), (-'■'>■■■)■ 
j^ffiT. If p', p", p'" denote the respective distances of the points 
the origin, A the area of the triangle formed by joining them. 



x=\ ^, ^', jr"' l-^A; j= y, y, yUA. (83} 
! p'. p"> ?'" I I p', 9'"' p'" I 

Z2. 7t» find the equation of Ike line through x'y, making an 
ingle 4- v)Hh Ax + By + C = o. 
Let A'x + Sy + C" = o be the required line ; and since 
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34 The Right Line. 

this passes through ^y', we have A':^ + B'y' + C = o. 
Hence A' {x - cd) \ B' {y - y') = o is the form of the 
required equation. 

Again, we have tan ^ = AA' + BB' ' (Equation (51).) 

Hence A' {B - A tan ^) '^ B' {A ■\- B tan ^). 

And the required equation is^ 



j?-^tan^ .4+5tan^ ' ^ 

which may he written in either of the following forms : — 

Sco^>i>-A sin^ "^ A cos ^~+ ^ sin " °" "-^ 

I .^ sin ^ - ^ cos <^, ^ cos^ + i?sin 0, 



23, If the angle 1^ be right, the equation (84) becomes 

B{x-y)^A{y-y). 

Hence the equation of the line through x/y', perpendicular to 
Ax-^ By+ C, is 

B{x~^)^A{y-y). (87) 

This may be otherwise proved as follows ;— 
The line Bx - Ay + C fulfils the condition (53) of being 
perpendicular to Ax + By + C \ and if it pass through x'y, 
we get Bx' - Ay + C = o. Hence, subtracting, we get the 
equation just written- 

24. The line through x'y, making an angle ■^ with 
y = mx-i-b, is 
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Cartesian Co-ordinates. 35 

Cor. — The line througfh ^y' perpendicular toy = mx-\- b is 
J- -y = - ;^, (^- - x<). (89) 

Examples. 

1. Find the line through (o, i), making an angle of 30% with ;v + _v = J. 

2. Prove thai the lines x ■\- y V 3 — 6 = o, ^x - y Vj — 4 = o are at 
right angles to each other. 

3. Find the equations of the perpendiculars of the triangle whose angu- 
lar points are x'y' , x"/', x"'y"'. 

4. Find the equation of the perpendicular to the line 

jfcosn ^ _ysma ^ ^ ^^ ^^^ ^^^^ ^^ ^^^ ^^ ^ ^.^ ^^ ^ 

5- Find (he perpendicular to 

X -y tanf + tan'^ = o, at the point (atan^ip, 2a tan $). 
*6. Show that the orthocenlre of the triangle formed by the lines 
*_(j. + af = 0; x-fy-^af-^o; x-f'y + at"-^o 
is the pomt -a, a(i+(* + r + tff). (go) 

25. To find the equation of a line dimding either of ike angles 
between the lines Ax -i- By + C = o, A'x + B'y + C" = 0, into 
two parts whose sines have a given ratio a : b. 

Let LL', MM' be the given lines ; ON the required line. 
From any point XV on ON 
let fall perpendiculars on 
the given lines : these per- 
pendiculars will be to one - 
another in the ratio of the 
sines of the angles, and will 
both be of the same sign 
(Art. 2 1, Cor. 2), if the origin 
of co-ordinates lies in either of the angular spaces LOM, 
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L'OM" ; and of different signs, if in either of the two remain- 
ing spaces. Hence 

Ax-^By-\- C . A'x + By + C _ a 



^/A' + M~- ^A'^ + B'^ 

the choice of sign depending on the position of the origin. 
Hence the equations of the lines dividing the angles between 
Ax + By -i- C = 0, A'x + B'y + C" = in the ratio a : b, are 



h{Ax+By + C) 
^A' + £^ 


.iA'x^B'y.C) („., 


the sign + being the proper 01 
the other. 


le for one of them, and - for 


Cor. I.— If we put 


a 



•JA' + B" ■JA"+B'^ 

the equations (91) are transformed intOj 

l(Ax + By+C)±m {A'x + 5> + C) = o. (92) 
Now if a and 5 are given, I and m will be given. Hence we 
have the following important theorem : — If the equations of 
two given lines be multiplied respectively by given constants, and 
the products either added or subtracted, the result will he the 
equation of a line dividing one of their angles into parts whose 
sines have a given ratio. 
Cor. 2. — If in the equation 

l{Ax + By+ C) + m (A'x + ^> + C) = 0, 
we put 

Y = X, wegetAx + By+C + \ {A'x + B'y+C') = o; 

and giving all possible values to \, we get all possible lines 
through the intersection of 

Ax-i-By+ C = o, and A'x + B'y -i- C = o ; 
Compare Art. 6, Cor. 1. 
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Cor. 3, — If the equations of the given lines be in the stan- 
dard form, the ratio of the sines will be the same as the ratio 
of the multiples. 

Cor. 4.. — Since the line passing through a fixed point s^y 
and the intersection of the lines 

Ax -^ By \ C = <:>, A'x + B'y + C = o 
divides the angle between the lines into parts whose sines 
are in the ratio of the perpendiculars on them from x'y, 

_ Ax' + Sy + C _ A'x' + £'y+ c 

■JA^+B' ' " v'^rT^ 

Hence, substituting these values in (91), we get 
(Ajc + £j' + C){A'x' + By + C) 

-{A'x-vBy+C'){A^-\-By + C) = o. (93) 

Cor. S- — If three given lines be concurrent, viz., 
Ax+By-^-C=o, A'x + B'j'+C' = o, A"x + B"y+C"=<i, 
we see {Cor. 2) that the third must be of the form 

Ax^ Bjy+ C ^\{A'x + 5> + C). 
And, comparing coefficients, we get 

A+\A' - A" = o, 
B + \3' - B" = 0, 
C + kC'-C" = o. 
Hence, eliminating A, the condition of concurrence is — 

(94) 
C, 

Cor. 6.— If the coefficients in the equations of three lines 
be such that when the equations are multiplied by any suitable 
constants they vanish identically, the lines are concurrent. 
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For if 

we have, comparing coefficients, 

\A +^^' + ['^" = 0, 
XB + ixB' + vB"= 0, 

and eliminating- A, ft, v, we get the condition (94) of con- 
currence. 

Examples. 

1, Find the lines which divide the angles between 

%x + ny+ii = o, 8^+ ISJV+ 16 = 0, 
into parts whose sines are in the ratio 2 : 3. 

Am. SI (33; + 4^ 4 12) ± 10 (%x + isj. + 16) = o. 

2. Write the equations of the bisectors of the angles between 

icosa+jvsina-^ = o, x cos^ +_y siofl -/ = o, 
in the standard forms. 



^ia: + i?i7+Ci = 0, (I) AiX + Eiy^C^. = o, (2) A-^ + Bty + d, C3)=0, 
the perpendicular on (I) must be of the form (2) — i (3), and the condi. 
tion of perpendicularity gives 

k = {A,As + BiBi) ^ {A^A, + B^B,]. 
Hence the perpendicular is 
{A,A, +B,Bt)lA^ + B^y + C^)-(A,A^ + B,Bi){Aix + £,y+Ci) = o. (95) 

4. Find the equation of the line which passes through the intersection of 

A,x + B,y + Ci = o, Asx + B%y + C; = o, 
and is parallel to A.fc + Sjj' + Cj = o. 

5. Find the co-ordinates of a point equally distant from the three lines 
inEiL.3. 
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6. If the distances of a certain point from tha lines 
^coSfl+^sina-ii = 0, s:C0SB'+Jsina'^i>'=O, ^cosb"+7 sina"-/' = 
be d, d', d", respectively, and if 

A=^ + rf, >:=p'-^d\ \"-:p" + d"; 
pwe \ sin (a - a") + \- sin {a" - a) + \" sin (a - a') = o. (96) 

•7. If xcos ai + y siaai- fii^o, A^cos«s + ^sin«j -^ = 0, &c., 
be the bisectors of the internal angles of any pentagon ; prove 
^ism^i+^sin^s+ . . . .+^isin^s = o, wheie^i = 02 - 03 + m - 03; 

*8. The co-ordinates of the vertices of two triangles are 
ai6i, ajij, 03*3 ; and cid,, c^, c^di, 
respectively ; the joins of corresponding vertices are divided similarly in 
(he points {D, D\ B") : if perpendiculars from D, D\ D" on the sides of 
either triangle be concurrent, prove the relation 

O. a,. I \ i rf.. i.. I I 

BAI.T7.ER. 

26. To find when an ejualion of the suond degree u the 
product of the tquatioiis of two lines 

1°. Let the equation contain only one of the variables, 
such as 

X- -{a^h)x^ ab. 

Since this is evidently the product of the equations 

X - a = o, X - b = 0, 
we see that an equation of the second degree, containing only 
one of the variables, represents two lines parallel lo the axis of the 
other variable. 

■2.°. If the equation be homogeneous in both variables, it represents 
two lines passing through Ike origin. 

For example, 
y?-$xy-\-by^ = o is the product of {x - ij) = o, C-v- j>') = o. 
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3°. If the general equation 

ax^ + ihxy + i^ + tgx + tfy + c = o 
denotes two lines, throwing it into the form 

we see that the second member must be a perfect square. 

Hence {V - ah){g^ - ac) - {gk - afj = o, 

or abc + ^fgh - af^ — ig^ — cA^ - o. (98) 

This important function of the coefficients of the general 
equation of the second degree is called its discriminant. It 
may be written in determinant form thus ; 



h. 



/. 



/. 



(99) 



The student should carefully commit each of the formulte 
(g8) (99) to memory. The minors of the determinant (99) 
will be delioted by the corresponding capital letters. Thus, 
A^bc-f, B = ca-g\ C = ab-h\ F^gk-af, 
G^hf-bg, H^fg-ch. 
27, If the general equation represent two lines, it is required to 
find the co-ordinates of their point of intersection. 
Let 

a.r* + lA.KC+i)^ + rgx + T-fy-^c ^ {Ix ■+my-i- n){l'x + m'y + n'). 
Hence, comparing coefficients, we get 

a^W, b = mm', c^nn', 
2/= mn' + m'n, ig = nV + n'l, %h = Im' + I'vi ; 
and solving for x wiAy from the equations 

Ix + my + » = o, I'x + m'y + «' := o, 
we get x:y w 1, : : mri - m'n: nV - n'l\lm' -I'm; 
Hence x:y\ i : : A^-.B'-. C\ 

which arc the required values. 
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Cor. 1. — If the general equation represent 
cular lines, 

(I + 5 = o for rectangular axes. 
a + ^~ 2h cos (u = o for oblique axes. 
Cor. z. — If the general equation represent two 
making an angle ^, we have for oblique axes. 

Hence, if h^ ~ ab - o, the lines are parallel. 



tan <l> = 



(.00) 
(.0.) 



(■") 



Examples. 

1. what lines are represented by ifi — y = o ? 

2. Wliat lines are represented by j* — 2xy sec 8 +y^ = 0? 

3. Prove that the two lines ajc^ + zAxy + 6^=0 are respectively at 
right angles to the lines 61' — ikxy + ay = o. 

4. Find the angle between the lines ax^ + ihxy \ by^ = n. If the 
equation represettt the two lines y — mx = o, ^ — m'x = o, we get 






5. The angle between the lines 

(jcJ +y)(cos= e sin' a + sin! gj _ (^v tan a - 7 sin if- is a. 

6. The lines x^ + txy sec 2a +y = o are equally inclined to x-\-y= o. 

7. Find the bisectors of the angles made by the hues ax'-{-2kxy-i-6y' = o. 
The bisectors of the angles between the lines y - mx = 0, y — mx' = o, 



Hence, multiplying and r 



toring values, wo get 
x'-~jf)-{a-i)xy = 
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8. The difference of the tangents which the Lues 

^ (tan' 9 + cos^e) - 3*c tan 9 + j)i* sin' fl = o 
make with the axis of j: is 2. 

9. If a denote the discriminant (98) ; prove (he following rchilions^, 

aA = BC~-F\ b A = CA - G^, cu = AB- H"-. (105) 

10. When A = 0; prove A : B : C : : ^ : ~ : ^^•^. (106) 

11. If aj^+ 3Avrv + ^ + 25VC + ify-^ c = o represent two hnes; prove 
that the lines aj^ + 2hxy + iy^ = o are parallel to them. 

12. Find the discriminant of 

(aaS + 2hxy 4 ft/' + 2gx + s/y + '') + *. (^- +7^ + S-^i' cos m). 

13. Prove that if in the result (104] we change x,y into 

Ai m 

^ "*" a' ^ "'' trt' 
we get the equations of the bisectors of the angles made by 

(fl^ + 2hxy + by^ + 2gx + 2fy-^c = O), 
when it denotes lines. 
•14. If the sum of the angles p, f,', ./i", $'" be in; prove that the 

(a cos*, 6sin*);(acos^', *iin<f.'}; (ac0s$", Ssin.f.") ; (acos*"', isinf ) 
are coney clic. 
•15. If « + r -r ^' + !"■ = o; prove that the points 

{ai', zat); {af; 2af); {ae\ zatf); [af"^, zaf") 
are concyclic. 



*I7. The points 

[A tan *, i cot •/■) ; (* tan <p', k cot f.') \ [S tan ^", k cot *") ; 
{k tan $ . tan ^' . tan *", i' col * . cot $'. cot *"), 
ire concydic. 
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Section II. — Trilinear Co- 

28. Definitions. — Let ABC be a triangle given in position 
and magnitude; then if perpendiculars froi 
any point P on the sides of ABC he denoted 
by a, jB, y, a, /3, y are called the TRILINEAR 
CO-ORDINATES of P. If the point P be on 
the side BC, the perpendicular from it on 
BC will vanish. Hence, in this system of / 
co-ordina.tes the equation of BC will be B C 

a=o. Similarly, the equations of CA, ^5 will be ^ = o, y=o 
respectively. The triangle ABC is called the triangle of 
REFERENCE, and its sides the lines of reference. The 
lines of reference a - o, ^ = o, y = o, may themselves be 
expressed in Cartesian co-ordinates. Thus we may take 
them as abridgments for three equations of the form 
£x+ My\N= o, &c.; but it is more convenient to consider 
them as abridgments for three equations in the standard 
form. Thus, if the equations ol BC, CA, AB be 

X cos a +y sin a -/ = o, X COS /3 +^ sin fi~p' = o, 

X COS y +y sin y -p" = o, 

a = o, and xcosa + j/ sina-/ = o 

ivill be different modes of expressing the same thing. Again, 

if the Cartesian co-ordinates of P be X, JT, we see that 

o.^Xcosa+ rslaa-p, /3 ^ X COS ^ + rsin/i-p; 
y = Xcos y + J'sin y -^"; 
and, therefore, that any equation expressed in trilinear 
co-ordinates can be transformed into one in Cartesian co- 
ordinates. 

Observation.— Id these equations it will be seen that a, ^, 7 are used 
with different sigiiificationE, but after a little practice this creates no con- 
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29. If a line (CD) through !he vertex (C) of a triangle 
{ACS) divide the base into segmenls ^ 

(-BD, DA), whose ratio is \ ; and the 
vertical angle into segments, the ratio 
of whose sines is k ; then the ratio 
of \ : k is independent of the line 
(CD). 

Dem.— From D let fall the per- " ^ 

pendiculars DE, DF on 'AC, CB ; then we have 
X = BD^ DA; k = FD^ DE. 




FD 
BD 


. ^^ - sm 




Examples. 



1. Find the equations of the bisectors of the vertical angle. The equa- 
tion of any line through C is of the form a- k^ — O where k is the ratio of 
the sines (Art. 25, Cor. 3). Hence the internal bisector is n - /3 = o, and 
(be external, a + jS = o. (109) 

2. Find the equation of the median that bisects AB. Here the ratio of 
BD : DA is unity. Hence \ = r ; therefore It = — — -;, and the me<lian is 



-,(i-o 



(no) 



Here , 



3. Find the equation of the perpendicular. 
Therefore the perpendicular is 

oC0S^-flC05.e = O, (III) 

Observation. — We may write the equations of the internal bi.sectors of 
the three angles of the triangle of reference, vi^., 

a-g = 0, 18-7 = 0, 7-a = 0, iutheform = ^ = 7; (112) 
where, by omitting each letter in succession, we have the bisector of the 
angle between the sides denoted by the remaining letters. 

Similarly the three medians are 

and the perpend iculajs 



».-,o 



("4) 
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4. Three lines wbose equations aie in. flie form la, = »!j8 = n 
current, and the co-ordinates of their point of cc 



5 . The lines la, = m^, j = — make equal angles with 'a = j8 on op 
posite sides. Hence, if three lines through the vertices of a triangle t 

t, tile three lines equally inclined to the bisectors of its angles ai 

I'EF. — The three lines which make with the bisectors of the angles of 
triangle, on the opposite sides angles equal to those which the medial 
make, are called the symmedians of (he triangle, and their point of inte: 
section its symmedyxn point.— 'M.. D'Ocagne. 

6. The three symmedians of the triangle of reference are 

sin A anB sin C 



7. If the three lines - a 



-.'-,y' 



(,i6) 
O, and the three lines 



■^a = -& = -y meet in O", prove that the six angles OAB, OBC, OCA, 
ffBA, aCB, a AC, are all equal.— Brocard. 

Def.— The points O, O' are called the Brocard points, and any of the 
six angles OAB, &c., the Brocard angle of the triangle. 
8. Prove that the co-ordinates of the— 

1°. Circumcentre are cos^, cos £, cos ( 
2°. Orthocentre „ secj4, sec S, sect 

3". Centroid „ cosec^, cosecS, 1 

4°. Symmedian point „ %\tlA, sinB, sinC 



5^ Point O 



>■ (■■■) 



6°. Point C „ -, -, ; 

7°. Centre of inscribed circle are i, i, 1. 
9. If the Brocard angle be denoted by h, prove 

cot a = cot ^ 4-cot.B + eot C. 

10. If the perpendicular erected to the base AB of a triangle ABC, al 

the foot of the symmedian )ine CS, meets in the points^', .ff' the perpen. 

diculats at A, B to the sides AC, BC; prove AA' ; BB' : : AC^ : BC\— 

M. D'Ocagne. 



Hosted by 



Google 



46 



The Right Line. 



30. Def. I. — If a line AB be divided in C into segments whose 
ratio is A, and in D into segments whose ratio is X', then the ratio of 
\: \' is called the anharmonic ratio of the four points A, B, C, D. 

In the special case in which X = - A', that is, when AB is 
divided internally and externally in the same ratio, AB is said 
to be divided harmonically, and the points C, D are called 
harmonic conjugates to A and B. 

Def. II, — If an angle AOB he divided by a line OC into seg- 
ments whose sine-ratio is k, and by a line OD into segments whose 
sine ratio is V, the ratio k:K is called the anharmonic ratio of the 
pencil {O.ABCD), consisting of the rays OA, OB, OC, OD. 
The rays OC, OD are called conjugates to OA, OB. 

In the special case where k = — k' , (0 . ABCD') is called 
a harmonic pencil. 

Observation.- — The function of the segments of a line made by four points, 
which we have called their anharmonic ratio, has received different names 
irom Geometers. Mobius calls it the double ratio (doppelverkdltnis^, 
Chasles, (he anharmonic ratio, and t!ie late Professor Clifford, the cross 
ratiooi the four points. Chasles' noraenciatrue, although perhaps the least 
appropriate, is almost universally adopted. 

31. If a segment PQ he divided in the points A, B, C, D 

'". Ti'Tc'l "'■',' f A B C D Q 

the anharmonic ratio {ABCD) is independent of PQ. 
Dera.— Since PA:AQ::a\i,\ie: have AQ= — ^ 
{i-<i)PQ "■"' 



larly BQ = - 



Hence AB = 



simi- 
and we have 



{a^■l){b+ly 

corresponding values for the other segments ; therefore 
AB.CD {a~b)(o-d) 
AD.3C~ la~d){b-c)' 
32. The anharmonic ratio of four coltinear points A, B, C, D 
is equal to the anharmonic ratio of a pencil of rays {O . ABCD) 
passing through these points. 

Dem.— Lettheratio AC: CB = X, AD:DB = \\ sin^OC 
; sin COB = k, sin AOD : sin DOS = h' ; then Art. 29, 
A ; X' : : k:h'. Hence the proposition is proved. 
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33. If OP, OQ be two lines whose equations in the standard 
form are a = o, ,8 = 0, and tf OA, OB, OC, OD h four rays 
passing Ihoough 0, whose equations are a~k^ = 0, a — k'fi = o, 
a - k"j3 = o, a - ^"^ = o, the anharmonic ratio of the pencil 
{0 . ABCD) is independent of a and ^. 

Dem.— Draw any transversal cutting the pencil in the points 
A, B, C, D. Then, if PQ be divided in A, B, C, D in the 

= the pencil {O . ABCD). 

Examples. 

1. If two different transversals cut the same pencil, their anharmonic 

2. If two equal anbannonic pencils have a common ray, the intersections 
of the remaining three homologous pairs of rays are coUinear. 

3. If i', C, Hhe three fised points on a segment, A,B, C,D four other 
points on the same segment, such that the anharmonic ratios (FGHA), 
{FGHB), (FGHC), {FGHD) are respectively equal to a, fi, 7, J, prove 

-7)(e-s)" 

4. If the positions of four points A, B, C, X on a segment PQ be de- 
noted by the ratios a : I, S : i, c : I, x:^; and (he positions of four other 
points^', ^,C",X'onanother segment i"^ by the ratios a': I, 4':i, &c. ; 
Ihenif (^5CX) = (^'^fX';, prove that a:, j;' are connected by an equa- 
tion of the form 

Dem.— From the hypothesis we have ,°_^j^^_^) = (a "V) (6'"- .v')' 
which, cleared of fractions, gives the required equation. 

5. If two variable points on two difFerent segments bo connected by the 
equation (118), prove that the anharmonic ratio of any four positions of 
one of them is equal to the corresponding anharmonic ratio of their four 
homologous positions of the other. 

6. If three sides of a variable triangle pass through three coilinear points, 
and two of its vertices move on fixed lines, the locus of the third vertex is a 
right line. 



that (ABCD) = 
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34. The equations of any four lines, no three of which are 
concurrent, are connected by an identical relation — that is, the 
equation of any one can be expressed in terms of the remaining 



Sem. — Let the four lines be 

H^ hiX + h^y + ^3=0, 

K = hx-vkiy + h^o, 

L =lix +l-iy ■¥ li = o. 
Now we can always determine four multiples a, b, c, d, such 
that the three following relations will be satisfied 

agi + hhi + cky + rf/i = o, 

agi + 5^ + ch + dh = o, 

agi + bh3 + cki + dls = Q. 
Hence, for these multiples, 

aG + bir+cJ^+dZ^o, 
which is the required identical relation- 

Tbis proposition may be stated and proved differently, 
as follows : — 

1/ a, I?, y be any ikree lines form- 
ing a triangle A, B, C, the equation 
of any fourth line {DF) is of the 
form U+mp + ny = o. 

Dem. — Join CD. Now since 
CD passes through the intersec- , 
tion of a and fi, its equation is' of ^ 

the form la + m^ = o (Art. 25); and since Z)i^ passes through 
the intersection of la + m^ = and 7 = 0, its equation is of 
the form la + m^ + «y = 0, 

35. Def. I. — The figure formed by four right lines produced 
indefinitely is called a complete quadrilateral. 
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Def. \\.~The Iriangle formed by the three diagonals of a com- 
plete quadrilateral is called its diagonal triangle.— {Cremok a..) 

Def. m.—TAe triangle whose vertices are the intersection of 
two diagonals and the extremities of the third diagonal is called the 
harmonic triangle of the quadrilateral. — (Sequel to Eucuo.) 

Def. i\.—Two triangles which are such that the lines Joining 
their vertices in pairs are concurrent are said to be in perspective ; 
the point of concurrence is called their centre of perspective. 

36. If thee quations of the sides of a complete quadrilateral he 
/a + M^ + «7 = o, (i) 
m^ -V ny -la = o, (2) 
U-m^ + ny^o, (3) 
la + mli-ny = o, (4) 
prove that the triangle of 
reference is its diagonal tri- 
angle. 

Dem. — By subtraction 
of (1) and (2), and addi- ^ 
tion of (3) and (4), we see that a passes through the inter- 
section of (1) and (2), and also through the intersection 
of (3) and (4), Hence a = o is one of the diagonals- Simi- 
larly /3=o, y=o are diagonals. Thus in the annexed diagram 
let LKHG be the quadrilateral ; then if the sides taken in 
order be (i), (2), (3), (4), the equations of the sides of the 
diagonal triangle^C^ taken in order are, a=o, /3=o, 7 = 0. 




Examples. 
I. The equations of the sides of the harmonic triangle IJB ne 
la-\-ny = o, la-ny = 0, and fl = o. 
For la-\- ny = evidently passes through B, which is the intersection of 
a and y ; and by adding the equations (1) and (3), we see that it passes 
through/. Hence la-^ny = o]a the equation of SX Similarly /a - ny = o 
is the equation oiBI. 
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2. Tlie sides of the hamionfc triangle taken in pairs form harmonic 
pencils with pairs of opposite sides, and also with the diagonals of the 
complete quadrilafeial. 

For the lines ^a + «7 = O, la — ny = O form a harmonic pencil witii 
a and 7. (Ait. 30, Def. II.) 

3. The diagonal triangle is in perspective with the triangle formed by 
any three of the four sides of the complete quadrilateral. For the joins of 
the points A, B, C with the points G, I, H are 



4. If the multiples ;, m, b be variable, then the sides of the quadrilateral 
wQl vary m position ; prove that if one of them passes through a lised 
point, each of the others wiil pass through a fixed point. 



C; prove that the 
idos of the triangle of reference. 



5. It /, tn, n be respectively equal tt 
lines (2), (3), (4) will each bisect two 
and that (r) will represent the line a 

6. If two triangles be such that the points of intersection of correspon- 
ding sides are collinear, the triangles are in perspective. 

For if one be the triangle of reference, and the line of coIHnearity be 
la. + mb + «y = o, the equations of the three sides of the other triangle 
will be of the forms 

^'a + m3 + Ky = O, la\ m'$ + ny = 0, la + mB + n'y ^ a ; 
and taking the differences of these in pairs, we get the concurrent lines 

(;-f). .(»-»,•)«. («-«■),, 

which arc evidently the joins of corresponding vertices. 

Def. l.—The line of collinearity of tke points of inierseelion of the 
corresponding sides of two triangles in perspective is called their axis of 
perspective. 

DBF. II. — Tke eentre of perspective of the diagonal triangle and tke 
triangle formed by any three sides of the eomplete quadrilateral is called 
the pole of the fourth side mith respect to the diagonal triangle. 

7. The co-ordinates of the poles of the four sides of the quadrilateral 



;. Being given the pole of a line with respect to a triangle, show how 
;onslruct the line ; and, conversely, being given a line, show bow to 
\ its pole with respect to a given triangle. 
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37. A notation has been devised by Professor Cayley, 
which has the advantage of abridging long expressions. 
Thus an expression such as ay? + ■^hx^y + yx^ + (/f^ is de- 
noted by [a, h, c, d) {x, yy, and irr'+ by' + cz' + 2fyz+ igzx-^^ 2kxy 
by {^,l',c,f,g,k){x,y,z)\ 

38. If the general equalion {a, b, c,/, g, h){a,, ^, yf = o in 
trilinear co-ordinates represents two right lines, it is required to 
find theconditions of parallelism, and perpendicularity, respectively. 

1°. Parallelism. — Let the given equation be transformed to 
Cartesian co-ordinates by the substitution of .v cos a+y sin a-p 
for a, &c. {see Art. 28) ; if the result be 

{a;i/,(!,f,^,K){x,y, iy=o, (r) 

by equating coefficients, we get 

a' = {a, b, C, f, g, k){cOS a, COSjS, cosy)=, 

^=(a, b,c,f,g, h) (sin a, sin/3, siny)=, 
A'=asinacosa+5sin;8cos^ + csinycosy+/sin(/3 + y) 

+ ^sin{yta) + :4sin(a + ^). 
Hence a'b' -h'^ = {A,B, C.F,G. H){sinA, smS, sin C)=, 
where sin j4, sin5, sin C are the sines of the angles of the tri- 
angle of reference, and the coefficients A, B, &c., are the 
minors of the determinant (99), Art. z6, 3° 

If the equation (i) represents two parallel lines, a'b'- h'^ = o, 
Art. 27, Cor. 2 ; hence the condition that («,i, c,f,g, h){a,^,yf 
represents two parallel lines is 

A, B, C, F, G. ff)(sin A, sin B, sin Cf, or say 6= o. (1 19) 
Cor. — The equation $ = o may be written in determinant 
form thus ; 



sin 5, 



(120) 
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z°. Perpendicularity. — By addition we get 
a'+5'=a + 5+(r+ 2/cos (j8-y) + 2^ cos (y-a) + zA cos(a-^), 
or (i'+i'=a + j + c-2/'cos A-2gcos£-2/icosC. 

Hence, Art. 27, Cor. 2, the required condition is 
a + b + c~2/cosA -ig cosB-ihcosC, or say &=o. (121) 

39. J)'' the equation {a, h, c, f, g, k){a., p, yf = o represent 
two lines, it is fequired to find the angle between them. 

If we transform to Cartesian co-ordinates, so that the point 
of intersection may be the new origin, we have identically 

{a, b, c,/, g, h){^, A yr^ky{y - x tan ^), 
and, applying the results of Art, 38, 

a'b" -h'^ = e, a'^b'^ff; 
but in the transformed equation 

a' - o, b'=k, h'=-^kta.ni{>. 



Hence k = &, ai 

and, eliminating k, we get 



(122). 



Examples, 

1. Find the condition that la+m^-\-ny = o, /'o + W,S + n'y = o, sliall 
be at right angles to each other. 

^«j. /(;'-«' cos C-«' cos .?) + /«(»■-«■ cos^-rcosC) 

+ «(«■-/• cos.ff-m'cos^) = o. (124) 

2. Find the condition that /a + mfi + h^ = o shall be perpendicular to 
Y = 0.- Ans. n = ?«cosA + lcos B. {125; 
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3. Find the equation of the perpendiculars to the sidesof the triangle of 
reference at their mid^ile points. 

Ans. Bsin^ - p sm£+ 7 EJii(^ -5), 

4. Find the angle between ia + mS + «y = o, ^'a+ m'^ + »'y = o. 
Here -e = H{w'-™''') sin^ + K'-«'/) sin5+ (Jm'-Z'm) sin C)=, 

f = ffi' + ««■+«»■ -(in«' + OT'H)cos^-(«r + n';) cos 5- (/m'+fm)}. 



<»» 



«'a)sin^-t-K'-»7)sin-g+(/w'-r«^)sii 



*^"'''~i/'+»,m'+nn'-()««'+m'n}cos^-(n/'4-«7)cOS^-(/w'+, -, 

(.S6) 
Hence, if the lines are parallel, the numerator of this fraction vanishes ; 
and if perpendicular, the denominator vanishes. 

The condition ofparallelism may be obtained more simply as follows; — 
If the given lines be parallel they will meet on the Hne at infinity, that is, 
on a sin ^ + ^ sin iJ + 7 sin C= o, for which the condition is expressed by 
the equation 



I, 



(1:7) 



which is the same as the foregoing. 

5. Hnd the equation of the perpendicular through o'e'y' to the line 
ia + me 4 17. 

Let the required equation he l'a + m'& + n'y = o. Then, smce it passes 
through a'&'y', we have I'ol + m'ff-Y n'y' —O, and the conditionot perpen- 
dicularity (Es. I) is 

J'(;^7«cos<r-Bcos5)+OT'(»i-;cosi:-«cos^)+«>-iwcos^-/cos.a). 
Hence, eliminating 1', m', n', we get the determinant 



6. Find the line through a'fl'7' parallel to la + vi^ + iiy = 
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'Viss.— A line DE cutting the sidts C A, CB of the triangle of reference 
inthe points D,E, so that the triangle CDE is imiersely similarly to CBA. 
is called an ataiparallel to the base. — Lemoine. 

7. Find the condition that la + m$ + ny may be antiparallel to y. If ^ 
be the angle between la+ mff + ny^ o, and 7 = 0, 



•"■♦ n-„co.A-, 


^STs '^''■'^' 


but if la + m» + ny be anliparallel to y, 


~^ = ^-B). 


Hence - tan (^ - £) = — ^^ 


aA-ninB 
osvJ-/cos£ 


and reducing, we gel 





lsmA-msiaB-nsin{A-B), (13 

which is the requited condition. 

8. Find the equation of the line through the symmedian point a 
parallel to the base. 



tw, BsinZfcot^ + asin^ cot£ = y. (rja) 

9. If through the symmedian point of the triangle of reference three 
antiparallels to the aides be drawn, they meet the sides in six points equally 
distant from the symmedian point. 

10. Find the equations of the perpendiculars of the triangle whose sides 



^w + 



B + »!7 = 



Denoting these by L, M, N, and substitutmg for a', fi', 7' in Es. 5, we 
have the equation of one of the peipendiculais ; and, interchanging letter?, 
we get the others. 
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11. Find the equation of the line through the middle point of BC, 
parallel to the external bisector of the vertical angle (see Es. 6). 



:. Find the length of the perpendicuiar from c 
»«5 + ny = O. 



40. To find the equation of the join of the points a'/i'y', n"|8"y". 
If la + wi/3 + «y = o be the required line, since it must pass 
through the given points, we have 

Hence, eliminating /, m, n, we get 



or La + M^ + Ny = o, which is the required line. 

It may be seen otherwise that (134) is a hne through the 
given points ; for it contains a, y3 -y in the first degree, and 
is therefore a right line ; secondly, if for a, /3, 7 be sub- 
stituted the co-ordinates of either of tne gnen points, 
the determinant will have two ro\.s alike, and therefore 
vanishes identically. Hence the line passes through the 
given points. 

41. It is easy to see that the toefficients L, M, N are 
equal to twice the areas of the triangles formed by the given 
points a'^V' ""^'V' f""^ ^^' vtrtitts of th^ Irian^L of tri- 
angle of reference, multiplied respectively by sin A, sm £, 
sin C (see Art. 3) ; but these triangles having a common 
base (the join of a'jSV and a"^"-/') are proportional to the 
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perpendiculars let fall on Ihem from the vertices A, B, C. 
Hence we have the following theorem : — If \, n, v be ike 
perpendiculars from Ike angular points of the triangle of refe- 
rence on any line, the equation cf the line may be written in 
the form 

(\ sin ^) a + {i>. sin B)fi + {v sin C)y=o, 
or \aa. + ^b^ ^■ vcy = o. (iJS) 

42. If in equation (135) we write a. for aa, ^ for bp, 
y for cy, it is evident that the new co-ordinates of any point 
on the 3ine will be proportional to the areas of the triangles 
formed by joining: that point to the angles of the triangle 
of reference. These are called areal co-ordinates. Hence we 
infer the following theorem : — If in the equation \o4 /t/3 + >-j'=o, 
a, 0, y denote areal co-ordinates, \, ^, v are proportional to 
the perpendiculars from the angular points of the triangle on the 
given line. 

Examples. 

I. The point whose co-ordinates are a + kn", ff + hS', y' + ky", is 
collinear with the points a'$'y', a"j8"7". 



■ ' ' \ a", 0; y, I , ct", B", sA. I 

3. Find the equations of the joins of the following pairs of points : — 
l". Orthocentre and centroid. 

Am. asiD 2A sin [B - C) + g i\a 2B m>[C - A) 

+ 7sin2Csin(,^-S] = o. {137) 

Ar,s. a (cos ^ - cos C) + S (cos -: - cos A) 
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3". Circumcentre and symmedian point. 

Ans. Bsm{S-C) + esin(C-^l + Tsin(^-ff) = o. (139) 
4°. The Brocard points O, U. 

Am. -(ffi«-6V) + |(6«-ifl<j=)+ ^ {e'-a56=) = 0, (140). 
. Find the equation of Ihe parallel through a'ffj' to the join of 



£. Prove that the join of the orlhocentre and centroid is perpendicular 
to the line a cos A + B cosB + y cos C=o. 

6, PrOTe that the join of the circumcenfre and the symmedian. points is 
perpendicular to the join of the Brocard points. 

;, Prove that 

tCi. = -Jlfdf^^b'^^v'^~i,bc^cosA~lcay\co^B~2abKii.CQsC. (14Z) 

For, denoting the perpendiculars of the triangle of reference by p, q, r, 
and the radical by n, we have, letting fall from A — that is, from the point 
peo, a perpendicular on the line (135), 



n ' 
i. Prove that 



Hence ap = n, that is 



Substitute, in Ex. 7, for 2bc cos A its value, S^ 4 t^' - a\ Sic. 



■O-"-©)— I"— ■ '■«' 



10. Find the condition that the points a'ffj, a"B"y", may subtend a 

right angle at 0,87. 

Ans. a!{B-fl" + T,y+(^Y'+fi'V)cos^j 

-<^{o'r+a",a'+(A"+7'V)cos^ + (fiY'+e'Y)cosfl-2y7"cosC} 
+ two similar eipressions got by interchange of letters = o. (145) 
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+3. To find the distance 5 between two points oijSjy,, o^ay^. 
From the given points draw perpendiculars to the sides 



>>.»,») 




BpfO) 



(»,»,))C 



Jl£, AC, and from assays draw parallels to AB, AC; then, 
denoting the distance MN by /, we have 
8-sinM.? = (A-ft)" + (y,-y.)' 

+ j(ft-ft)(y.-y.)cos^. (.) 

Again, evidently, 

«(..-a,) + S(ft-ft) + ,(y,-y,).Oi 

therefore 

'•■(•.-•.)'-*'Cft-ft)-+<*(r.-T.)'+«(ft-A)(r.-y.)- (•) 

Hence, eliminating {/?i - ^i){yi - yi) between (i) and (2), vc 
see that S= is of the form /(oi - <x!f+m{^i-^3f+n(yi-y^f, 
where i, m, n are constants to be determined. For that 
purpose, suppose the given points to be 
B, C ; C, A; A, B, and we get the three equations 



therefore If = - 



- = be cos A ; 



therefore 



fecbfi^ _ 
and similar values for m and « 
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+ (v,^V,)^smzCl. (146) 



Examples. 



-i-S^mB+j^iiiC 



;. Prove 



44. To find the area of flu iriangk whose vertices are Ike points 

If the axes be oblique, the area of the triangle foraied by 
the points x'y, xl'y", :d"y"' (Art. 4), is — 

x', x", x"', 

y, y. y", 



But taking as the oblique axes the lines a = o, ^ = o, " 
evidently have 



S. S, S. 
Now taking 5' - a sin ^ + ;3 sin .5 + y sin C, we get, din 
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nishing the last row by the sum of the first multiplied by 
sinj4, and second by sin B, 



i i, y", /". 

Ohervation. — For shortness of notation, determinants such 
as (149) are written in the form {o.'li"y"'), and the area may 
be written thus : 

WV") 



Or thus : — Writing the 



X cos a +_)■ 
By multiplication of determinants, we have — 



a = o in Cartesian form, 



0', /3", ^"', j = y.y, I, X cosy5, sinft -/, ) = 2A5-. 
y', 7", y"', : x"',y", I, cosy, sin/, -p",\ 

Therefore area= ■ ^2 - -l (150) 

Cor. I.— If a', p', i, &c., be not the actual lengths of the 
perpendiculars, let them be 



and we get arej 

Cor. 2.— To find ?«', . 
m'a' sin ^ + i 

Hence ; 

Cor. 3.— 



M'Y):im"'.'",^"'fi"',m"'y"'). 
^'(.'^Y"). (151) 

, We have in this case 

B + my sin C = S. 

(-52) 



nA +p'amB + y' sin C S'' 
S'S"S"' ' 



(■53) 
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Examples. 

1. Find the yalue of m for the symmcdian point sin^, sini', sin 6". 

-^'"■'"- .i.Mt.wj;t.a.'c - '■"> 

2. Find the value of m for the cireumcentie. 

"""'■ '" = sin.^-i.sin.^ + sin.C - ^ '"^ 

3. Find the value of m for the Brocard points. 

cosec A cosec B cosec C . 5 

4. Find the value for the orthocentre — ~, — 3, p.. 

5. Find the area of the triangle formed by the lines 

/itt + mi,8 + ni7 = o, isa + »(2fl + »27'=o, /so + mBfl + wsy = o. 

Solving telween the second and third, we get the co-ordinates of their 
pomf of intersection proportional to the minors Zj, Mi, N\ of the deter- 
minant (/if«3»3). Hence, equation (153), llie area 
S'[L^M,Ns) 

(15a] 
G. The area of the triangle of reference is equal to 

{il.ln(.-- .-)+/.m|.--.)4-fl-»ii !.-.')}■ 

.«.(.-.•)»(.'-.")„(."-.) - ■ I'M) 

7. Find the area of the triangle formed by x cosn+_j'sin 0—^ = 0, and 
the line pair a^ + 2kxy + bj' = o. 
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Section III, — Comparison of Point and Line 



45- Def. — The coefficients in the equation of a line are 
called line co-ordinates. Because, if the coefficients be known 

the position of the line is fixed. Thus, let — +-^ - i = o be 

the equation of a line ; then, putting -u, --- = &, we 

get AM + _j'ji + 1 = o. (161) 

In this equation u, v are called line co-ordinates, and x, y 
point co-ordinates. If x,j'be fixed, and u,v variable, wc shall 
have different lines, but each shall pass through the fixed 
point {xy). Thus, \i xy be the point i^ab); then, in Modern 
Geometry, the equation 

<i« + fo+i = o (162) 

is called the equation of the point {aV), and the variables u, v 
are the co-ordinates of any line passing through it. Hence 
we have the following general definition : — The equation of a 
point is such a relation between the co-ordinates of a variable line 
which, if fulfilled, the line must pass through the point. 

46. The equation {161) expresses the union of the positions 
of the point and the line, in other words, it denotes that the 
point is found on the line, or what is the same thing, that the 
line passes through the point. And since it does not vary, if 
we interchange a, v with x, y, we have the following impor- 
tant result : — In the equation which expresses the union of the 
positions of the point and the line, point and line co-ordinates enter 
symmetrically. The point therefore enjoys in the geometry of 
the line the same role which the line does in the geometry of 
the point. 

47. The following examples will illustrate the reciprocity 
between both systems of co-ordinates : — 
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Examples. 
'. Take the general cqtiation. 



Equafion of the point, 
I Au-^Bv\C=o, 

■e shall have — ■ 
For the line co-ordinates, I For the poinl co-ordinates, 



Equation of the line, 



""c- "-C- 

2°. Let there be given 
Two points, 
(x-y). {x"y-). 

For the equation of their line con- 
nection, called the join of the two 
piints. 



Two lines, 



For the equation of their point of 
called the join of the 



I ^■'. y. h I 

The results and the operations which lead to them are the same in both 
cases. The significations of the variables only are different since the de- 
terminants will be satisfied if we put 

x = lx'+ mx", I u = lu'+ mu", 

y = iy.t-my, I 'ii = tv' + mr", 

For, in fact, they are the results of eliminating !, m, i. Between these 
two systems of equations, we shall have, putting A = y, 



Supposing X variable, these two 
equations represent the co-ordinates 
of any point of a row by means of 
two special ones. It is ths most 
general representation of a line as 
the base of a row of points. Com- 
pare Art. 6, Cor. 



Supposing A variable, these two 
equations represent the co-ordinates 
of any ray of a pencil by means of 
two special rays. It is the most 
general representation of a point as 
thei!ertexof a pencil of rays. Com- 
pare Art. !5, Cor. 2, 



Abridged from Cxebsch ' Vcrlesungen iiber Geometrie.' 
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Exercises on the Line, 

1. Find (he equation of Ihe line joining th^ origin to the intersection of 

a"^ b ' a' b- ' 

2. Find the line through the intersection of fx — a) and (x + ji -i- a) = o, 
and perpendicular (o the latter. 

3. Prove that 2x^ + i^y — 2y - Sx + iy = a denotes two lines at right 
angles. 

4. The opposite pairs of sides of a parallelogram are x'— 5^; + 6 = O and 
jfl — i^y + 40 = o ; find the equations of its diagonals. 

5. Find the area of the figure included by the four lines 

6. Find the area of the triangle whose angular points are the origin and 
the feet of perpendiculars from the origin on the lines 



8. If = 0, ^ = 0, y= o, S = o he the four sides of a quadrilateral, 
a, b, c, d their lengths, proye aa-b^ + cy -dS bisects the diagonals. 

9. Find the locus of a point, the sum of whose distances from the sides 
of 3 given polygon is constant. 

10. Find the locus of the intersection of the diagonals of the quadri- 
lateral formed by the axes and the pans of lines - + --r, £.4.^_r 

a b ' ha Kb ' 
if A be supposed to vary. 

ir. Find the equations of the line which is the jom of the intersections of 
the transverse and direct joins of the pair of points where x^ + igx + c = o 
meet the axis of a: with the pair where7' + 2/3' + '^ = '' ■'leet the axis oly. 

12. Prove that the lines represented by x''-xy'-6)^-^sx-y+ 1 = 
include an angle of 45°. 

13. 1SA,B, C; A;B', C be two triads of points on two lines inter- 
sectinginO; then if the anharmonic ratios ((3j4BC), (O^'.S'C") be equal, 
the three lines ^^', B£', CC" joming homologous points are concunent. 
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65 



14. Find tlie equation of tl 
the escribed circles. 

15. Find (he equation of the p 



: parallel to a tlirough the centre of any of 



16. Prove that the join of (i, i, I) and {cos[B - C), cos(C-vi), 
^s [A - B)], is peipendicular to 



17. Prove, by the properties of a harmonic pencil, that 7 is parallel tc 



18. Prove that the triangle whose sides are 

is inscribed in the Iriacgle of reference. 

19. If O be the circumcentreof the triangle of reference, and^ff,^^ 
be parallel to BO, CO respectively, prove that their equations are— 
for^G, ^cosC + 7C0s(C-^)=o; for ^ff, flcos (yl-^ + 7C0S ^ = 0. 

20. Prove that the locus of the mean centre of the points, in which paral- 
lels to la + mP + H7 = o meet the sides of the triangle of reference, is 

-j'-'y- {163) 



in^-/si 



Def, — The line (163) is called the diameter of the triangle with respect 
to the line la + mff -{- ny=o. 

21. Find the equations of the parallel to the sides of the triangle of 
reference drawn — 1°. through the incentre ; 2". the ciicumcentre; 3°. the 
symmedian point. 

22. If on a variable line drawn through a fined point O, meeting n tixed 
lines in the points R', R", ... R{"\ a point J{ be taken such that 

^ = ai^ + oi^ ■ ■ ■ oki^}' *^^ '<^' of i? is a right Lne. 

23. Find the length of the perpendicular from (1, I, r) on 
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66 The Right Line. 

24. Prove that the area of the parallelogram whose sides \x -^ ii.y±t = o 
and K'x+^y±S'=o is 488' -f (\^' - A»=. 

25. If aiSiyi, 02 3a 73 be the areal co-ordinates of two points P", P", 
aadif aiB! = 3ift! = 717= ; prove, if we join, these points lo the three ver- 
tices, that the lines thus obtained cut the opposite sides in points that are 
symmetrical with respect to the middle point. 

26. If three concurrent lines be drawn through the middle points of the 
sides of a triangle, thiee parallels to them through its vertices will be con- 

27. li \a + ii^-\-vy — o meet the sides AB, AC in the points D, E, 
and if O be the middle point of DE, the equation of OA is 

(m sin ^ - A sin fi)e + (A sin C- y sin ^) 7 = o. 
2S. Prove that the sum of the tangents of the angles which iw + ftj- + v 
= o makes with the lines ax' + zhxy + 5y' = o is - - -^j^^A i^ ' 

29. Find the value of «;(see Art. 44, Coi-. 2) for the point 

cos {B-O, cos {C-A), cos {A - B). 

4 sin ^ sin 5 sin C 

30. Prove that the ratio, in which tte join of x>', J^'y isdividedbythe 
line Ax ^ By -V C,\% 

- (Ax" + ^y + C) : {A^ ^By-^ C). (164) 

31. If a transversal cut the sides of a polygon of « sides, the ratio of the 
product of one set of alternate segments of the sides to tlje product of the 

m m g ™. 1 • ( .)- 

3 Th IX lih rm m of four collinear points A, B, C, D can be 



m u- Le C h '^\~^ 
nlr /> h u- p y 

h OPO \ 

q h g 

of mteraectron of the cu-cles, denoting it 



byfl; 


then il 


- '3 easy to sef 


7 

:that 


AB 
BC 


AD 

'■DC-^'- 


secHfl: 


CA 
' AB- 


CB 
•BB~^ 


in'J9; 


BC . 
CA''. 


BD 
DA 


COt^l 


J, 


BC 
AB' 


DC 
AD~' 


:os'}B; 


AB . 
CA " 


DB 
CD ' 


lOSecH 


^•BC 


DA 
'■BD = 


-tanHfl, 


and these 


are the 


six ant 


larmoni 


ic ratios. 
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33. If a, B, 7, 5 be the four sides of a quadrilateral, prove that 

a + mB + n-y+pS = o represent the sides of an inscribed quadrilateral. 

34. If the joins of correspottding vertices of two triangles l>e concurrent, 
the points of intersection of corresponding sides are coBinear. 

For if the joins of conresponding vertices be the three lines a = S = 7, the 
sidesof the two triangles will be a + ,8 + 8 = 0, 3 + 7+8 = 0, 7 + 0+8 = 0; 
and o + B + 8' = o, ,8 + t + B' = o, 7 + o+B' = o, and each pair of corre- 
sponding vertices Intersect on B — S' = o. 

35. If (he coefficients in the equation of a given line be connected by a 
given linear relation the line passes through a given point. The ghien 
linear relation is the equation of the given point. 

36. If the vertical angle of a triangle be given in magnitade and posi- 
tion, and / times the reciprocal of one side plus m times the reciprocal of 
the other be given, the base passes through a given point. 

37. Prove, by the method of complex variables, that it ABCD be any 
plane quadrilateral, the rectangles A3 . CD, BC . AD, CA.BDzxs pro- 
portional to the sides of a triangle whose inclinations to the axis of x are 
inc. ^5+inc. CiJ, inc.-ffC+inc. ^Z), inc. C^ +inc.J'Z), respectively. 

38. If a variable triangle ABC have its vertices on three concurrent 
lines OA, OB, OC, and if two of the sides pass throngh fixed points, 
the third side wiU pass through a fited point 

For, if the reciproLils of O i OB OC lo u -11,111, respectively, the 
conditions of the question gnedB + S"-! o av + Via -1 = 0; hence, 
eliminating 11, we get a linear relation betwci-n u and w, which is the 
equation of the point through which the third side passes. 

Examples 39 to 42 — Lemoine 

If tlirough a point O we draw intiparallclh — 

1°. to 5t:, cutting .SC in ii AC w 
ij, ^^inla; 

Z\ to CA, „ „ 2,, „ 

Zi,ABirLZ-i; 

3- toAB. „ „ 31, ,. 
33, ABml^; 

then, denoting the segments 2i3], 3^15, 
I323 by J, ,,, f; 

also, denoting the segments i^i;, 2321, 
3i3!'Tt'.i'> f- 
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The Right Line. 




39- Prove 








(■6s) 


40. Prove 






f„.^^V».i.,f».c^, 


(.66) 


41. Prove, 


if c 


h^. 







43. If A, a' be the areas of two triangles, the Cartesian co-ordinates of 
whoseyerticesare(flS),(fo),(™); and {oc-5», aS-c^), {ah-^, cb~a^\, 
\,cb — (^, ca~-b^\, respectively, prove A'= (a + i + c)' A. 

44. Prove that ci'+^+-/+^*+|J &y \ ^£ + ^j^o+ /| 4 £^3^0, 
represents ordy one finite line. 

45- If a denote one of the six anhannonic ratios of fonr points, prove 

that the other five are -, i-a, , , — ■ 

Observation.— ^a= - — , thenais one of the i-magiTUiry cube roots 
of- 1, and the four foints of the anharmonic ratio {ABCD) cannot be all 
rial. This special system has been named egtiianharmonic by CiLEMONA. 

46. If the equations of the three hnes AO, BO, CO be la = m$ = ny, 
prove that 

sin^O-g sin J30 C _ _ sin COA 

^l' + m'~-2lmcosC ^'-i-n^-zmncofA •Jk^+ l^ - ml cos B 



(169} 



47. If /t.,/i, p he the sines of the angles which the line lB-\-tn$ + ny = o 
makes with the sides BC, CA, ^5 of the triangle of reference, prove 

msinC-«siii5 nsin^-isinC ^sin^-msin^ 

A = 5 ' ^- Q H ' <'7°' 

where a~^l' + tn' -^n* -zmncosA- 2nlcosB~2lm cosC. 
In the same case prove the following relations : — 

48. lK-\-m^ + nv = 0. (171) 

49. aX + 5;i + w = 0. (172) 

50. ^^ + .' + .f(.cos^ = sinM,&c. (173) 

51. X»sin2^+>.= dn2.5+^sin2C=2sin^sin£sinC. (174) 
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imA %itiB saxC ■ArvA sin ^ sin C , 

52. + — + — +—;;"■ T^ ' 

53. If \, li, V denote the perpendiculars from any point on the lines 
la = >»B=ny, prove 

K V™^ + n^-2m»co3A + ^ V»= + P - 2«7 e^:S + » 'Jl' + m' -2lmcosC=0. 

(.76) 

54. If A, n, p, p be the perpendiculars from lie point (i' — • ~ J °" *^^ 
four lines la + v!B±ny = 0, prove thai 

55. If the side BC subtend a right angle al the point {a&y), prove that 

^y = a(aC0S^-ecos£-7eosC). (178) 

56. In tlie figure, exercise 39, if O be the symmedian point, prove that 

(179) 



,sC 



5 7 . In the same ease, if ^Z> be perpendicular to BC, prove that the triangle 
DCA is inversely similar to the triangle whose angular points are la, 2i, 23. 

S8. If 0, 01, 03, 03 be four points, whose co-ordinates are— 

For 0, 
sin^^-sinj^siu^C Ein|.g-siD^Csin^^ sin^C-^n^^ sinj^ 

For 01, 

/sinJ^^+cosiScosK\ cos^-g+cos^Csin^^ cos^C+dn^^cos^-S 
-[ ^i^A }' cosi^ ' cosK 

For 02, 
cos^^+sin^ffcosJC / £in|.g+e os ^Ccos^^ \ (ioslC^cas\A^a\B 

For 03, 
cosJ^+cosJ^San|£ cos^-g+sin|Ccos^^ / sin^C+cos^^cos^g y 

prove that their six joins are parallel respectively to the bisectors of the 
internal and external angles of the triangle of reference. — (LemoINE.) 

59- Prove a corresponding property for four points a, coi, of;, ojs, whose 
co-ordinates are — 

For a, cosec^J^, eosec=J£, cosecH<^- 

For 101, cosec' ^A, — se<? ^B, — sec' ^ C. 

For «2, -secH^, cosec'J-S, -sec^^C. 

For ^3, -secH^, -scc=i£, cosec^^ C-H-^iii^.)- 
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CHAPTER III. 



THE CIRCLE. 



Section I. — Cartesian Co-ordinates. 



48. To find the general equation of a 
Let ifib) be the centre, {xy) any 

point P in the circumference ; 

then, if the radius O/'be denoted 

by r, we have (Art. j), 

{x-df^{y-Vf = r'; (180) 



:^-\-y^~ 






\b^-t^ = 







which is the required equation. 

The following observations on this equation are very 
important : — 

1°. It is of the second degree. 2°. The coefficients of ^ 
andy are equal. 3°. It does not contain the product xy. 
Hence we have the following general theorem : — Every equa- 
tion of the second degree which does not contain the product of the 
variables, and in which the coefficients of their second powers are 
equal, represents a circle. 

The following are special cases : — 

1°. If the centre be origin, the equation is :tr' +y' = r', 
which is the standard form. ['Si) 

2". If the origin be on the circumference, x^ +y~ - zax 
-zhy = i3. (182) 
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3°. If the axis of x pass through the centre, and the origin 
be on the circumference, :>? +^' = tax. C'^3) 

4". If the axis of^" pass through the centre, and the origin 
be on the circumference, x^ +^ = ihy. (18+) 

Observation. — The criterion that the product xy must not 
be contained in the equation is true only when the axes are 
rectangular; for if they were obhque the equation would 
(Art. I ) be 

{x-af^{y^hf^t{x~d){_y-b')^o^^ = r^. (185) 

49. If the equation of a circle be given, we can construct it. 
For let the equation be ax^ + ly" + '2.gx + tfy + c = o. 
Dividing by a, and completing squares, we get 



(»fJ^(-0^^ 



Comparing this with the fundamental equation (180), we see 
that the co-ordinates of the centre are 

e f -^ ^+f^-ac 
--, -^; and that the radius is -5_^^ -. 

Hence the circle can be described. We have the following 
cases to consider : if g^ -^f be greater than ac, the circle is 
real, and can be constructed ; if g'' +f' be equal to ac, the 
radius is zero, and the circle is indefinitely small, that is, it is 
a point; if g^ -i-f be less than ac, the radius is imaginary: 
there is no real circle corresponding to the equation ; in 
other words, ax''-\:ay''-V2gx-i-ify + c = represents in this 
case an imaginary circle. 

Cor. — Since the co-ordinates of the centre of the circle 
ax' + a>^ + zgx + J.fy + c = o do not contain c, it follows 
that two circles whose equations differ only in their ahsolule terms 
are concentric. 
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The Circle. 
so. Geometrical representation of the power of a point 



r of a point with respect to 
r negative, according as the 




with respect to a circle. The power 
a circle (Art. zo) is positive, zero, o\ 
point is outside, on, or inside the 

1°. Let(:t:-a)H(^-5)'-^ = o 
be the circle x"/ on external 
point; then the power o^ cKfy' 
with respect to the circle is 
{x'-af + iy-bf-f^; 
that is (Art. i) OP' - r', or t\ 
since OCP is a right angle. Hence the power of an external 
point with respect to a circle is equal to the square of the tangent 
drawn from that point to the circle. 

2°. When the point is on the circle its power is evidently 
zero. 

3°. Let x^y be an internal point ; then 
denoting OPhy S, the power of OPwith 
respect to the circle is 

S'-f^, or -(r+S)(r-S); 

that is = - AP.PB, a negative quan- 
tity. 

Cor. — If for shortness the equation of a circle be denoted 
by 5 = 0, the power of any point x'y with respect to i' will 
be denoted by S', for this is the result of substituting the 
co-ordinates :*>' in place of xy. 

Examples. 

1. If the equation of a line be added to the equation of a cirde, the sum 
is the equation of a circle. 

2. Tiie sum of the equations of any number of circles is the equation cf 

3- Construct the circles^ 

1°. a^-4y-4.i:-Sj=i6r 2^ 3^= + 3j= + 7x + 2v+ i=o. 
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4. Find the equation of a circle, passiiig through the point (2, 4) through 
the origin, and having its centre on the asi? of x. 

5. Find the locus of the vertex of a triangle, being given the base and 
the sum of the squares of the sides. 

6. Find the locus of the vertex of a triangle, being given the base and 
m squares of one side + Bsquares of the other. 

7. If S\ = 0, Si = o. Si = o, &c., be the equations of any number of 
circles; prove that the centre of ISi + mSi + nS^ + &c. = o is the 
mean centre of the centres of Si, Sj, S3, &c., for the system of multiples 
/, m, n, &c. 

8. What is the locus of a point, the powers of which with respect 
to two given circles are equal ? 

9. Find the locus of a point, if the tangents from it to two given 
circles have a given ratio . 

10. What does Ex. 9 become if the circles reduce to points f 

11. Find the equation of the circle whose diameter is the join of the 
pomts ary, 3^'/'. 

A»s. (x - x') (X - ^') + (J. -y-) {y -/') = o. (187) 

12. Given the base of a triangle and the vertical angle; prove tliat the 
locus of its vertex is a circle . 

13. Given the base of a triangle and the vertical angle ; prove that the 
locus of the intersection of perpendiculars is a circle. 

14. Find the locus of a point at which two given circles subtend equal 
angles. 

15. Ifa line of given length slide between two fised lines, the locus of 
the centre of instantaneous rotation is a circle ? 

16. Given the base of a triangle and the ratio of the tangent of the ver- 
tical angle of the tangent of one of the base angles ; prove that the locus 
of the vertex is a circle. 

17. If the sum of the squares of the distances of a point from the sides 
of an equilateral triangle or of a squire be given, the locus of the point is 

18. If the sum of the squares of tlie distances from a variable point io 
any number of lixed points, each multiplied by a giveu constant, be given, 
the locus of the point is a cii cle. 

19. If the base 1: of a triangle be given both in magnitude and position, 
andaSsin(C-o), where a is a giveu angle, be jjive'-i in magnitude, the 
locus of the vertex Cis a circle.— (M'Ca7]. 
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5 1 . The equations of a line and a circle being given, it is 
required to find the equation of the circle whose diameter is the 
intercept which the latter makes on the former. 
Let the equations be — 

;trcosa+_jf sina-/ = o. (i) ^Hy-/^ = o. (z) 
Eliminating J- and x in succession, we get 

^ - 2/x cosa+y- r^ sin'n = o ; (3) 
y -ipy sina +/^-r= cos^a-o. (4) 
Equation (3), being a quadratic in x, denotes (Art. 26) two 
lines parallel to the axis of_j/ through the points of inter- 
section of (i) and (2). Similarly, equation (4) denotes two 
lines through the same points parallel to the axis of x. 
Hence, by addition, we get 

x" +y - 2/ {x cos a H-j- sin a - /) - r= = o, ( r 88) 
which is evidently a circle passing through the four points 
in which the pair of hnes (3) intersect the pair {4). Hence 
it has for diameter the intercept made by (z) on (i). See 
Art. 21, Cor. 4. 

Examples. 

1. Find the equation of the circle whose diameter is the intercept which 
the circle x^ + j/' — 65 = o makes on 3:1 -Yy — 25 = o. 

Ans. x' +y - ISj; - ly + 60. 

2. Find the condition that the intercept which x^ +y — r' = o maltes 
on xcosa+^'sinn-^ = o subtends a. right angle at j/y. 

Ans. The circle (188) must pass through </. Hence the requu-ed 
condition is y= +y= - 2p (V cos o +y sin a ~p) -r'' = o. [189) 

3. Find the condition that the intercept which jkcos 0+^ sin a -^ = o 
makes on x'' + y^ + 2ffx +_2/y + c ^ o subtends a right angle at the origin. 
Eliminating a: and jv in succession between these equations, and adding, 
we get a circle whose diameter is (he intercept ; and by the given condi- 
tion this must pass through the origin ; therefore the absolute term must 
vanish. Hence 

2/- + ^P (goos .. 4/sm a) + c = Q. [189) 
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75 
1 fined point 




4. If a variable chord of a circle subtend a right ai 
x'y\ find the locus of the middle poiiil of the chord. 

The middle point of the chord is evidently the centre of the circle (188), 
which has the chord for diameter. If, therefore, XY be the co-ordinates 
of the middle point, we have 

jr=^coStt, r=^^sino; therefore X« + Y'^^p-; 
and substituting in the equation (189), we get 

{X- !<ff + (F-/)» + X* + F= - j-2 = o. (190) 

52. To find the equation of the tangent io a given circle 
{x~af+{y-by=r'at a given 
point (j/j^). 

First method. — Let O be the 
centre, Q any point xy in the 
tangent. Join OQ; then, since 
the points ipcy), [ah) subtend a 
right angle at {xy\ we have 
(Art. I, Ex. 5), {x'-x){x'^a) 

+ (y - y){y' - ^1° o; also, 

since the point x'y' is on the circle, 
Hence, by subtraction, 

(*-.)(^-.) + (j,-4)(y-j).,-, (,9,) 

which is the required equation. 

Cor. — If the equation of the circle be given in the standard 
form x'+j^ = j^, the equation of the tangent is 

xx'^yy = r': (192) 

Second method. — Taking the standard form of the equation 
of the circle, if x'y', x"y" be two points on its circumference, 
then the equations of the circle described on the join of 
.x^y', x"y" as diameter is {x-:i^'){x-x"')-\-[y -y'')[y —y") = o 
(Art. 50, Ex. 11); and, subtracting this from the equation of 
the circle, we get j "l^ ) 

x^^y-r'-{{x-x')\(y^y)iy-y')]=o, 
or {x' + x")x + (y +y")y - ^ - x'x" -yy" = o, (193) 



; have 
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which (Art. z^, Cor. 4) is the equation of the secant through 
the two points x'y, x^y. Now suppose the points x"/, x"_y" 
to become consecutive, the secant becomes a tangent, and 
this equation (193) reduces to 

xx' +jyy - r= - o. 
Third methnd. — The polar co-ordinates of x/y', x"y" are 
(rcosfl', rsin^'); (rcos 6", rsin ^"), and the equation of 
the join of these points is (Art 22, Ex. 3), 

X cos ^(^ + ff") +jy sin i (^ + 6") = rcosiie' - 6") ; 
and if thepoints be consecutive, this reduces to 

xcQsO' -^ J' sin 6' = r, (194) 

which is another form of the equation of the tangent. 

53, ^rom any point {kk) can he drawn to a circle two tan- 
gents, which are either real and distinct, coincident, or imaginary. 

For if xfy be the point of contact of a tangent from {hk), 
we get, substituting hk for xv in (192), hx' + i/ = r^. Also, 
since x'y is on the circle, x' +y^ = r'. Eliminating y, we 
get 

{ff ^F)x'^- zr" hx' + r* - 4V = o, (i.) 
the discriminant of which is r^h^{h? + ^^ - ?^) ; and according 
as this is positive, zero, or negative, the equation (i,) will 
be the product of two real and unequal, two equal, or two 
imaginary factors. Hence the proposition is proved. 

54. If we omit the accents in equation (i.), we get 

(A^ + K-) X' - tr'hx + /^ - AV = o, (ir.) 
which represents two lines parallel to the axis oi y, passing 
through the points of contact of tangents from hk to the 
circle. In like manner, 

{h^ + ie-)y - ir'ky + / - y^y - 4 (III.) 
represents two parallels to the axis of x passing through the 
same points. Hence, by addition, we get 

{k^ + k'){x-' +y -r')- zr'ihx + ky->^) = o, (Z95) 
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which is the equation of the circle whose diameter is the chord 
0/ contact 0/ tangents front hk to jc* +^1' - /* = o. 

Cor. — If we multiply the equation x^ -i ji^ — 1^= ahy h"" + k\ 
and subtract (195) from it, we get hx + ky — r' = 0, which 
is the common chord of the two circles (Art, 11, Cor. ^), 
Hence 

kx + ky — r^ = o (i 96) 

is the equation of the chord of contact of tangents from (hi). 
This can be shown otherwise. From the demonstration, 
Art. 53, we have hx" + ky' - r' = o. In like manner, if x"j/" 
be the second point of contact, we have hx" + ky'' — 1^ = 0. 
Hence the Hne hx + kj> - r^ = o is satisfied by the co- 
ordinates of each point of contact. 

55. To find the equation of the pair of tangents from {hk) to 
the circle. On either of the tangents from {hh) to the circle 
take a point {xy) ; then twice the area of the triangle formed 
by the origin and the two points xy, hk, is hx - ky, and 
twice the same area is equal to the distance between the 
points multiphed by the radius of the circle. Hence 

(fa-iv)-.((*-4)' + (j,-i)')r'; 
or, reducinjj, 

(^ +y - ^)(F + i- - ^) . (fa-+ fy ^ r')'. (,,7) 

56. // (* - «)■+ (J, - if . r\ (X - o')-+ {y - ij . ,■' h. 
the equations of two circles, it is required to find the equations 
of the chords of contact of common tangents. 

Let xfy be the point of contact on the first circle, then 
{x-a){x'-a) + {y-b){y-h)-r =0 is the tangent; and 
since this touches the second circle, the perpendicular on 
it from the centre of the second circle must be = t r*. 
Hence, remembering that -J x' - ay + {y' - bf = r, we get 

(y - ^) (^' - a) + (y - *) {h-^b)-r'Trr^= o, 
the choice of sign depending on whether the common 
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tangent is direct or transverse. Hence the chords of contact 

I St circle, 

(*-.)(«'-,.) + (j.-i)(i'-S)-^,,T'.01 (,98) 

znd circle, 

{x - a'-){a- a')^{y -¥-){),- V^-r^--,rr' = o. (199) 

Examples. 

1. Find the equation, and the length, of ilie common chord, of the two 

2. Find the conditions that the lines ax ± by = o may touch the circle 

3. If tangents be drawn to jc' -ir y~ - f = = o from hi, the area of the 
triangle formed by the tangents and chord of contact is 

A^ + ^ " 

4 Tw 1 Wl d r,!^ intersect at an angle e : find the 
! gtl fth ir mm h d 

5 F 1 ei q t f th d ameter of 3;' + y - 6j: - 2v + 8 = o 
p ssmg th gh th ngi 

6 P th t th t g t t 1^ +y + igx + 2/y = oa.t the origin is 

y F thtftgtb drawn from the origin to x^ +y^ + 2gx 
+ fy+ = th h d f tact is ^i +fy + c = o. 

8Ifth hdf ttft gents from a variable point hk subtend 
right gl t hi d p t 'the locus of kh is the circle 
(J^' +y) {^ +y -r^)~2>^ [xsf +y/ - f3] = o. 

g. I£ Jt denote the radius of the circle in Ex. 8, 3 the distance of its 
centre from the origin ; prove 



10. PA, PS V, nga w ">; Q any 

point in AF, t^ p rp d B; prove 

AP.AQ=QROP d th h h p ir of tan- 



(200) 
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57. Def. r. — IfO he Ihe centre of the circle x' +_>■' - /-' = o, 
P, Q two points colUnear with O, such that Ike rectangle OP . OQ 
= r^ ; Pand Q are called inverse points with respect to the circle. 

Def. II. — A perpendicular at either of two inverse points to the 
line joining it io the centre is called the polar of the other, 

58. The co-ordinates x'y of a point P being given, if is 
required to find the co-ordinates of the point inverse to it 
with respect to the circle .r^ +ji^ - r = o. 

Using polar co-ordinates, we have -i/ = p' cos ff, y = p' sin 6', 
j/'=p"cosS', y'=p" sin 6'; and by the condition of inver- 
/ " J IT •*" P" p'p" ''" 

Sion, a p' = r^. Hence — ; = -r = — ;: = — iz — -7;. 
X' p' p" .^+J'' 



Hence x"= -ji r^. (zoi) 

In like manner /'= -ft^- (^02) 



59- The polar of the point x'y is xx' ■\-yy' - r^ = o. For the 
equation of the perpendicular through x"y" to the join of j// 
to the centre is, Art. 24, Cor. i, 

x'{x^x")^y'{y^y') = o; 
and substituting the values (zoi), (202) for x"y", we get 

xc^+yy-r^^o. (203) 

Cor. I. — ^The polar of any point on the circumference of 
the circle is the tangent at that point. 

Cor. z. — The polar of any externa! point is the chord of 
contact of tangents drawn from that point. 

Examples. 
I . Find the equation of the inverse of the line Ax + By + C = o with, 
respect to x'' +;v' — f* = o. Substituting for x, y the co-ordinates (30l), 
(302), and omitting accents, we get 

C{x^^f).^Ar'-x.^Briy = o. (204) 

3. Find the inverse of the circle jc' +y + 2gjc + 2fy +i; = o, mth respect 
to the circle x" -^-y^ — 'fi =0. 

Am. Thecicclec{je°- + 7=) + 2^a: + 2/>'-jV+'-«=o. (205) 
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3. Find tlie equation to the pair of tangents from the origin to 

If the \\-asty = -mx\x a iangent to 3^^ + ^= + ^gx ^ zfy-^c = a, substituting 
jwj! for jj, the resulting equation, viz., 5c'(i + ffi') + i(^ + /«/)^ + c = omust 
have equal roots. Hence (l + »i^c=(^ + »i/)=; l)utBi = 'i-; therefore 

cW^f) = {.gx^fyf, " (205) 

which is the pair of tangents required. 

We get the same pairof tangents for the inverse circle c{x^-\- y'')-\-igt^x 
+ zfr^g\ r^-o. Hence tlie pair of direct eomraon tangents drawn to a 
circle, and to its inverse, passes through the centre of inversion. 

4. Find the length of the direct common tangent drawn to the circles 

x^Af'\igx^2fy-yc = o, x^+y'-i-2g'x+2/y-\-(r=o. 
Am. IfS, S' denote the radii of the circles, the length of their direct 

-iT^.rrtls'-Wf^iil'- (207) 

5. The ratio of the square of the common tangent of two circles to the 
rectangle contained by their radii remains unaltered by inversion. 

6. If A, B be any two points, A', B', their inverses with respect to 
*' + ^ — r^ = o; prove that if ^, /' be the perpendicular distances of the 
origin from AB, A'B' respectively, $'. f :'- AB, A'B'. 

7. If two points A,B\ia so related that the polar of j4 passes through J, 
the polar of 5 passes through A. For if the co-ordinates of ^ be [aa'), 
and oiB (ft6'), the polar of ^ is ax + i^y = r^, and the condition that this 
should pass through B)s,ad-^hl^ = r^, which, being symmetrical with re- 
spect to the co-ordinates of A and B, is also the condition that the polar 
off should pass through A. 

Def.- — Two points so related that the polar of either passes through the. 
other are called conjugate points, and their polars conjugate lines. 

8. If a variable point moves along a fixed line, its polar turns round a 
fixed point. 

• 9. The join of any two points is the polar of the point of intersection of 
their polars. 

10. Two triangles which are ,such that the angular points of one are the 
poles of the sides of the other are in perspective. 

1 1 . The anharmonic ratio of four collinear points is equal to the anhar- 
inonic ratio of the pencil formed by their four polars. For, let x'^, x"y" be 
two points, andP', -P" their polars; then if the join ol x'y, :v'y be divided 
in two points in the ratios k:l, U: I, the anharmonic ratio of the four 
points is *-f^; and since the polars of the pointof division are */"'+/"= o, 
i'P" J, P'—O, the anharmonic ratio of their four polars is i^k'. 
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60. To find the angle of intersection of two given circles. 
Def. — The angle between the tangents to any two curves at a 
point 0/ intersection is called the angle of intersection of the curves 
at that point. 

Let r, r' be the radii of the given circles, S the distance be- 
tween their centres, ^ their angle of intersection ; then, since 
radii drawn to the point of intersection are perpendicular to 
the tangents at that point, the angle between the radii is 0. 



He: 



W^r 



t' cos <^. 



Now if the circles be 



(•OS) 



X? -vy^ + 2gx + ify + ^ = o, 
and x'+y + 2^^ + 2y>+c' = o, 

we have &^={g-gj^{f-f)\ r'^^gHf^-c'', r'^=g'^^f'^-^. 
Hence, by substitution, we get 

c+c' ^-zrr' cos i>-igg'- zff'^- o, 
which determines the angle 0. 

Cor. I. — If the circles cut orthogonally. 

Cor. 2, — If the circles touch, 

^ izrr'- zgg'- 2ff+c = o; 
the choice of sign being determined by the 



(..0) 

species of 
, S'" ortho- 



contact. 

Cor. 3. — If a circle S cut three circles S', 
gonally, it cuts orthogonally any circle \S' + ij.S" ■{■ vS'" ex- 
pressed linearly in terms of S', S'\ S'". This is proved by 
writing the equations S', &c. in full, and applying the con- 
dition (209). 

61. To find the eqtiation of a circle cutting three given circles 
x' ■{■ y'' + zg'x + zfy' + if = o, &c. at given angles 0', ^", <!>'". 
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82 The Circle. 

If we put 2r cos ^ = k, the equation (208) may be written 
e' -^ k>^ ~ 2gg' - 2f/' + c = o. Hence, if the circle ^+_)j^ + z^ji; 
f 2j^+ c intersect the three given circles at angles ^', ^", 0'", 
we have three equations of the form c'-i-^r'-- tgg'~ tff'-^ Ci = o, 
&c., and, eliminating g,/, c between these and x^-\-y^ + igx 
+ 2^ + c = o, we ^tX 

'+7'. -^' ->■- 

+ *V', g\ /', 

' + ^"V"', ^'", /"', 

If this determinant expanded be written in the form 
Ai^x' -^ y^') -It zGx -v iFy -^ C = 0, and r denote the radius of the 
circle which it represents, we have 



■^ = G^ - 



-AC; 



but the quantities G, F, C each contain r in the first degree. 
Hence we have a quadratic for determining r, either root of 
which substituted in the determinant (211) will give a circle 
cutting the given circles at the given angles. 

Cor. 1 . — If we suppose ift' = 4>" = 0'" = -, we get the equa- 
tion of the circle cutting the three given circles orthogo- 
nally, viz., 

x^-i-y, -X, -y, 1, I 

c', 8', f, I, 

c", g", /", I, 

>f', g'", f", I I 

Cor. I. — By first putting <^' = ^"=0"'= zero, and then = v, 
we get the equations of two circles touching the three given 
circles ; or again, taking one or more of the angles 0', ^", 
^"' equal zero, and the remainder equal jt, we get in this 



(2, 
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manner eight tangential circles, all whose equations are 
included in the form 



J"ir 



f. 



(J. 3) 



the choice of sign depending on the nature of the contact, 
the radius in each case being determined as above. 

62. If four given circles be cut at given angles ■^', <^", 
^"', ^"" by a fifth circle ; eliminating g, /, c from four equa- 
tions of the form (208), we get the equation 



•", g". /", 
<■■', g'". /'", 
i"",g"".f". 



s', f. 

g".r. 
g'". f". 



-.0. (z,,.) 



63. If the four angles ij>', &c., be right, the second of these 
determinants vanishes, and the first equated to z 



condition that r 
given circles, ■ 



3 circle may be cut orthogonally by four 
<-, g". f, ', I 

t"', g'". /'", I, 

•"". g'". /"", > 
Now since t^ denotes the square of the tangent drawn 
from the origin to the first circle. Art. 50, and its minor in 
this detenninant denotes twice the area of the triangle formed 
by the centres of the three remaining circles, we have the 
following theorem : — If A, B, C, D be the centres of four co- 
orthogonal circles; I, f, t", t'" tangents drawn to these circles 
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from any arbitrary point, {ABC) Ike area of the triangle, whose 
angular points are A, B, C, &c., then 
i^{BCD) - f'{CDA) + t'" (DAB) -i'"^ {ABC) = o. (zi6) 
64. If xy, x'y, x"jy", x"'y" be four concyclic points, they 



indefinitely small ci 



rcles cutting a given 



circle orthogonally. Hence, substituting in the determinant 



Vfj for -g', -/', &c. 



X" +J'', 

x'^+y\ 

x"^ +y'\ 



And the point xjy being supposed variable, we have Ike equation 
of a circle piassing through three given points, x'y , x"y', 
x"'y". 

This may be shown otherwise as follows : — The determi- 
nant (217) evidently represents a circle, for the coefficients of 
x' and y are equal, and the circle passes through the given 
points ; for if in the determinant we substitute x'y for xjr, it 
will vanish identically, having two rows alike. 

65. If .S = o lie the equation of any arbitrary circle, 
S', S", S'" the powers of the points x'y, x"y', x"'y" with 
respect to it, then the determinant 



s. 


X, 


y. 


s; 


y. 


y 


S", 


-e", 


y. 


S"', 


X'". 


y 



will represent a circle passing through the points x^y, x"y', 
x"'y". A form analogous to this is very important in Tri- 
ll near Co-ordinates, 
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Examples. 

1. Find the condition that the radius of the circle \S' + ^5"+ trS"' = o 
may be zero. 

Ifi? denote the radius of x5' + /i5" + ir5'", we have 

Hence, if if = 0, 

(A^' + f/" + -/'? + [A/ + «/" + -/'T - (A + A + v) («-+ ;<c" + ■•O - o. 
If this be expanded, the coefficient of A' is g'-+f^ — c", that is r", and 
the coefficient of Xp. h ^g'g" + 2/"/" ~ c" - c", which may be writlea 
— 29-' r" cos(S' S"), equation [zo8), where {S' S") denotes the angle of 
intersection of the circles. Hence, putting a ■= f-f', /? = fir", 7= "r"', the 
required condition is 
a'-^e' + y'- 2«e COS {S'S") - 2By cos{S-S'")- lya cos {S"'S') = o. (iig) 

2. If two circles be inverted into two others their angle of intersection 
remains unaltered by inversion. 

3. Being given four points in a plane, the area of the triangle formed 
by any three of them, multiplied by the power of the fourth with respect 
to the circuracirele of the triangle, gives a constant product. — (Staudt.) 

4. If Ai, Ai, Ai, Ai ; B,, B-i, B3, Bi be two systems of four points, 
and if dn denote the distance A,B„ then 



d%'}, d-^, i-i^, 

(Neubekg.) 
;, if the points Ai, As, At,, Ai be concyclic. 



d}^, dsf, ds^, d}^, 

di?, rfjs', di'^, ^41= 

66. Def. — If S ~ o, S' = o denote two dnles, tht pencil * 

* A system of curves of any order, passing through a number of points 
which is one less than the number required to determine a proper curve of 
that order, is called a pencil of curves. 
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S - kS'= o, where k receives all values from-Y ao io - m is called a 
coaxal system . 

67. One of the circles of a coaxal system is infinitely large, and 
two infinitely small. For, let 

S^x^+y^+zgx-^ ify + c = <:>, S' = x'^+y'^+2g'x + 2f'ji + c'\ 

S-kS'^{i ^k){x'+y)^2{g-kg')x+2{f-kf)y^c-y=o (220) 
is the general circle of the system. Now, in the special case 
where ^ = i, this circle reduces to 

S-S'.^(g-g')x + z{f-f)y*c-^.o, (22,) 

which represents a line that is an infinitely large circle. Tim 
line is called the eadjcal axis of the coaxal system. 
Again, \i R denote the radius of S~kS', we have 
„ _ ( g-*i?Tt(/-Vy-(.-i)(t-iO 

Now, \^ S - kS' =0 reduce to a point circle, ^ = o ; 
hence ^g-^g')'^{/-tff-^,-h)^,-hc^. o, 
or te'+/--,)+i(,4./-2ar'-j^')+i>(y-+y-^.o), (..!) 
which is a quadratic in k. If the roots be ku h, the circles 
S-kiS'= o, S-kiS' = o reduce to points. These are called 
the limiting points of the system. Hence the proposition is 
proved. 

68. The limiting points of the coaxal system S— kS' = o are 
real when the circles S, S' do not intersect, and imaginary when 
they do. 

The roots of the equation {22a) will be real if 
4.(,g' + f ^-c)(g"-+f"-c') he loss th^n{c + c'^zgg' -iffy, 
or if ^.r^T^^ b6 less than {c-i-c''-2gg' -zff'Yi 

but r^ + r''' = g^+f^-c+g'^+f'^-c: 

Hence the roots will be real if 

(r+ r')^ be greater than S^ 
or {r- r') be less than 8-, 
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where 8 is the distance between the centres (AS, S', that is, 
the roots are real when the circles do not intersect. Again, 
if ^ be the angle of intersection of 5, S', the equation (zza) 
may he written 

r^ - zkrr' cos rji -t k- r'''' = o ; 
therefore ^/•'=r{cos^± sini^y'-i ). (223) 

Hence the values of k arc imaginary when 4' is real, and 
the proposition is proved. 

69. A coaxal syslem may le expressed linearly in terms of any 
two circles of the system S - k'S = o. 

For, let S-lS'^{i-l)a; S.-mS' ^ {i-m)^; thenS,S' 
can be expressed in terms of a- and a-', and if /, m be given, 
<T, (/ are given. Hence S - ItS' can be expressed in terms 
of two given circles <r, <r'; k will be the only variable para- 
meter, and it will be in the first degree. 

Cor. I. — If 0-, cr* be the limiting points, and & a variable 
parameter, then the equation a- - A</ = represents the 
coaxal system. 

Cor. 2. — Similarly, if Z = denote the radical axis, any 
circle of the system may be expressed in the form S-kL = o. 
Thus x^-v jfl i. iP - zkx = o denotes a coaxal system, having 
.* = o for the radical axis, and real or imaginary limiting 
points, according as the sign of d^ is plus or minus. 

Examples. 

1. The radical axes of any three circles are concurrent. 

Fot if S, S\ S" be the circles, Ihen (Art. 67) the radical axes are 
5-S' = o, S--S" = o, S"-S = o, which, added, vanish identically. 

2. Tangents from any point on a fiied circle of a coaial system to two 
other fixed circles of the system are in a given lalio. 

For let tangents be drawn from any point P of the circle S - ^S' = o 
to the circles S, S'; then denoting these tangents by ;, t", we have, since 
thepowerof^'withrespect to5-*'5' is zero, 

{1 - k^f^ = o. 
Hence f.f wk: r, that is, in a given ratio. See also Ex, 9, p. 73- 
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The following are special cases : — 

1°. Tangents from any point in the radical axis to all the circles of 

the system are equal to one another. For in this case k = 1. 

Hence i = f. 
2". The distances from any point of a fixed circle of the system ta 

the two limiting points are in a. giifen ratio. 

3. The limiting points are harmonic conjugates to the extremities col- 
linwr with them of the diameter of any circle of the system ; because 
the ratio of the distances of the limiting points from one esfremily is 
equal to the ratio of their distances from the other extremity of the 

4. The limiting points are inverse points with respect to each circle. 

5. The distance of any point in a given circle of a coaxal system from 
the radical aiis is proportional to the square of the tangent from the same 
point to any other given circle of the system. 

This foUows from the equation S - kL = o. 

6. Any two circles and their circle of inversion are coaxal. 

For the inverse of 3^= + y + 2gx + sfy + i: = o, with respect to x' -\- y^ 
- /* = o, is c (t' +y) + igT^x + 2fty + r*^o; and the first, multiplied 
by ?* and suhtraeted from the last, gives (e - r') {x' -ty' - ?*) = o. 

7. The polars of any point with respect to the circles of a coaxal system 



For if P, P' be the polars of the point with respect to S, S', its polar 
with respect to S-iS' is P-kP' = 0, a line passing through the inter- 
section of />, P', 

"DRV.—The EADicAx CENTRE of three given circles is the point of con- 
currence 0/ their radical axes. 

8. The radical centre of three given circles is the centre of a circle, cut. 
ting them orthogonally. 

9. The mversc of a coaxal system is a coasal system. 
For the inverse of S~- kS' is of the same form. 

10. The inverse of a system of concurretlt lines is a coaxa! system of 

I r. The inverse of a system of concentric circles is a coaxal system, of 
which the centre of inversion is one of the limiting points. 

For the inverse of [it - a)= + ( jc -*)=- -ff" = o with respect to j^+^'-r* 
is 5-ff=5' = o, where 55s(o= + i')(«Hjt^-23'*:e-2S>^ + »^, S-=x'+y^. 
Hence 5 = 0, 5' = o, are point circles. 

12. A coaxal system having real limiting points is the inverse of a con- 
centric system, and a system having imaginary Hmiling points the inverse 
of a pencil of lines. 
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13. If a vaiiable^circle cut two given circles of a coaxal system at given 
angles, it cuts every circle of the system at a constant angle. This may 
be seen at once by inversion : or without inversion, as follows ; — If 5 s jc* 
+ / + 2^:c + 2j3' + c = o cats 5' = ji" + 7* + ij'jc + 2/> + i;" = O and 
5" = a;S +^2-1- 2^'a: + 3/"^ + i:" = o at angles i^', ip", it cuts the circle 
S' - iS" = o at the angle 



.^^..f' '<>=*■-' 


■■' cos ^■ 


') 


t -«('- 


■ k) 


!' 


here K denotes the radius of S' - kS' 


' = 0. 




14. The radical axes of the circles of a coaxal 


sys 


not one of the system are concurrent. 






15. The elides j^ + _)-= - 2hx + 6= = 


^0, x^ 


+ 



■a and a circle which 

- zij- - S3 = o, cut 
orthogonally. 

Def. — Tke two points whieh divide the distance between the centres of 
tao circles internally and externally in the ratio of their radii an called 
the centres of similitude of the circles. 

Thus if «> +f + 2gx + zfy + c=o, x'' -\-f + i^x i- 2/> + (" = o be 



two circles, their cent 


res of similitude are— 




internal, the point, 


\ r^r- • r+y ]' 




and external, 


{-(/'-^'■') -(/v-A')) 




16. If S, S be tv 


/o circles whose radii are r, r" ; prove thai 


: their 


internal centre of simililude is the centre of - + — , = 0, and the e: 


eternal 


one, the centre of - - 


-■'' -0 





i;. If 5, S' be two chcles, -±-7=0 will invert one into the other. 
In what respect do these inveisiona differ ? 

18. If S, S' be two circles, the circle described on the distance between 
their centres of similitude as diameter is — — ^ = <>■ This is called their 
circle of similitude. 

19. Given any three chcles, taking them two by two they have three 
circles of similitude ; prove that these circles are coaxal. 

20. Given any three circles S', S", S'", their six centres of similitude 
lie three by three on tour right lines. 
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that is, they are the centres of three coaxal cirdes. Hence they arc col- 
lineai. In hke manner, it may be proved that any two internal centres of 
similitude are collinear with one of the external centres of simihtude. 

21. If the three given circles be x' +^+ zg'x + tf'y +c' = o, &c., the 
equations of the four axes of similitude are — 



f-, /", /■-. , 

Where the choice of signs in the first column is thus determined for the 
eitemal axis of similitude the signs are all positive, and for each of the 
others, two are positive and one negative. 

22. If a variable circle touch two fixed circles, the chord of contact 
passes through one of the centres of similitude of the two fixed circles. 

2%. In the same case the variable circle is cut orthogonally by one 
of the two circles of inversion of the fixed cireles. 

24. A system of circles cutting three given cirdes isogonaUy are coaxal, 
their radical axis being one of the axes of similitnde of the three given 

•Section II. — A System of Tangential Circles. 

70. To find the equations of the circles in pairs, touching three 
given circles. 

This depends on the following theorem, which is an 
extension of Ptolemy's theorem. (See Sequel to Euclid, 
p. 103):— 

1/ S^ S^, S3, Si lie four circles which have a common tangential 
circle fi, and if the length of the common tangent to Si, S% be 
denoted by 12, then 

23. 14 + 31 .24+ iz.3+ = o. 1,225) 

In this notation it is to be observed that the common tan- 
gent 31, in which the numerical order is transposed, is 
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neg-ative. In order to apply equation (225), suppose the 

circle Si to reduce to a point. In this case the common 

tangents 14, 2+, 3+ will be the square roots of the power 

of that point with respect to Si, S3, S, ; and may therefore 

be denoted by ^/ S„ ^/ S^, \/ S3, 

respectively ; and since the point 

to which S, reduces may be any 

point on the circumference of fi, 

we have, for any point on that 

circle, 

7i-/S^+Sl VSl^li •/S^=o; 
or, denoting 

23, 31, 12 by y/l, •/ m, •/ n, respectively, 

^IS^ + v^^^ + y ^= o ; (226) 

this, cleared of radicals, becomes 

I'S^^ m^S^^ n-S^ - zlmS.S^ - zmnS^S, - zn/S^S, = 0. (227) 
Now if we substitute for 5',, Sj, S3 their full expressions in 
X and J' co-ordinates, the equation (227) will be of the fourth 
degree ; it must, therefore, be the equation of a pair of 
circles tangential to Si, Ss, Ss, as in the annexed diagram. 
Def. — The equation (z26) is called the norm 0/(227), 
71. Since the points A, A' are common to OD' and Sx, and 
since if in the equation (227) of OO' we make Si - o, we get 
{mSi - nSiY = o, the circle mS^ - nSs = passes through 
the points /4, vl'; therefore the line AA' is the radical axis 
of i'l and mSi - nS'i. Hence its equation is 
(«-«)S^(»i-«5,).o. 
For this denotes a line, namely, 

miSi-S2)-'n{S,-S^) = o. 
Now S,- Si = o is the radical axis of .S*!, ^2; and Si- S^^ o 
is the radical axis of Si, Ss ; denoting these by A^, Ai, we 
have mA) - nA^ = o as the equation of AA'. Therefore the 
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equations of the three chords AA'^ BB\ CC may be written 

This theorem gives a new method of describing a circle 
touching three given circles. For drawing the three lines 
(228), the two triads of points A, B, C ; A', B', C are deter- 
mined. 

72. If the lengths of the transverse common tangents to 
Si, Si, S\ be denoted by v^?7 •/m', •/«', respectively, the 
norms of the other three pairs of tangentical circles will be — 

^lS[ +y^^3 + v/^=o. (229) 

V^ISi + v^^ + \/«^S^ = o. (230) 

^fS, + >/^^, + a/^ = o. (231) 

73, If we denote the angles of intersection of the circles 
thus : (Sts^) by A, {sX) by B. and (SA) by C, we have 

zcos^^= /-£_; 2sinJ^= j~, &c. 
Hence the norm (226) may be written 

cosi^ /^ + cos^j9 /j^ + cos^C f^ = o; (232) 
and expanded, this may be written in determinant form : 
0, cos- i C, cos' iB, =J 



and similarly for the other 
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Examples. 

r. Tie poles of the chords AA', BB', CC, with respect to the circles 
S\, 5a, Sj, are collinear, their line of collinearity being the radical axis of 
O, a'. 

2. The radical axis of fl, Jl' is the external axis of similitude of 
S\j Si, S%. 

3. The circle which cuts 5|, S%, S^ orthogonally inverts n into n'. 

4. If (he join of the points^, 5, fig. Art. jo, intersect the circles 5,, ^3 
in the points D, £, respectively, prove that the rectangle AB . DB 
ia = to the square of the common tangent of S\, S%, and thence prove 
the theorem of Art. 71. 

5. Prove in the same manner the extension of Ptolemy's theorem, 
equation (225). See Euclid, page 263. second edition. 

6. I*" 2 be the orthogonal circle of Si, Si, S3, the radical axis of 3 and 
^i meets the radical axis of il and a' in the po]e of .^^4* with respect to ^i. 

7. The circles n, a' are tangential to the three circles 

ISi- imSi- 2nS3= o, mSj - 2a53 - 2/5| = o, MSs-2!S!-2mSi = o. 

8. The three systems of points ^,^', B,B'; B,B', C, C; C, C',A,A' 
are concycHc, the circles through them being respectively 

ISi + m5s - nSt = O, mSi + nSi - IS^ = a, nS^ + ISi - mS^ = o. 

7+. To invesligate the general mndiiion thai any number of 
circles may have one common tangential circle. 

Lemmas. — If f{x') = o be an algebraic equation of the 
n'* degree, wliose roots, taken in order of magnitude, are 
a,h,c ...I, then 



■ {x-a)(x-iy (x-t)(x-,)'--- (x-l)(x-a)' 

Lemma 1° may be proved by dividing each fraction into 
the difference of two partial fractions. Lemma 2" is weil 
known to those acquainted with the theory of equations. 
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When n = ^, which is the only case in which we shall nae 
this lemma here, it may be stated thus : — If a, b, c, d he any 
four quantities, then 



{a-b){a-c){a-d)^ {b-a){b~c){b-dy {c-a){c-b){c-d) 

d^ _ , ,, 

■'{d-a){d-b){d-c)-''- ^'^ ^ 

75. If O be the origin, and A, B, C .. ., L any number 
•of fixed points on a right line passing through O ; X any 
variable point on the same line ; then, if OA, OB, OC,... 
OL, OXhe denoted by a,h,c, ... I, x, we have, from lemma i°, 

AB BC LA ^ 

Now, if circles whose diameters are §„, Sj, 8„ . . . 8(, S^ touch 
the line OX at the points A, B, C, . . . L, X, then from (237) 
we get 

AB ^ AX.BX BC ^ BX.CX 



ZA LX.AX 



Then, inverting from any arbitrary point, since. Art. 59, 
Ex. 5, the square of the common tangent of any two circles 
divided by the rectangle contained by their diameters re- 
mains unaltered by inversion, we have, after omitting common 
factors, the following general theorem : — If a circle fi touch 
any number of circles Si, S3, . . . Si, Si, and if common tan- 
genls be denoted by 12, &■(., then 
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76. If S, reduce to a point, this will be a point on the 
circle il, and ix, zx, ix, &c., may be replaced by \/S„ '/S^, 
■/ S%, &c. Hence we have the following theorem: — If a 
circle O be touched by any number of circles Si, Ss, S3, - . . , iAe 
equation ofQ wilt be contained as a factor in the equation 

Cor. I. — If there be only three tangential circles this 
equation reduces to equation (226), Art. 70. 

77. From lemma z°, supposing y(:ir) to be of the fourth 
degree, we get in the same manner the following theorem: — 

If a circle Q, he tangential to Jive circles Sn, >S'i, S^i, S3, Si, 

— i — 2 — 2 — 2 



and supposing ^0 to reduce to a point, and denoting by P{i) 
the product of all the common tangents from Si to all the 
other cifcles, then 

Examples. 

I . The dicle through the middle points of the sides of a triangle touehes 
both the inscribed and the escribed circles. For, let Si, S%, Sn denote 
the middle points of the sides, S, one of the circles touching the sides, 
say the inscribed dide ; then ix, ir, 3* are equal to J(S - c), ^(c - a], 
^a - i) respectively, and 12, 23, 31, equal to Je, Ja, JS, and these sub- 
stituted in the equation 



it vanishes identically. 
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2. The circle through the middle points of the sides passes through the 
feet of the perpendiculars. For, taking ^i, Si, Sj, as in Es. i, and Sx the 
foot of the peipendicular on the side a, then 

and snbstituting as before. 

3. If Si, S-i, Si, Si he the inscribed and escribed circles, then, Ex. i, 
they have a common tangential circle n (called the ' Nine-points Circle '). 
Its eqna.tion in ierms of these foor circles is 

S, Si S:, 

4. The equation (239) may be written thus ; 

VS.S, -J Si Si Vs,s, 

5. If a circle n touch four drdes whose radii are n • ■ ■ ''41 then 

Si Si 

"ncos^(i2)cosj{r3)cosj(r4)"^^cosj(2i)cosi(23)cos^(z4) 

+ —^^^^ + ^ ^ 

!-,cos^(3i)cosJ(3Z)cosJ(34) /-.cos J(4i)cosi(4z)cos ^(43) 

6. If ,S be a circle, O a point, and OJ'Q a line through O and the eenfre 
of 5, meeting the circumference in J' and Q, then we have ^ = — " ^. 

Hence if 5 open out into a right line, - — becomes equal to OQ; that is, 

equal to the perpendicular from O on the right line, into which 5 opens 
out. By means of this principle we can express the equations of the 
escribed and inscribed circles in terms of the sides of the triangle of 
reference and the ' Nine-points Circle.' Thus, in Es, 5, let Si, Si, Ss be 
the sides 0, B, 7 of the triangle of reference, St the 'Nine-points Circle;' 
then, denoting the angles ofintersection of the sides with ^4 by ^, B, C, 
respectively, the equation of (he inscribed circle is 

is^^ gcos^g TCos^C j 
in^.fii "^ sin^Ci f 
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Trilinear Co-ordinates. 

•}. The tangent to the ' Nine-points Circle ' at its point of ci 
the inscribed circle is 



*Section III. — Tkilinear Co-ordinates. 
78. To find the equation of the circumdrck of the triangle of 

Let A', B', C be three collinear points, then we have 
B'C +C'A' + A'B- = Q. 

Hence, if p denote the perpendicular from any point on 
the line A'C, 

B'C C'A' A'B' 



Therefore, inverting from the point O, and denoting the 
inverses of A', B', C, by A, B, C. and the perpendiculars from 
O on the Hues BC, CA, AB by a., fS, y, we have (Art. 59, 
Ex. 6), 

B'C BC 

—-=— ,&c.; 



therefore 



BC CA AB 



or, denoting the lengths of the sides of the triangle ABC by 
a, 6, c, and calling it the triangle of reference, we have the 
equation of its circumcircle, viz.. 
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Or thus : — If in the general equation of the second degree, 

aa' + 3^' + 0-= + 2hap + if/By + igya = o, 

the coefficient of a? vanish, the resulting equation will denote 
a curve passing through the point A, for it will be satisfied 
by the co-ordinates P=o, y = o. Similarly, if the coefficients 
of jSS -f vanish, the curve will pass through the points B, C. 
Hence the equation l^y + mya. + na/3 = o denotes a curve of 
the second degree circumscribing the triangle of reference. 
In order to find the conditions that it should be a circle, 
transforming it into Cartesian co-ordinates, equating the co- 
cfScienls of x^ and_y', and putting the coefficients oi xy = o, 
we get, 

/ cos (/3 + y) + TO cos (y + a) + « cos (a + ^} = O, 



/sLn(/J + y) + 



a(y + a) + «sin(a + ^) = 
n, we get 



Hence, eliminating /, . 

ySy, ya, a^, 

cos(;3 + y), cos(y + .i), cos(a + ^), 
sin(rne), sin(y + a), sin(a + /3) 

or 'Pj%vaA +yosm.ff 4- a^ sin C = o ; 

the same equation as before. 

79. It may be proved exactly as in the first method. Art. 78, 
Ikaf if a polygon of any number of sides be inscribed in a circle, 
and if the lengths of these sides be a, h, c, d, &c., and their standard 
equations a=o, ^ = 0, y = o, &e., then for any poinlin the 

a b c d ^ , , 
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So. To find the equations of the tangents to the cmumdrck at 
the angular points of the triangle of reference. 

Let C^be the tangent. Produce 
BC to G; then, since CE passes I 
through the intersection of a and j8, 
its equation is of the form /a+ wjS = o, 
but the angles into which C^ divides 
the angle GCA are (Euc. iii., xxxii.) 
equal to^and-ff,respectively. Hence 
I, m are inversely proportional to 
sin^, sin B, or to a and b. 

Hence, the equation of CE is 



R y 

Similarly the tangent at^ is - + - = o 



and the tangent at 5 is - + - = o. (^5°) 

8i. From these equations we have the following infe- 




1°. The triangles DEF, ABC are in perspective. For, 
subtracting (248) from (149) we get - — = o, which is evi- 
dently the equation of BE. Similarly the equations CF, AD 
are - - I = o, I - 5! = o. Hence the three lines AD. BE, 
CE are concurrent ; therefore the triangles are in perspective, 

z°. The axis of perspective is 



for this evidently passes through the intersections of (248) 
and y, (149) and a, (250) and ji. 
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loo The Circle. 

3°. The cO'Ordinates of ike centre of perspective are a, h, c; 
for these satisfy the equations of the Hnes AD, BE, CF. 
Hence the centre of perspective of the triangles ABC, DEF 
is the symmedian point of ^5C. 

82. The chord joining two points a'^'y', a"j3"y", t's 

^ j^ ^ 

for, since the points are on the circle, we have 



w r 


, h^k 


y" a"' 


, c = k 


." ,3" 



where k is any multiple. Therefore 



and substituting in 

.(/? Y'-fi"V)*fi (A" - yv) + T (.'/!" - »V) = o, 

which is the equation of the join of the points a'^'y'' ""^'Y'- 
we get 

a'a"^ 13'^"-' y'y" ""■ 
Cor. — Hence it follows that the tangent at the point a'^'y' is 
aa. b& cy , . 
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82. To find the equation of the circle inscribed in the triangle of 
r,fin„„. 

The general equation of the second degree, viz., a<^ + i^ 
4- cy= + ihafi + zf^y + 2gya = o, represents a curve of the 
second degree cutting each side of the triangle of refe- 
rence in two points ; thus, if we make y = o, we get ita" + iha^ 
+ SyS' = o, which represents two lines passing through the 
vertex C of the triangle, and through the points where the 
curve meets 7. Hence, if it touches y, these lines must coin- 
cide, and aa^ + iiaff + ij8^ = o must be a perfect square. Jlence 
it follows that the general equation of a curve of the second degree 
which touches the thref sides of the triangle of reference must he such, 
that if any of the variables be made to vanish, the result will be a 
perfect square. Therefore the equation /'a' + w'^+ n^y'-T.lma.^ 
- imnfiy - 2nlya= o represents a curve of the second degree in- 
scribed in the triangle of reference, because making any of the 
variables to vanish, the result is a perfect square. The nonn 
of this equation is \/la+ -/m^ + -/ny = o (Art. 70), and the 
problem to be solved is to find the values /, m, n, so that it 
may represent a circle. Now, ^ 

making y=^o, we get (/a- w^)'=o; 
hence the equation of CF is 
la- m^ - o, and this must be sa- 
tisfied by the co-ordidates of F, 
which, from the figure, are evi- 
dently ircos'^B, zrcos''iA, o; 
r being the radius of the circle. 
Hence I -.m :: CDs' ^ A : cos^iB. . 
Similarly m:n :: co^^^S-.cos^^C. 
Therefore the equation of the circle is 

cos J^-/a+ COSl B -/^ + CO&IC ^y = Q. (234) 

This equation is a special case of equation (232), from 
which it may be inferred by the method of Ex. 6, Art. 77. 
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102 The Circle. 

83. The equation of the incircle may be inferred from that 
of the circ«mcircle by the following method, which is due to 
Dr. Hart : — Let o', fi' , y' be the standard equations of the 
sides of the triangle formed by joining the points of contact 
oftheincircleon the sides of the triangle of reference; a', h'jc',. 
their lengths ; then, since the incircle is described about this 
triangle, we have 



but a' = -/Py, 0' = v'ya, /= ^a/B, 

since the perpendicular from any point on the circum- 
ference of a circle on the chord of contact of two tangents 
is a mean proportional between the perpendiculars from the 
same point on the tangents (Sequel, in., Prop, x.) ; 



therefore 



</ 



Again, if the angles 


between the 


lines a = 0, ,8 = be de- 


noted by (n^), &c., it is evident that a', i>', c' are proportional 
to cosi(aj8), cosj-(;8y), cos^(ya) respectively ; hence 


the required equation i: 






COS^(a^) 


COS^A) ^ COSj(va) 


V^y 


•^ ■ 


Or, as it may be written, 




cosi^yi+cosJ5y^+< 


;osiCv';-o. 


In the same mannei 


■ the equation: 


5 of the escribed circles 



COS \As/-0.^ sini-B ^//3 + sin iC Vy = o, (255) 
sin^^-/a+ sin^S-/^ + %ya\C s/y = Q, (256) 
sini^ v/a + sin ^B ^^ + cos -J C ^^ = 0. (257) 
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TriUnear Co-ordinates. 103 

84. To find the equation of the chord joining the points o'^y", 
„"^" y gfi i^g incirch. 

Put for shortness cosi^ = /i, cosifi=Mi, cos^C = «*, and 
we have the two equations 

Hence /' = ^ { y'/Sy'- v//3"y' j , where i denotes some constant, 
with similar values for ot* and w' ; therefore 

^'i'-^"i=l{'/Wi^ ^•/'^\^k, &c. 
But the join of the given points is 

a(^Y' - ^"y') + ^ (/a" - -j,"a') + y(a'y3" - o!' ^■) = , 
Hence, by substitution, we get 

+ «iy fy^+ y;^ = o, (250) 

which is the required equation. This result is due to 
Dr. Hart. 

85. If the points a'/5'y, a"/3"y" become consecutive, the 
equation (258) reduces to 

which is the equation of the tangent to the incircle at the 
point offi'y'. 

86. If the equation (z+7) be transformed by Dr. Hart's 
method (see Art. (83)), we get the following general theorem:-— 
If a polygon of any number of sides whose equations are 0=0, 
/3 = o, y = 0, S = o, &'c,, be circumscribed to a circle, the equa- 
tion of the circle is a factor in the general equation 



COSJ^ff) ^ COS^^y) ^ , COSK^^g) ^ 



(z6o) 
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104 The Circle. 

87. If the equation {a,h,c,f,g,h){(t.,^,yf represent a circle, 
it is required to find the invariant relations between the coefficients. 

Transforming to Cartesian co-ordinates and equating the 
coefficients of x', y^, and putting the coefficient of jy = o, we 
get at once (see demonstration of Art, \i%)\ 6''' = ^6. This 
condition however, though necessary, is not sufficient, since 
two relations must be fulfilled in order that an equation of 
the second degree may represent a circle. The following 
solution is from Salmon's Conies, page 121 :— Since a sin 4 
+ ^ sin 5 + -y sin C = twice the area of the triangle of refe- 
rence, the equation kS+{la.-{-m^^nyXa smA-i-^smB-\-y sin C), 
if S denote any circle, must represent a circle. Hence, taking 
S to denote the circumcircle, equating the coefficients a', /J', y* 
in kS + {la. + M/3 + ny){a sin ^ +^ sin .ff + y sin C), and in the 
given equation, we get 

~sin^' ^ " sin B' " '" siiTC' 
Hence, substituting these values, and equating the remain- 
ing coefficients, we get, after eliminating k, the two following 
relations : — 

b sin'C+f sin=5-2/sin.S smC=c sinM 4- a sin'C-i^sin C sin4 
= a sm^B + b sin^J - 2A sin A sin B. (z6 1 ) 

Examples. 
I. If the area of the triangle formed by JDining the feet of the perpen- 
dicular from a point P on the sides of the triangle of reference be given, 
prove that (he locus of Pis a circle concentric with the circumcircle. 

z. If through P parallels EPF', FPD', DPS' to BC, CA, AB be 
drawn; prove that the locus of,/" is a circle, if the sum of the rectangles 
EP . PF-, FP . PD, DP.PB-\x. given. 
The three rectangles are, respectively, equal 

ag gy yn 

Hence the locus is 0,3 sin C + ^7 sin ^ + ya sin S = constant. 
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3. If i* be the symmedian point of the triangle, the sii points 
D, D\ E, M', F, jT are concycHc, 

4. If theintercepls DJy, EE\ FF' (Ex. 2), be denoted by X, V, Z, 
and the corresponding intercepts made by the antiparallels (Chap. 11., 
Ei. 39) by J, „, f, pro^e that the locos of P is a circle, if JJT + j, y + fZ 

5. If in the same case the intercepts on the parallels made by the sides 
of the triangle be denoted by Xi, r,, Z^ ; prove, if {Xi + jjKi + fZi 
= constant, that the locus of Pis a circle concentric with the circumdrcle, 

6. Find the equation of a circle through a'^'y', «",S"'y", ii"S"y"'. 
If S = o, denote any circle, say, for instance, the circumcircle, then 



5, 


0, 


fl, 


7. 


s\ 


a', 


e', 


i 


S", 


a". 


«", 


7' 


s- 


a"- 


8" 


7" 



is evidently lie required equation. 

7. Find the pedal circle of d&'i'. The co-ordinates of the feet of per- 
pendiculars are — o, £'+a'cos(7, y' + a'cos^; a' + ,e'coS C, o y' + B'cos^; 
o' + y'cosi', B'+7'cosj4, 0. These substituted in (262) give, by eipan- 



(ffy sin.4 -f ya sin B\ aB sb C) (SV sin^ + -j-V sin 



nC)(a'sin^ 



■ ■^ycos-^)(y+gcos^) 



= sin^sin^sinC(asiii^ + ,S3iniJ+ys!nC) 

fl 3'(y + a'co sg)[„-4 7'cosg) yy-(a'+fl'cQs6-) (^ + a'cos C i 
■*■ Bin5 " + sinC )■ ' 3t 

This equation remains unaltered if we substitute for a', S', 7' theirrecipro- 
cals -;, — , -;. Hence the pedal circle of a point and its reciprocal 
ate the same. 

8. The Sirason's line of any point a'ffy' on the circumcircle is 
aa-(g' + y'cos^)(y + g'cos^) gg- (y' + a' cos ^ (,' + y cos .g) 
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g. Prove that ff' + -y^-2BycasA = constant represents a circle. 

10. li S -^ o, S' = o represent two circles whose radii ate r, r" ; prove 
that the circles 

cut Orthogonally. — fCROFTON.} 

11. If (a, b, c, f, g, h){a, $, 7)' represent a circle, and if the same, 
when tiansfonned to Cartesian co-ordinates, becomes 

find the value oi m in terms of the iDvariants. 

Def. — We shall mil tn the modulus 0/ the equation. 

12. Find the modulus for Bf sin A + ya sin .ff + hB sin C. 

13. Find lljc modulus for the incircle. 

„A ,B .C 
Am. 4Cos=.^ cos^-coss_. 

14. If a, S, c denote the lengths of the sides of the triangle of refe- 
rence, prove that uo' + bg' + c-f -\\(a + b -v c) {aR -¥ Ry * ya) = o denotes 
a circle through the centres of the three escribed circles. 

15. If J? = radius of circumcircle ; prove that the modulus of the circle 
in Es. [4 is 2fl sin A sin B sin C. 

16. The equation bg' -\- c-^ ~ on' 4 z (5- a) \Ry-ya.- a&} = o de- 
notes the cireJe through the incenire and two excentres, and its modulus 



17. If S = distance of incentre from drcumcenlre ; prove, by aid of the 
modulus of the equation of the drcumcircle, that 



^ R-S r 
tS. If on the sides AB. BC, CA of the triangle of reference portio: 



BF, CD, AB be cut off equal t( 



respectively, where a denotes a line of any given length, the triangle EDF 
is similar to ABC. For, by an easy calculation, 

_Dir! = >?{a'' b-'^V<?^d^a-') -m bc(a^\bU<?)^a^ifi ^ 

with similar values for FE'-. Elfi. 
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19. The equation of the circle 1 described about triangle EDF (sei 
Ex, 6) is— 



0, 


(")''. 


(«-»»)-■, 


{«s-«)-i 


0, 


(».)-■, 


M-'. 


{lt-u)-\ 






This is the trilinear equafion of what Neueekg has called ' Tucker's 
Circles,' and includes several important cases. For example, if A = o, we 
get the circumcircle ; if A = — - - — ^, the Lemoine Circle of Ex. 3 ; if 






-., the c< 



le circle, &c. 



s in which the circle of Ex. 19 cuts the same sides 
f, prove that the triangles EDF. EUF' are equal 



20. If the other poim 
he denoted by F\ D\ j 
and similar. 

21. Find the equation of the circle (called the ' Brocard Circle ' ) through 
re and the Brocard points 



3 of the incircle and ti 



circle through the 



22. Find the radical a: 
middle point of the sides. 

In Ex. 6 let S denote the incitcic, and S', S", S'" the powers of the 
middle points of the sides with respect to the incircle ; then if a'ffy', 
a"0"y", a"'0"'y"' be the middle points, the required equation is, 



{O-cy-, o, q, r, 
(£-a]', fi, o, r, 
{<i-if, t, q, o 

where p, q, r denote the perpendiculars of the triangle of reference. Ex- 
panding and patting for p, q, r their values in terms of the sides, we get, 
after an easy reduction, the same result as in equation (244), which, by 
Hsiiig areal co-ordinates, may be written 
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Section IV. — Tangential Equations. 

8S. To find the langmtial equation of the cinumciule of the 
triangh of reference. 

First method. — If we eliminate y between the equation of 

the circumcircle — + -;r + - = o and the line Xa + u.B + vy = o, 

« P V 
we get (ftX)a' + {a\ + *,. - cv)a^ + {a^W = o- 

Now this denotes two lines passing through the point {ap) 
and the points where the line Aa + /i/3 + it = o meets the 
circle. Hence, if it be a perfect square, the line touches the 
circle ; that is, if 

a'X' + h'li? + cV - zabXfi. - ibcjiv - zcavX = o, 
But the norm of this is 

•/aX + -/bii. + "/cv = 0. 
Hence -/ok + v'i/i + -/T^ = o (268) 

is the condition that the line An +/t/3 + 1^=0 should touch the 
circle, and is on that account called its tangential equation. 

Second method. — The same equation can be obtained other- 
wise as follows. Since Xa.+ fiji -y vy ^^ o is a tangent to the 
circle, if the point of contact be a'/S'/,. comparing it with 
equation (253), we have 



Hence ">"'■«'"'""/" v'uA + v J/i + v cv. 

But, since a'^y is a point on the circumcircle, we have 



\/ak + -/bu + '/cv 
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89. To find the iangmiial equations of a circle circumcribed to 
a polygon of any number of sides. 

This problem requires the following lemma \—IfAB be a 
chord of a circle APB, and \, /i. denote the perpendiculars from 
A,B on ikelangenl al P; 0. /he perpendicular from P on AB ; 
then it'=X^. [Euclid, vi, xvii.. Ex. 11.] 

Now, if a polygon ABCD, &c., of « sides be inscribed in 
the circle, and if the standard equations of the sides be o = o, 
^ = o, &c., we have by equation (247) 

AB BC CD DE „ 

— + -o- + — ■ + -^ + &c. = o. 
a ^ y 3 

Hence, if the perpendiculars from A, B, C, &c., on any tan- 
gent to the circle be denoted by X, /j., v, p, &c., we have 

AB BC £^^^^ + jf^=o (269) 

which is the required equation. 

Cor. — If the polygon reduce to a triangle, the equation 
(269) becomes 

c _a_ J_ _ 

V A^ V /iv i/pX 

or a'/\ + &\/ii + c'</v = o. (270) 

It will be observed that A, ft, v have different significa- 
tions from those in equation (268). In fact the X, /ii, v in 
{268) are equivalent to «X, h/t, cv in (270) ; and this difference 
can be explained ; for in (268) the three ratios X ; ju, fii v, 
V : X are those of the sines of the angles into which the 
angles of the triangle of reference are divided by lines from 
its vertices to the intersections of Xo, + ft.^ + vy with the oppo- 
site sides ; and in (270) they denote the ratios of the segments 
into which the tangent divides the sides of the triangle of 
reference. Compare Art. 29. 
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110 The Circle. 

90. To find the tangential equation of the incircU of the tri- 
angle of reference. 

If Aa + /i^ + 17 = o be a tangent to the circle, comparing it 
with equation (259), viz. 

— = + h- + — '- = 0, 

^/a' -/p' -/y' 

i' - I 

we have ^= = x, &c. Hence /*\/a'= t, &c. 

But, since a-' ^'-Z is a point on the circle, 

/!y^+ w!'v/^'+«i-\/y=o; 



and restoring the values of /, m, n (see Art. 84), we get 
ZQ%^\A coff^^B cosHf^ _ 

which is the required equation. 

91. To find the tangential elation of tM incircle of an n-sided 
polygon. 

If AS be any chord of a circle, /"any point in its circum- 
ference, Q the pole of A£ ; then if a, A be the perpendiculars 
from Pen AB, and from Q on the tangent at P respectively, 
it may be easily proved that a -^ A = sin J-^^^; but if i? be 
the radius of the circle, AS = 2R cos ^AQB. Hence 
AB 2R cot h-AQB 
a ~ A 

Now, for any inscribed polygon we have, hy equation (247), 

AB BC CD „ 

— + -^ + - — + &c. = o. 

Hence, for a circumscribing polygon whose angles are 
A, B, C, &c., we have 

coti^ coti-ff cot^C „ 

-j— + —— + —— 4 &c. = o. (z7z) 
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where \, ^, v, &c,, are the perpendiculars from the angles on 
any tangent to the circle. 

Cor. — In the case of a triangle we get 
col^A. cot^B cot^C 

which may be written 

cos'iA cos^-^5 cos'^C 

and putting (see Art. 89) X, /j., v for a\ bji., cv, we get the 
same result as in equation (271). 

Miscellaneous Exercises on the Circle. 

1. Find fhe eenlre and ladius of x^-^y^- 6^ + 87-11 =0. 

2. Find the valueofj«if/=»«; be a tangent to:i;»+y-63T-2j' + S=o, 

3. Find the points wliere x^ +_j-! — 7:1: — 8C+ 12 = cuts the aies. 

4. Find the circle through the origin, and making intercepts A, i on the 

5. If the axes be oblique, find the equation of a circle touching each at 
a distance a from the origin. 

6. Find the circle through Che points (7, 5), (- 2i 4), (3, -3). 

7. Find the circle whose diameter is the intercept made by 



^!+y=^ 



f J.-^- 



8. Find in the same case the pair of lines from the origin to the points 

9. Find the length of the common chord of {x — df' + (^ — Hf = r^, 

10. Find the equation of the circle whose centre is (2, 3), and which 
touches jr + 4^ + 1 1 = o. 

11. Find the condition that tlie line Kx \ ny ^t — o may touch the 
circle {x — df + ( j' — hf = r'. 

12. Find the radical centre of the circles j;^ + ^^ + 6j: + 4_j' + I3 = o, 
j;Hy-6ar+4j+i2=o, .tH^Htu:-4j+ 12 = o. 
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13- Througi 0, the origin, a Hne OPQ cuts x^ \ f-V^gx-Vify -V c=.o 
in Ihe points P, Q ; find the locus of R in each of the following cases : — 
r. When OR is an arithmetic mean between OP, OQ. 2°. A 
geometric mean. 3°. A harmonic mean. 

14. If two tangents be drawn to x^ ^ y^ - r^ = o from the point (o, o), 
find the equation of the incirele of the triangle formed by the tangents and 
the chord of contact. 

15. If O be the centre of a circle whose radius is r, prove that the area 
of the triangle which is the polar reciprocal of a given triangle ABC is 

r* {ASC)' ^ :i(AOB} . (BOC) ifiOA) (273> 

16. Prove that a triangle and its polar re p o 1 espect to any 
given circle are in perspective. 

i;. If a chord of a given cmJe of a coaxal sj m p s hrough either 
limiting point, the rectangle contained by the pe p ndi ul rs f nm its ex- 
tremities on the radical axis is constant. 

[8. The three circles whose diameters are the three diagonals of a com- 
plete quadrilateral are coaxal. 

It). If from a given 5 in the axis aix a perpendicular ^Fbe drawn to 
the tangent at any point P of the circles;' ^-y = r', and the ordinate PJ/ 
at P of the circle be produced to Q until MQ = SV, the locus of ^ is a 
right Hne. 

20. Find the polar equation of the circle whose diameter is the join of 
the points (p'9'), {p" 3"). 

ji. The equations of any two circles can be written in the forms 
x'+y' •¥ 2kx-\- 8 = 0, 3;'+^ + 2i^x + 8 = 0, and one is within the other 
if tk' and S are both positive. 

UT h ir fl which is variable, 
rm <j ems of triangles in 
p p e 

3 If fl be he um di h n ABC, prove that the 

d s n e betw en otth nd ra tr 

R^ 8 A L C (274) 

24. The locus of the radical centre of the circles {x - a)^ + (y — i)^ 
= ir+pf, (x-ar + (y-&y^[r-i-p-)\ {x-<iy+ (y-by = {>■+,■')', 
where r is a variable quantity, is a right line. 

25. If ny = *j8! represent 3 circle ; prove that A = i, and give the 
geometrical interpretation. 



Hosted by 



Google 



Miscellaneous Exercises on the Circle. 



27. If /b' + meP + jV = ° tepresent a circle ; prove 

;=sm 2 A. ™ = sm2i9. n = sin2C. 

28. Prove that the laijgential equation of the circle whose radius is 

»^(A=+ft' + (^-2fo'COS^-2l.ACOS^-2A;iCOS(7)=(Aa'+;<^'-l-J7')'. (275) 

29. If the four lines = 0, e = o, y = o, 5 = n, have a common 
tangential circle ; prove 



n i (b^) cos J (ay) cos ^ (bB) " cos ^ (fla) cos ^ (fiy) cos i 08B) 

(276) 



^CosJ(Wcosi(73)cosi(7S)"cosJ(!=)cosJ(B^)coBi(M 

30. Show that the equation, Ex. 28, is of the form i^aw = Z°, and 
give the interpretation of an'. 

31. If the sum of the perpendiculars on a variable line from any number 
of given points, each multiplied by a constant, be given, the envelope of 
the line is a circle. 

32. Find the condition that the points are concyclic in which the circles 
x!' -\-y + gx-^Jy + c = o, x^ +^ + ^iE +fy-'r c" -o meet respectively 
the lines Kx + p,y + v = o, \'x + fi'y + v' = 0. 

33. Find the equations of the tangents to the 'Nine-points Circle' at 
its peinfs of contact with the escribed circles. 

34. The circle which passes through the symmedian point i'and the 
points S, C of the triangle of reference is S - laSia B %\a C = 0, {2-n) 

where S^a.^ sinC+py sin^ + ay sin.ff. 

35. If P be the symmedian point of the triangle ABC; prove that the 
diameters of the circles APB, BPC, CPA are inversely proportional to 
the medians of the sides AB, BC, CA. 

36. If G be the centroid of (he triangle ABC, the diameters of the 
circles AGB, BGC, CGA, are inversely p^opo^tionaI to the symmedians 
of the triangle. 

37. The circle, whose diameter is the side a of the triangle of refe- 

a=COS^=flT + o(Bct,s.ff+ycosC). (278) 
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This may be inferred from Ex. 55, but we indicafc an independent proof 
here. The equation will eiidently be of the form 

*fl (= sin ^ + p sin .ff + 7 sin (7) + (»3 sin C-+ ^y sin ^ + 70 sin .S) = o. 
Now, put ,8 = o in this, and equate the result to a cos^ — 7 cos C, and 
we get k = — cos A -. this gives the required equation. 

38. To find the equation of the circle which passes through the feet 
of the perpendiculars. The line fl COS .5 + 7 cos C - a cos ^ =0 will 
evidently be the radical axis of this circle and the last. Hence the 
equation will be of the form 

(ecosS + 7C03C^flCos^)(3sinjS+ y siiiC+ <t sin^) 

= iitt^cos-4-^y-«i^eos5 + 7COsC)j; 
and this must pass through the point whose co-ordinates are o, cos C, 
cosB. Hence k ^~ zsmA; and by substitution and reduction we get 



in 2-4 + 



n2i?+7= 



2(87: 



(379) 



39. Deduce the ' Nino-poinfs Circle 
Let A', B\ a be the middle points 
of the sides of the triangle of refe- 
rence ; P any point In the circle. 
Let fall the perpendiculars PD, 
PE, PF on BC, CA\ A'B\ re- 
spectively; then we have, by equa- 
tion (245), 

ffC^ C^ AB _ 
PD '^ PE "^ PF ~ ° ■ 
but PD is evidently 




^ S-y 



(280) 



this is a new form of the equation. 

40. If a, 0, 7 denote the tangents drawn from any point to three coaxal 
circles whose centres are A, S, C; prove that 

BCa^ + CA^'' -t- AB-^ = o. {281) 
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41. Prove that a common tangent to any two circles of a coasal system 
subtends a nght ngl t th lim t n point. 

42. If tlir gh tl ymm di p mt a antiparallel he drawn to one 
of the sides f th tn n 1 f f find the equation of the circle 
described on th 1 pt d bj tl other sides on it as diameter. 
This will pa Ih h tl th p t t. n ^, sin C, o ; o, tan ^, sin ^ ; 
sin J, o, tan (7 

43- Pascal's Theorem. — The intersections of opposite sides of a hexagon 
inscribed in a circle are collinear. 

Let the equations of £C be a = o ; BE, 7 = 0; EF, S = o; CF, 
i = o ; then the equation of the circle will be a8 — yS = o. 




The equation of AB will be of the form la -y = o; of AF, e-lS = o; 
of BE, $-my = o; of CD, ma - 8 = o ; and the equation of the line 
BQJi is Ima - $ = o; for it will be seen that this passes through each 
pair of opposite sides. 

44. If i', f, t" be the tangents drawn to a circle from the vertices of 
a self-conjugate triangle; R the radios of the circle, and A the area of the 
Iriangle ; then 

~4A=i?= = /'2?'»r''. (281) 

<Prof, Cuktis, SJ.) 

For if (x'y), (x''^"], {x"'y"^ be the vertices of the triangle, multi- 
plying the determinants 

x", y'", Jt, x", y" , —R, we get o, t"'^, o, 

which proves the proposition. 
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45. !B1nd the equation of the circle whose diameter is any of the perpen- 
diculars of the triangle of reference. 

46. If a = o, 5 = 0, 7 = 0, B = o be the standard equations of Ihe 
sides of a cyclic quadrilateral, and their lengths a, i, c, d, the equation of 
the third diagonal is 



x'>'j.S- 



(28z) 



47. In the same case, if e = o, $ = o denote the other diagonals of the 
quadrilateral, and e, f their lengths, the equations of the remaining sides 
of the harmonic triangle of the quadrilateral are 

(=83) 

= o, and the 



'd'f- 



48. The circumeircle of the triangle formed by the side a 
internal and external bisectors of the opposite angle, is 

ma{B-C) [aS sin (7+ By sin ^ + 7a sin B) 

+ (flsinC-7sin^)(asin^ + flsin.ff + TSinO = 0. (184) 

This ciicle and its two analogues are coaxal, the radical axis being 

s\a{B - C) a + An{C - A)B + ^[A - B)y = 0. (285) 

(Pkof. J. PuRSEa.) 

49. Find the equation of the pair of lines, from the origin to the inter- 
section of the circles 

x^ ^^ f + 2gx + 2fy -\- c = 0, a;^ + 7' + ig'x + ify + </ = o. 

50. With the same hypothesis as in Ex. 44, prove 



'o matrices 



f.Cui 



5,SJ.) (!86) 



51. If a be the equation of the 'Nine-points Circle,' prove that the 
circle whose diameter is the median that bisects a, is 

Jl- 2a cos^ (a sin^ + ^ sin.5+ 7 sul C) = O- (^871 

52. The radical axis of the circumeircle and the circle whose diameter 
is the median that bisects a is 

Scos.5+7cos(7=o. 
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53. Find the eqnations of the circles whose diameters are the joins of 
the feet of the perpendiculars of the triangle of reference, 

54. If the three sides of a plane triangle be replaced by three circles, 
then the circles tangential to those corresponding to the inscribed and 
escribed circles of a plane triangle are all touched by a fourth circle 
(Dr. Hart's), which corresponds lo the 'Nine-points Circle' of the plane 
triangle. Its equation is 

S\ S% Sj Sj _ /-ooi 

T7'J3'r4 l^-Tiz^ 3?3"i-34 4?. 42-43 
where Su Si, Sec, correspond to the inscribed and escribed circles of 
the plane triangle, and 13', &c., denote a Iransverse common tangent. 

55. Find the equations of the circles whose diameters are the joins 
of the middle points of the triangle of reference. 

56. Find the equation of the circle which passes through the points of 
intersection of bisectors of angles with opposite sides. 

57. IS ABCD be a cychc quadrilateral, ACtYiB diameter of its circum- 
circle;prote the difference of the triangles J^i), BCD=^\AC^ sii^ BAD. 
— Steines. 

58. If a point in the plane of a polygon be such, that the area of the 
figure formed by joining the feet of perpendiculars from jt on the sides of 
the polygon be given, its locus is a circle. 

59. If any hexagon be described about a circle, the joins of the jhree 
pairs of opposite angles ate concurrent. 

Let the equation of the circle be VS + V^ + 'Jny - o ; ABC the tri- 




angle of reference ; and let the equations of the alternate sides DE, FG, 
HKi>{ (he hesagon be respectively 
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Hence, equation (271), 

Again, tlie equations of the three diagonals are easily seen lo be — 
for GD, 4- + A + ^ = o; 

HE -"- + A + J>L = o- 

li'v \'y" X>" 
And tlie condition of concutieiice is tlie vanishing of the determinant, 



this differs only by tlie factor . „ from the determinant got by eliir 



60. One circle lies entirely within another ; a tangent at any point P to 
the inner meets the outer m. M, N and the radical asis in Q ; prove, if 5 
be the internal limiting point, that tlie angle MSNU, bisected. 

6 1 . The ratio of sin PSN : cos J SQI^ is constant. 

62. The envelope of the circle about the triangle MSN is a circle. 

63. The diameter of the circle which cuts the three escribed circles ortho- 
gonally is -.^ (I +cos^ cos.fi + cos ir cos (r+ cos CcosvS)!. 

64. The diameters of the circles cutting the inscribed circle and two 
escribed circles orthogonally arc 

^ {I + cos ^ cos £ - cos 5 cos C + cos C cos Af., &c. 

65. If B be the distance between the inccntrc and the circumcenlre of 
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the triangle of reference, prove by the modulus of the equation of the ci 
cumcircle (hat 







R^z'^ R-a 


= 






66. For any five circle 


s prove- 










o, 


I, 1, 


I, 




1, 




I, 0. 


i"?, n\ 


i? 




^. 




1, 21^, 


0, 23^ 


^« 




25'-. 




,, ^!, 


i^, 0, 


3? 




3?. 




1. 4^. 


^, 5^, 


0, 




4?, 




I, P^. 


5^-. SJ-> 


54= 




° 


Multiply together the 


two matrices, each o 


fs 


.row 


I, 0. 


o, 0, o, 


0, 





". 


:C^+y2_r'!, -zx\ 


- zy, - 2r; I, 




x- 


y. 


x"^+y^-r"\ -2X-. 


-2/', ~2t-",I, 


I, 


X 


.y, 




&c.. 











(Salmon.) 

and five columns— 



&c. 



By supposing the circle 5 to touch all the others, ij, 25, 35, 45, all 
vanish, and we get a new proof of my extension of Ptolemy's theorem. 

67. Prove the following relation between the angles of intersection of 
four circles ; — 



68. Prove by the modulus of the equation of the 'Nine-points Circle' 
that it touches the inscribed and escribed circles. 
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69. Prove that the determinatit 

I ^+/. 7+/'. /:'+/> + '', I 

x^g'\ y^f'\ S'"^ +/> + '". =0 (291) 
I ■*+g^"'. y-^f"\ ^">+/"> + ^" I 

is the circle orthogonal to the three circles x= + _v^ + 2gx' + ^fy' + c' = o, 
&c. 

70. The ciicumcirclc of the triangle, found by drawing through the ver- 
tices of the triangle of reference parallels to the sides, in areal co-ordi- 

_"' ^° <:'' 

■ji. Pind the equation of the circle through the points 

(a cos a, * sin a); (^ cos ^. S sin^) ; (a cos y, * smy). 

(R. A. ROBEKTS.) 

71. Find the equation of the 'Nine. points Circle' of the triangle formed 
by the same points. {Ibid.) 

73. Prove lliat the sides of a triangle DEF, homotlietic to the triangle 
of reference with respect to its symmedian point, determine upon it sis. 
concyclic points ; and Chat the locus of the centre of the cirde passing 
through these points is a right line. — (Neuberg.) 

74. If the base BCa( a triangle be given in magnitude and position, 
and the Broeard angle a in magnitude, find the locus of the vertex. 

Am. If the middle point of .5Cbe taken as origin, and the base and a 

perpendicular to it as axes, the locus is x' +y'' — {a cot »]_)■+ - — = o. 

{Hid.) 

75. Find the equation of the circle whose diameter is the join of the 
orthocentre and centroid of the triangle of reference. 

Aiis. a^sia2A+^^sin2B + -fs.in2C~{aBs<^C+BysmA+yasinB) = o. 
(Beocakd.) 
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CHAPTER IV. 

THE GENERAL EQUATION OF THE SECOND DEGREE. 

CARTBSiAJf Co-ordinates. 

gi. The equation .S = ax' + rhxy + hy^ + zgx + zfy 4 c = o, 
or, as it may be written, a^ + f^, + ao = o, where u^ denotes the 
terms of the second degree, &c., is the most general equa- 
tion of the second degree. The object of this Chapter is to 
classify the curves represented by this equation, to reduce 
their equations to the nornaal forms, and to prove some 
of the properties common to all these carves. It will be 
shown in Chapter viii. that every curve of the second de- 
gree can be obtained as the Intersection of a cone standing 
on a circular base by a plane. In fact, it was from this point 
of view that these curves were first studied, and for this 
reason have been called " Conic Sections." 

If we suppose the terms of the first degree removed, the 
equation will be of the form ax^^^hxy-\^by^\c = l:>, and this 
transformed into polar co-ordinates, gives 

(acos^fl+ isinfl cos ^ + S sin^6)p' + f = o. 

Now, since this quadratic in p wants its second term, its 
two roots will be equal in magnitude, but of opposite signs. 
Therefore to each value of 6 there will be two equal values of 
p, of opposite signs ; or, in other words, every line drawn 
through the origin is bisected at the origin. Hence, When Ihe 
aquation of a curve of the second degree is of Ihe form Uii- Uo= o, 
ihe origin is ihe centre of ihe curve. 



Hosted by 



Google 



122 The General Equation of the Second Degree. 

93. Terms of the first degree can be removed from the general 
equalion S = o hj' transformation to parallel axes, unless 



Dem. — Writing x + x for x, and y + y for j' in S = o, 
t becomes ax'' + i-hxy + lijfl + zg'x + zf'y + c' = o, 
,vhere ^-aJ- + AjP+^, f^hx + hy+f 

[' = «^+ lAxj/ + hy^+ 2gx + zyi/ + c. 

Now, if the new origin be the centre, we must (Art. 92) 

from 



have^,y each 
the equation 


equal 

-c^hy 


to Z( 


;ro. 


He 


^l>y 


solving 
+/-0, 


:f6r 


x,'i 


we get 


-x = 


^ 

<;i- 




i = 


^ah 






(! 


or 


x = 


G 




_y = 


F 


(Sec 


Art. 


j6. 



Hence, except when ab - h^ = aero, the values of ^, y are 
finite, but these are the co-ordinates of the new origin; 
therefore, &c. 

Cor. — The general equation S = o represents a central 
carve when the value of ab - A* differs from zero, and a non- 
central curve when it is equal to zero. In other words, When 
the terms Ui of S form a perfect square it represents a non-central 
curve; and when they do not form a perfect square it represents a 

94. The lines ax ■h-hy'rg=o, /;jt + ^+/=o are diameters of S. 
For, solving from these equations, we get the co-ordinates 
of the centre. Hence each passes through the centre, and 
is therefore a diameter. 

Or thus : the equation S-o may be writ ten 
(,ax-^hy+gf-\(P-ah)r^2{gh-af)yi{g'~ac)\ = o. 
Or in the form 

X^+Cy-~2FyiB = o, (see Art. 26) 

putting A' for {ax ^ hy i- g). 
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It is evident that for each value of y there will be two 
values of jy equal in magnitude, but of opposite signs: hence 
the line X=a, or itj; + %t'+^=oisa diameter. 

Cor. I. — In non-central curves the lines ax-^hy-^g=Q, 
hx \hy ^ f = a are parallel ; for the condition of parallelism 
gives ab - W- = o. 

Cor. 2. — When the general equation S = o is referred to 
the centre as origin, and written in the form ax" + zhxy + hf 
+ f' = o, then 

'^'- ab-k^ —"'C' <'^^^ 

for the discriminant of axr + ikxy -y by' ^ 2gx + 2/y + c = o- 
is A, and the discriminant of ax'^ zhxy ■^hy'' + c' is ahc'-c'K^; 

and equating these we get r' = — , 

95. In every curve 0/ the second degree two real and distinct 
lines, two coincident lines, or two imaginary lines, can be drawn 
through the origin, each of which will meet the curve once at 

Sem. — Transforming S to polar co-ordinates, we get 
(ccos'^+2Asin^cos5 + ^Ein'e)p'+2(^^cose+/sin^)p + i: = o; 

or for shortness, c'p' + ^^'p + c = o; and, putting p = — , this 

P 
becomes cp'° + 25'/ + "' = °- Now if a' = o, one of the values 
of p' in this equation is zero, and the other valce is finite. 
Again, if not only a' = o, but b' = o also, then the second value 
of p' will be zero. Now when p' is aero, p is infinite. Hence, 
if in the equation a'p^ + zb'p + t = o, a' = o, ,oiie of the vakies 
of p will be infinite and the other finite ; and if not only «'=o 
but also !>' = o, the two values of p will be infinite. 

Now when a' = o, wehave</cos'fl+2A sin^cosS + isin^S = o; 
hence a + zh tan Q \ b tan^ ^ = o, an equation which gives 
two values for tan 6. Hence the' proposition is proved. 
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z/i tane + ^tan=e = o 




124 The General Equation of the Second Degree. 

96. If the two roots of the equatii 
(Art.95) be real and unequal, 
the lines from the origin to 
meet the curve at infinity 
are real, as in the annexed 
diagram, the angles corre- 
sponding to the two values 
of fl being XOA, XOB. 
In order to find the equa- 
tion of the lines OA, OB, 
let the co-ordinates of any 
point P in OA be xy ; then 
_ jy__ PM 

Hence, substituting - for tan 6 in a + 2A tan ^ 4- i tan^ tf = o, 
we get ai^ + %hxy ^by^ = 0. (^94) 

This form of the curve is called a hyperbola, and we see that 
^ = o represents a hyperbola when «, = o represents two 
distinct lines. Now the condition that Ui=a:^^T.hxy-vly'^=o 
should denote two distinct lines is, that its discriminant 
A* - ab should be positive. Therefore if S = o represents a 
hyperbola, A' - ah is positive. 

Secondly.— Xi'Hae, roots of a + iA tanfl + itan' ^ = be equal, 
the two lines from the origin to 
meet the curve at infinity are 
coincident. This variety nf the 
curve is called a parabola. 

As before, to get the equation 
of these two coincident lines, 

put - = tan 6, and we get 

ax- + zhxj + by- = o. 
Hence, When ax^ + zhxy + by' 
when h- ~ ab = o, the curve is a 




Hosted by 



Google 




Cartesian Co-ordinates. 125 

Lastly, — Suppose the roots of a + 2// tan 6 ^h tan' S = o to 
be imaginary, then no real line can 
be drawn from the origin to meet ^ 
the curve at infinity. This species 
is dosed in every direction, and is 
called an ellipse. The equation of 
the imaginary lines from the origin 
to meet the curve at infinity is 
ax' + ihxy + 4v' = o, as before. X 

Now if this represents two imaginary lines, we must have 
A* - ab negative. Hence the conditions for the three curves 
are — 

For hyberbola, h' - ab positive. 
For parabola, h' - ab equal zero. 
For ellipse, h'' - ab negative. 

Cor. I. — The hyperbola meets the line at infinity in two 
real and distinct points — the parabola in two coincident 
points, and therefore touches it; and the ellipse in two 
imaginary points. 

Cor. 2. — In the equation S = o, if either a err b vanish, but 
not h, the curve is a hyperbola, for in either case h^ - ab is 
positive. 

Cor. 3. — If a and b have contrary signs, the curve is a 
hyperbola. 

Cor. 4. — If a + 5 = o, the lines ax' + ikxy + by'^ = o are at 
right angles to each other. The curve in this case is called an 
equilateral hyperbola, and sometimes a rectangular hyperbola. 

Cor. $. — The circle is a species of ellipse ; for in the 
equation of the circle h = and a = b. Hence k- - ab is 
negative. 

Cor. 6, — The ellipse and hyperbola are cetilral curves, and 
the parabola non-central. 

97. The locus of the middle points of a series of parallel chords 
of a curve of the second degree is a right line. 
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Dem. — Let -S represent the curve given by its general equa- 
tion ; ADE one of the chords i 
of the system : bisect the inter- 
cept DE in C ; the locus of C 
is required. Let the equation 
of AE be y = mx + n ; and 
supposing m constant, and n 
variable, we have a system of 
parallel lines. Now, substitut- ° "^ ^ 

ing mx + n for_j' in the general equation, we get 

(a + 2m/i + m'b) x'-i-2 {hn + mhn +g+m/) a: + «^ + '2n/+c= o. 
Half the sum of the roots of this equation will be the ordinate 
of the middle point C. Hence, for that point, we have 
hn + hmn -^ g ■\^ mf 

and, eliminating n between this and the equation y = mx + «, 
we get 

ax^hy^g^ m{hx + hy +/) = o, (295) 

which is the locus required. 

Cor. I. — Since the lines ax-\-hy-^g-a,hx-^hy\f=o are 
diameters, the line {ax -^hx ■¥ g)\m, {hx + hy +/) = o is a 
diameter, as is otherwise evident. By putting m = tan 0, this 
may be written (ax +hy+g) cos + {hx + by +/) sin 6. Hence, 

putting first fl = 0, and then d= , we see that ax ■>r hy -^ g = o 

is the equation of the diameter which bisects chords parallel 
to the axis of x, and hx ■¥ by +/ = o of the diameter 
which bisects chords parallel to the axis of> Employing 
the notation of the Differential Calculus, these proposi- 
tions may be more simply stated, thus : — 1/ S ^ o he the 
general equation of the second degree, -^ = o is the equa- 
tion of the diameter which bisects chords parallel to the axis 
ofx, 
ofy. 
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Cor. I. — If S = o be a parabola, the lines ax + Ay + g = o, 
ix + fy +/= o, are each parallel to the line which can be 
drawn from the origin to meet the curve at infinity ; for in 
that case ^ = v'qj^; and, substituting in ax' + zhxji + iy^ = o, 
we get {^/a.x+^ & .yf = o. Hence, in the parabola, the 
line through the origin to meet the curve at infinity is 
^/a . X + i/b ->■ = o ; or, multiplying successively by ^/a, ■/ b, 
the line may be written either ax -\- by = o or Aar + 5^ = o, 
and the foregoing lines dilTer only by a constant from 
these. 

98. T/ two diameters be such that the first bisects chords 
parallel to the second, ike second bisects cliords parallel to the 
first. 

For if m be the tangent of the angle which the second 
diameter makes with the axis of x, the equation of the first 
diameter is 

{ax + hy^g) + m{hx^by+/) = o; 
and if til' be the tangent of the angle which this makes with 
the axis of x, we got 



or a\-(^m + M-)h + mm'b = o; (296) 

since this remaui'; unalterLd bj the mterchange of m and m', 
the proposition is proved 

Dee. — A pair of diimetus so related thai each bisut' chords 
parallel to the other, ate called conjugate diameters 

Cor. I. — If m the general equation h = o, the axes of 
X and y are parallel to a pair of conjugate diameters; 
for if k = 0, c V + A) + ^1- - reduces to ax + g- o, which is 
parallel to the axis of > , that is, the diameter which bisects 
chords parallel to the axis of x is parallel to the axis 
of>'. 
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128 The General Equation of the Second Degree. 

99. To find the ratio in which the join of the points xy, x"j'" 
is cut by S. — (Joachimsthal.) 

Let the ratio he k : i ; then the co-ordinates of the point 
of intersection are 

x' + kx" y + v'. 



and these substituted in S, give the quadratic 
S- + tkP" + k^S" = o. 



(^97) 



where S', S" denote the powers of the given points with 
respect to S, and F" the power of x"y' with respect to the 

P^{ax'+hy+g)x+(hx'-i-fy'+f)j'-i-gx'+f>' + i: = o. (298) 

The equation (297) is a fundamental one in the theory of 
conies. Several important theorems can be inferred from 
it by supposing its roots to have special relations to each 
other. 

1°. Suppose the sum of the roots to be zero. Then P" = o, 
and the point x'y must be on the line P. 

Let, in the annexed diagram, Q, R be the points where 




the join of the points A and B meets the curve, the values 
of k are AQ: QB, AR : RB, and these are equal, but with 
contrary signs. Hence AB is divided harmonically in Q 
and R. 



IZCor. I. — Any line through A is divided hai 
/'and S. 



nonically by 
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Cartesian Co-ordiiuites. isg 

Cor. 2. — P is the chord of contact of tangents from A. 
For if the line QR turn Tonnd A until the points Q, R coin- 
cide ; then, since B is the harmonic conjugate of A with 
respect to Q, R, when Q, R come together, B coincides with 
them and AB will be a tangent. 

Def.— 7X^ line P is called the polar of I he point x'y'. 

Cor. 3, — If a point be external to a conic its polar cuts 
the conic. If the point be internal its polar is external. For 
the harmonic conjugate to an internal point on any line pass- 
ing through it is external to the conic. Lastly, if a point be 
on the conic, its polar, being the secant through two conse- 
cutive points of contact, is a tangent. 

Cor. 4. — Ux'y be a point on S, the tangent at x'y is the 
equation (298). 

z". Let the roots o/{2gy) he equal. Since the roots are the 
ratios AQ : QB, AR : RB, 
they will be ecjual only 
when the points Q, R coin- %y 
cide, that is, when the line 
AB is a tangent to the curve. 
The condition for equal 
rootsin(z97)is5"5"-/"'==o, 

which must be fulfilled when the point x"j'" is on either of 
the tangents from x'y to S. Hence, supposing the latter 
fixed and the former variable, we get the equation of tan- 
gents to S from x'y, by removing the double accents, to be 
.^^'-^" = 0. (Z99) 

3°. Let the anharmonic ratio of the four points A, B, Q, R be 
given, then the roots of (297) have a given ratio. Let this 
ratio be A, and changing k into k\ in (297), we get 

S'+z\kP" + \^k^S"^o. 

Eliminating k between this and (297), and omitting double 
accents, we get the locus of a point B, which divides a secant 
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I30 The General Equntion of the Si:cond Degree. 

of 5' passing through a given point in a given anharmonic 
ratio, viz., 

(i \ Xf SS' - i.XF'- ^- <^. (300 

100. If through any point P two chords, whose direction angles 
(ire 0, $', lie drawn calling the conic 

ax^^ikxy-^-hf-^-rgxA 2/^ + c=o 

in the points A, B; C, D respectively; then 

PA .PB acos^e'+zh sin.i9'cosfl' + isin=^' 



PC .PD c COS'S +z^sinecos6 + 6s 



(3<" 



Dem. — Transforming tlie given equation to Pas origin, we 

got 

^= ax- + zhxy + Sy + xg'x + zfy ■[■ c'=o; (sec Art. 94) 

and transforming this to polar co-ordinates, we get 

aci& the roots of this quadratic are PA, PB. Hence 

PA.PB= ----^j---^ gjjj ^Q3 o^i-^^g- 

Similarly, 

I'C PD = -■ 

«cos'e'+2^sin&'cosi^'+^cos=^' 

and dividing one of these equalities by the other, the propo- 
sition is proved. 

Cor.— If through any other point P" two lines P'A'B", P'C'jy 
lie drawn parallel respectively to the former, and cutting the 
conic in the points A', B' ; C, D\ then 

PA . PB : PC . PB : : P'A'. P'B' : P'C. P'D' . (301) 

101. The theorem of the last Article corresponds to 

Euclid 111., XXXV., xxxvi. The following are special cases :— 
1°. 1{P be the centre, then PA = PB, PC = PD, and we 

have the following theorem from (301) : — The rectangles con- 
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lained by the segments of any two chords of a conic are proportional 
to the squares of Ike parallel semidiameters. 

2°. If the lines PA, PC turn round the point P until they 
become tangents, PA . PB becomes PA", and PC . PD be- 
comes PO', and we have tbe following: theorem : — The squans 
of two tangents drawn from any point to a conic are proportional 
to the rectangles contained by the segments of any two parallel 
chords. Also two tangents from any point to the conic are propor- 
tional to the parallel semidiameters. 

3". Let the join of PP' pro- ^ 

duccd be a diameter, and let 
the lines through P be this 
diameter and its conjugate CD., 
then the chords through P' . 
will be ^5 and C'ly, of which 
the latter is bisected in P'. 
Denoting AP by a, PC by b, 
PI" by X, and FC by y, we 
have, from {301}, 




:(« + 



;){« 



*-):y; 



which is the normal form of the 
equation for central conies. 

if. Let PB, P'B' meet the 
curve at infinity, then in the pro- 
portion (301) it is evident that 
PB, P'B' meeting the curve in 
the same point at infinity have 
to each other a ratio of equality. 
Hence in this case we have 
AP:A'P'::CP.PD: CT.P'U, 
(303) 
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1 3 2 The General Equation of the Second Degree. 

5°. Let the curve be the parabola, and let the 
the points P, P' have the direction 
which meets the curve at infinity ; 
then if CD, CD' belong to the 
system of parallel chords (Art. 97) 
which this line bisects, we have, / 
froir '303), J_ 

AP:AP':: CF': C'P'\ ' \ 

Hence, supposing P fixed, and 
P' variable, and denoting AP', 
P'C by x,y respectively, we have 
X : CP' ■.-.x: AP; hence, putting " "■~-^^,^ 

CP'^^AP, we have 

.V' = ¥'x, {30+) 

which is the norma! form of the equation of the parabola. 

102. It has been proved in Art. 94 that when the centre is 
taken as origin the equation of the curve can be written in the 
form aji? ^zhxy^by^-vc'-a. We shall now show that, retain- 
ing the same origin (viz, the centre), this equation can be 
further simplified. Thus, transforming by the substitutions 
of Art. 10 to new rectangular axes inclined at an angle S to 
theold, that is, putting j; = x cosfl-^sin ^, y =yc<i%$-\-x s\t^$, 
we get aW + zh'xy + b'y^ -V c' = 0, 



where 



+ h sin'ff + A sin 2 



(305) 

h'^-a sin> + 5 cos^ e - h sin zQ, (306) 

^h' = zh cos t&-{a-b sin z&). (307) 

From these equations we get, after an easy calculation, 
a'\b'=a-\b, ajiA a'b' ^ h'*= ab - h-. (308) 

Hence a -i- b and ab - k'' are invariants. In other words, 
lliey are functions of the coefficients which are unaltered by 
transformation. 



Hosted by 



Google 



Cartesian Co-ordinates. i33 

103- If K= o, we have, from equation (307), 

tan ifl = [^'^, (309) 

and the equation of the curve is reduced to the norma! form, 
a'x- + iy +c'=o. The value of $ obtained from (309) sub- 
stituted in this gives the values of the new coefficients a', b 
in terms of the old ; but we get them more simply from equa- 
tion C308) ; for if h' = o, we have a' + ^ = a + b, and 

a'h' = ah- h": 
solving from these we get, putting 

/f = 4A' + (a - b)\ 
a'=l{a + B-R), b' = ^{a ^- b + R). 
Hence the equation of the curve referred to rectangular con- 
jugate diameters is 

{a + b-R)x'^ {a + b-v R)y'+ ic' = o. (310) 
Cor. i. — The equation of the new axes, when referred to 
the old, arc x -y cot 6 = 0, x +>■ tan # = o. Hence, multi- 
plying and making use of (309), the equation of the axes is 
kx-^-{a-b)xy-hy-= o. (311) 

Cor. 2,— If the equation (310) be written in the form 

■^^ + ■^" = I 
.^^ IS-' ' 

a^ y3' will be the roots of the quadratic 

l^+ |;^+ ^, = o, where C :^ ab - K'. (312) 

1 04. Def. — Any line, except the line at infinity, which touches 
a curve at infinity is called an asymplole io the curve. 

105. Each 0/ the lines represented fy the equation ir.v- + ib^xy 
+ ^^ = o is an asymptote to the ccnic a.x- + zh.vy + by + c = o. 
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134 "^h^ General Equation of the Second Degree. 

Dem. — The equation of the tangent to a^ + %hxy + hy' 
4-f = o at :i^' is {a:^ 'r hy')x ■¥ [hy^ ■\- hy)y -^ e == a (see Art. 
99, Cor. 4). Now put —, = m, and we get 

(a + mh)x + {h + mb)y + ^ = o. 

If the point of contact be at infinity, x" is infinite, and — , = o, 
and we get {a + mk)x + (A + mb)y = o, which represents a line 
passing through the origin ; and since it also passes through 
aV'. we must have - = --j = m. Hence, substituting - for "', 

wc get ax'^ + ikxy -v by - o, (313) 

which is the equation of the two asymptotes. 

Hence every central conic has two asymptotes, which for 
the hyperbola are real, because ax? + ihxy ■\- by' = o is for 
that curve the product of two real factors, and imaginary for 
the ellipse. 

Cor. I. — When the equation of a conic is in the form 
«! + ap = o, Ui = o denotes the asymptotes. 

Cor. z. — If when a constant is subtracted from the equa- 
tion of a conic the remainder is the product of two lines, 
these lines will be the asymptotes. 

Cor. 3. — The line at infinity is the polar of the centre ; for 
it is the chord of contact of tangents drawn from the centre 
(the asymptotes). 

Cor. 4. — In order to find the asymptotes of the conic given 
by the general equation ^ = o, equate the discriminant of 

.S - X to zero, and we set \ - — -. 

ah- f^ 
Hence 

a:^ + ihxy \ by^ -y zgx + zfy + c - — — -- = o, 
" ■' ab- li^ 

or 

[ah ~ h") {axr + zhxj/ + by» + 2gx + ify) - zfgh + ap 4 bg' = o, 
denotes the asymptotes. 
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\'. 4^1^ - dxy + 6/ + lo.v - \.iy H- 13 = o. 

2°. xy + ^ix — zby = o, 

3°. 3*=- 2xji-^ + bx-gy = 0. 

3. What curves are represented by the equations 

1°. V* + a -■/_!' + * = Va + 6; 
2-. (^+i)-' + (j'+2)-' = 2; 

3°' --'- + --^^ = i^ 

4. Find the equation of the asymptotes of the hyperbola 

ix'^-^y-SJ^ + ix-^y + d^o. 

5. Prove that the equation of the chord of the conic 

ax"' + 2A;ry + 6j^ + 2gx + ify •}- c = o, 
which passes through the origin, and is bisected at that point isgx+X'- = o. 

6. Tlie polar of the origin with respect to 5 = o is ^^ +^ + ^ = o. 

7. The maaimum and minimum semi -diameters of a central conic ate 
conjugate semi -diameters, and perpendicular to each other. 

For, transforming o^ + 2**)" + Sj'S + e' = o to polar co-ordinates, we get 

(3 cos" fl + 2* sin e cos 9 + i sin' e)p^ + c' = o ; 



((3 - b) cos 2fl + 2h sin 2B)« + { (a - *) sin 29 - lAcosafll' = R'-. 
(Art. 103) 

Hence the required maximum is wlicu tan 29 = ^^. (See equatio.i 309.) 
From this equation we get two values of tan 9, the product of which is 
negative unity, showing that they belong to perpendicular semi -diameters. 
The values of tan 9 are ^^|t — ■ Hence the two aemi-diameters are 
2&J/ + {a~b ± Jl)x = o; or, multiplying and reducing, h(xi - y^ 
-{a-b)xy~o, which is the equation of the pair of lines bisecting the 
angles between the asymptotes. Compare Coi. i. Arts. 103, and 104. 
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156 The General Equatioji of the Second Degree. 

8. If the line joining any fixed point O to a variable point P of a conic 
5 meet a fiied line in the point Q ; prove, if J? be the harmonic conjugate 
of ^with respect to O and Q, that the locus of iS is a conic. 

9. Find the locus of the centre of a conic passing through four given 
points. If 5, S be two fixed conies passing through the given points, 
then 5 + kS' is the most general equalion of a conic passing through 
them, and the centre of this is the intersection of the diameters 

dS , dS' 



:, eliminating i; the required locus is the deli 



Tlius, if one of the three pairs of lines passing through the four points be 
talicn as axes, another pair may be written 



Ilicse being taken tor S, S' respectively, the required locus will be 

g-'(^9!-lS-(^^)l". <3.') 

(he discriminant of which is 

10, With the same notation, find ihe value of*, in order that S + iS' 
may be an equilateral hyperboia. 



II. If the liamionic mean between the re 
ments of two perpendicular chords of a coni 
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Cartesian Co-ordinates. 137 

12. Prove that through four points can be drawn two parabolas, and 
that the directions of their diameters are at right angles to each 

13. Find the equation of the pair of tangents from the origin to the 
conic, ajc> + zhxy + iy + igx + 2/7 + c = o. 

The line y~mx passes through the origin, and, eliminating y, we get 

the disctiniinant of which is 

€{a + 2mA + m'i) - tf + mf) * - o ; and, fiubstituting - for tn, we get 
(ac - g^) x^- + 2{ck- fg) xy + (*. - P)^^ = o, (319) 

14. Fuid the equation of the chord joining the points ^y', xf'y on the 
conic 5 s ox' + zkxy + Sy" + 2^J + 2^ + f = O. 

The conic 

S-^a{x-x-)l,^-x")(^h\{x-^)(y-y")'r{x-x-){y-y-)] 
^b[y-y-){y-y")\ =0 
evidently passes through x'/, x-y'\ Hence 5 - .S' = o is the required 

15. Find the condition that Kx -\- ^y -V v = o may be a tangent to 5 = o. 
Eliminating y between )^ + yy + r = and 5 = 0, and forming the 

discriminant of the resulting equation in JT, we get ^\= + -S»i' + Cv'+iFiis 
+ 2ffj'A + zffA;i = o, where A, B, &c., have the same meaning, as in 
Art. 26. (3=0) 

16. If 0, fi denote the co-ordinates of the middle point of the cliord in 
Ex. 14, we get 

S-S'^2(att+h$+g)x+2lka+l-0¥/)y-{ax'x"+h{x'y"+x"y')^ly'y'\=O. 
If this chord make an angle fl with the asis of x, we have 

'^" "- ha + /■a +/■ 

Hence, putting iV}' for afl, the locus of the middle points of chords making 
an angle 9 with the asis of x, is 

(a* + Aj + g) cos e + {hx + Sr +/) ^in 9 = o. 
Compare Art. 97, equation (295). 

17. If two points A, B be such that the polai- ij( A passes tlirough B, 
the polar of B passes through A. 
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138 The General Equation of the Second Degree. 

1 8. To describe a conic section (x.) through five given points A,B,C,i 
Join B, D, C, E. Through A -y 

draw AG parallel to £D, cutting 

the conic in G, and AJC parallel 

to CS, cutting J5Z» in H. Then 

BI . ID : CI. IE : : BH . HD 

: AH.HK; therefore A" is a given 

point. In like manner, dsagiven 

point. Hence, bisecting jlA'inZ, 

CE in N, AG in P, and BD in Q, 

O, the point of intersection of LN' 

and PQ, is given. Again (Art. 1 

— OQ' ; hence J-" is a given point. 

and OV, OQ are semiconjugate a 
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CHAPTER V. 

THE PARABOLA. 




106. Def. I.— Being given in posUinn a point S and a line 
NN'. The locus of a variable point 
P, whose distance ST/rom S is equal 
to its perpendicular distance PNfrom 
NN', is called a parabola. 

It will be seen subsequently 
that this definition agrees with 
that already given in p. 124.. 

u.—The point S is called the 
FOCUS, and the line NN' the 

DIRECTRIX. 

III. — If from S we draw SO perpendicular to NI^, and bisect 
il in A; then, since OA = AS, the point A (Det i) is on the 
parabola, and is called the vertex. 

IV.— If the line AS he produced indefinitely in the direction AX, 
the whole line produced is called the axis. 

107. To find the equation of the parabola. 

Let the vertex A be taken as origin, and AX and ^i' per- 
pendicular to it as axes. Then denoting OA = AS by a, and 
the co-ordinates of any point /* in the curve by x, y, we 
have (Def. I.) SP = PN ; but PN = 0M= OA + AM= a^-x; 
therefore SP==a + x. 

Again, SM=A3{- AS -^ x - a, and PM^j. 
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140 The Parabola. 

Hence, from the right-angled triangle SMP, we have 

{x ~ of -^y^ = {a ^ x^); therefore _>'' = 4i!x, (jzi) 
which is the standard form of the equation of the parabola. 
Compare Art. lor, Cor. s, equation (304). From the equa- 
tion of the parabola, we see that two values of >■ correspond 
to each value oix; and that these are equal in magnitude, but 
contrary signs. Hence, if PM be produced, it will meet the 
curve on the other side of the axis in a point P', such that 
PM=MP'. Hence the axis of the parabola is an axis of 
symmetry of the figure. 

V. — The double ordinate LL' through the focus is called the 
LATUS RECTUM of the parabola. 

Ccr.— The ■ latus rectum = +<r ; for 5Z = LR = OS = za ; 
therefore LZ' = ^. 

108. The co-ordinates of a point on the parabola can be ex- 
pressed in terms of a single variable. 

For, writing the equation in the form i.x.-za=y'', it is 
a special case oi LM = K', a form in which each of the 
three conies may be written ; and we may put zx =y tan iji, 
2a =y cot 0, or which is the same thing, y = za tsn <i>, 
X - a tan' ^. Hence the co-ordinates of a point on the 
parabola may be denoted by « tan' qb, 2ntan^. We shall 
for shorlmss call it the point <)>, and ift the intrinsic angle of 
the point. 

Cor. 1.— Since PS'=a\x = afa tan' <^^a sec' ^, the 
distance of the point ^ from the focus is a sec' ^. 

Cor. 2.— The angle ASP is equal to twice the intrinsic 
angle of P. 

For c„s*i-p.-^.-_-^J-.-co„*: 
therefore ASP = lA. 
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The Parabola. 141 

log. To find the equation of the chord passing two points 
x'y, 3^'y' on the parabola. 

Let the intrinsic angles of the points be 4I, 4>" ; then the 
required equation is (Art. lo, Ex. 3, 4°). 

zx - (tan ^' + tan ^")_)' + zn tan ^' tan ^" = 0; (322) 
or, putting for tan 4>', tan ^" their values in terms y, y", 

^ux = (y ^y')y -yy'- (3^3) 



Examples. 



. If a dioid of a parabola cut tl 
itaiiied by the tangents of tlic 



a fixed point, tlie rectangle 
ingks of its extremities iS- 



= AO, y = o, in equation (322), w 



(324) 



2. If FM, P'M' be the ordinales of the points P, P\ and OQ Ihe 
ordinate of O, PM .P'M' = - OQ^. (j , 

For, from equation (324), we get 

(2iitan^')(!ataii^") = -4a.O^ = - 0Q-. 

3. In the same case, AM. AM' = ACP. 

4. The direction tangent aS PP' is 

.„ .,^,„„^,; - (See equation (322).) 



5. If FN, P'N- be p ip 1 

PV PN 




6. If PP' cut the axis of j- in a fixed point Q, from equation (323] we get 
cot,))' + cot ^'' = ■— — . Hence, If through a fixed paint on the tangent at 
the vertex of a parahela any secant be draTsn, the sum of the cotangents of 
the intrinsic angles of itt points of intersecting the parabola is constant. 
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The Parabola. 



1 10. To find the equation of the tangent to the parabola of the 
point xfy. 

In equation (321), suppose the points 1^', ^" become con- 
secutive, thun their joining chord 
becomes a tangent, viz. 

.r ->' tan^' + Btan' i^' = 0, (324) 
or putting x" - a tan^ 'jt, y' - 
2«tan0', T Op 

yy=2a{x^>^\ (325) 

Cor. I— If FT be the tangent, 
putting>' = o, we get from (325). 





but when _!' = o, A-s^y. Hence, since .v'= -4jT/, we have 
AT=-AM\ therefore 7y = ^^/. Hence TM -\^ bisected 
in A. 

Def. — The line TM, intercepted on the axis between the ordi- 
nate and the tangent, is called the sub-tangent. Hence in the 
parabola the subtangent is bisected at the vertex. 

Cor. 2. — The axis of j/ is the tangent at the vertex of the 
parabola; for if in (325) we patx'= o,y = o, we get x = o. 

Cor. ^. — The equation (324) may be written j- = x cot <(i' 
+ a tan ^', from which it is seen that ^' is the angle PBF, 
which the tangent PTat P makes with AF, the tangent at A. 
Hence we have the following theorem : — 

The intrinsic angle of any point of a parabola is equal to the 
angle which the tangent at that point makes with the tangent at 
the vertex. 

If J denote the length of an arc of any carve measured from some fixed 
point ^ to a variable point P; ^ the inclinatjon of the tangent at the 
latter point to the tangent at the fiscd extremity A ; then the equation 
expressing the relation, between j and ip has been by Dr. WHEvraLL 
■(Phil. Tram:, vol. viii., p. 659) termed the intrinsic equation of the curve, 
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a nomenclature which ha? been adopted by mathematicians. It was this 
that suggested the propriety of calling <p the intrinsic angle. 

Cor. +.— Since TA= x', TS = xf -^ a ^ a sec= ^ = SP, 
(108, Cor. 0; hence TS = SP\ therefore the ' angle SPT 
= STP = TPN. Hence PT bisects the angle SPN. 

Def. — If from a fixed point in the plane of a curve perpendi- 
culars he lei fall on lis tangents, the locus of their feet is called 
the first positive pedal of the curve with respect to the point. Also 
the pedal of the first positive pedal is called the second positive 
pedal, &c. Conversely, the curse itself is called, in relation to a 
positive pedal of any order, the negative pedal of the same order. 

Cor. s- — If /'7'meet the tangent at the vertex in B, since 
TA^AM, TB = BP; hence the triangles TBS, PBS are 
equal in every respect ; therefore the angle PBS is right, and 
SB is perpendicular to the tangent. Jlenee the pedal of a 
parabola with respect to the focus is the tangent at the vertex. 

Cor. 6. — lip denote the length of the perpendicular from 
S on PT, 

p = -/aia + X'). 
For since the angle ASB is equal to ^', we have 

AS -f SB = cos 6', that is - = cos </■'- 
P 

Hence p = a&ec'p''= ^/a {a + x'']. (326) 

Or thus: the triangles ASB, SBP are equiangular ; hence 

AS: SB:: SB : SP; that is, a:p::p\a^x^. 

Cor. 7. — The equation of any tangent to a parabola may be 
written in the form 

_»'-»* + £, (sn) 

for equation (324) will reduce to the form if wc put m = zo\^'. 
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Examples. 

!. The first negative pedal of a tight line is a paratiola. 

2. The circle described about the triangle formed by tliree tangents to a 
parabola passes through the focus ; for the feet of perpendiculars from 
the focus on these tangents are collinear. 

3. The polai rei;iproe:il of a parabola with respect to the focus is a 
circle; for the reciprocal is the inverse of the pedal with respect to the 
focus, which (Cor. 5) is a right line. 

4. The polar reciprocal of a circle with respect to a point in its circum- 
ference is a parabola. 

5- Given four right lines, a parabola can be described to touch them. 
The focus is the point common to the circumcircles of the triangles formed 
by the lines. 

6. The orthocenlre of the triangle formed by any three tangents to a 
parabola is a point on the directrix. (See Equation (90).) 

7. Find the co-ordinates of the intersection of tangents at the points 
<(i',*i". Ans. j; = otan^'tanf, >■ = a (tan^' + tan^"). (318). 

8. If tan fi" bear a given ratio to tan f ', tlie envelope of the chord 
joining the points -p', ^" is a parabola. 

9. The area of the triangle formed by three tangents to a parabola is 
half (he area of the triangle formed by joining the points of contact. 
(Compare Art. 5, Ex. 2, 3.) 

10. Three tangents to a parabola form a right-angled triangle ABC, 
having the angle C right. If Z> be the point of contact of the side AB 
with the curve, prove that the points B, Z», with one of the Brocard 
points of the triangle BCB, and the focus of the parabola are concyclic. 

11. If a triangle be formed by two tangents to a parabola and their 
chord of contact, prove that the symmedian line of this triangle, through 
the vertex, passes through the focus. 

12. In the same case, prove that the chord of the circumcircle through 
the vertei and focus is bisected at the focus. 

HI. To find the locus of the middle points of a system of 
parallel chords. 

Let /!/" (see fig. Art. 109) be one of the chords, m its 

direction tangent ; then m = /*"" „ . (See Equation (323).) 
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Again, if j^ denote tlie ordinate of the middle point of PP', 
we have 

.J' = '^-(y+y'); (329) 

tlierefore _y = — ; 

or, putting m = tan S, 

y = 2acoy8. (330) 

Hence the locus of the middle points of a system of parallel 
chords of a parabola is a hne parallel to the axis. 

Def. — A bisector of a system of parallel chords is called a dia- 

Cor. 1. — The tangent at the end of a diameter is parallel 
to the chords which the diameter bisects ; for the tangent is 
a limiting case of a chord of the system. 

Or thus : 

Let x'y be the point where the diameter j' = ic cot ^ meets 
the curve. Hence y = za cot 6, and since the tangent at 

jy= za{x + x'), (Art. no) 

we have y = tan 6{x -i- x'), 

which is parallel to the chords, since its direction tangent is 
tan 6. 

Cor. 2. — The tangents at the extremities of any chord meet 
on the diameter which bisects that chord ; for the diameter 
which bisects a system of chords parallel to the join of ^', <f>" 
is_jf=a(tan ^' + tan ^") (Equation (329)), which passes 
through the intersection of tangents at the points 4,', <j,". 
(See equation (32+).) 

Cor. 3. — The diameter through the intersection of two 
tangents bisects their chord of contact. 

Cor. 4. — If <f> be the intrinsic angle of the point where the 
diameter which bisects the Join of ^', ^" meets the curve, 
tan = f (tan ^' + tan.^"). (331) 

Cor. 5- — If $ denote the direction angle of the tangent at 
■/.,5+<^=^. (Art. no, C,5r. 3.) (332) 
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Examples. 

i. The clislaiioe of the focus from the i 
a mean proportional between the focal vt 
the points of contact. 

For if $', $" denote tlie pomts of contact, f, f", 
their focal vectors, we have (Art. io8, Cor. i) 

py' = «°-sec'fli'sec-?i". 
Again, the co-ordinates of T are a tan ip' tsn ^", 
a (tan p' -f tan ip,"). Hence tlic square of liie dis- 
tance of this point from S, whose co- 



Ilen 



Sl^ = p 



(333) 

2. If The the intersection of tangents at f ', ^ 

A the vertex, 5 the focus, the angle AST= ip' -f 

For, substituting the co-ordinates of Tani\ S ii 




/-y" 



il-.ich gives the direction tangent of thi 
tan XST= ■ '"" f -^-"" * 



through two points. 
Hence tan AST= '""/ ^ 



3. Since ASP- = 2^", ^5/" - 2^' (Art. ro8. Cor. a), ^J57'= ^ 
-1- ASP"). Hence /"T" bisects the angle P'SP". 

4. The triangles FST, TSP- are equiangular (Exs. I and 3). 

5. The angle P'TP" is the supplement of half P'SP". 

6. If FT, P"T, be two tangents, 
TAf the diameter through T, meeting 
the chord P'P" in M, ZJ/ is bisected 
hy the curve. Foi, draw the tangent 
AQ. This is parallel to P'P-; and 
since the diameter through Q bisects 
AP" (Cor. 3), we have AN=NP". 
Hence TQ = QP" , and therefore 
TA = AM. 

7. Find the co-ordinates of the 
point A. 
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lo. If a qiiadrilateral circumscribe a parabola, the rectangle contained 
by the distances of the estrcmities of any of its three diagonals from the 
focus is equal to the rectangle contained by the distances from the focus of 
the extremities of cither of the remaining diagonals. 

112. To find the equation of the parabola referred lo any 
diameter and the tangent at its vertex as 



Let FT" be a double ordinate to the 
diameter AM\ AF the tangent at A ; 
then ^1' (Art. iii. Cor. i) is parallel 
to /"/"'. Let iji, <j>" be the intrinsic 
angles of the points P', P" \ then (Art. i) 
P'P"~- = a^ (tan= ^ ~ tan^ <^")= 

+ 4<t^ (tan <^' - tan <^")^ ; 
therefore 

,/tan <^ - tan ^' 



MP'"- = ^^ 



i:j|. 




= 4AS.AM. (Art. iii, Exs. 8, g.) 
Therefore, denoting AS by a', AM, MP" by x, y, we have 

y = 4^'-*-. (337) 

which is the required equation, and identical in form with 
the old one, y = \ax. 

Cor. I. — If the angle between the axes AX, ^J'be denoted 
by B, and if be the intrinsic angle of the point A, we have, 
since 

fl + <^ i - , cosec' 6 = sec^ ^ ; but AS = a sec' <jt : 
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148 The Parabola, 

Cor. 2. — The equation of the tangent to the parabola at 
any point x'y', referred to the new axes AX, AF, is the 
same as for rectangular axes, viz., 

EXAMPLES- 

1 . From any external point kk can be drawn two tangents to a parabola. 
For Uie tangent at a poinf ^y' of the parabok is jy* = 20 {3; + x') : if 
Ihis passes through the point hk, wc have 

but y- = 433^'. 

Hence j^ ~ i&f -^ ^ah = o. (339) 

This quadratic, giving two values for y', proves the proposition. 

2. Find the equation of the chord of contact of tangents from kk. 
By removing the accents fcom equation (339), we get 

jy3 _ 2ky + 4aA = o. 
This denotes two lines parallel to the axis of x, and passing through the 
point of contact ; and since the parabola is 7' - 43J; = o, subtracting and 
dividing by 2, we get the required equation — 

■3.a{x-\-k)-ky = o. (340) 

3. If the chord of contact of two tangents pass through a given point 
hk, the locus of their intersection is a right line. 

Forif o^ be the point of intersection of the tangents, the chord of con- 
tact is 23 [x + b) - Sj' = o ; and since this passes through hk, we have 
la (A + a) - ^A = O, or, putting xy for o3, 

2a(,:c^h)-ky = o, 
an equation which is the same in form as (340). 

Def. — The line 2a{x + h) - ky = is called the polar of the pomt hi. 

4. If there be two points A, B, and if the polar of ^ passes through 5, 
tlie polar of B passes through A. 

5. The intercept made on the axis by any two lines is equal to the 
difference of the abscissae of the poles of these lines. 

6. The polar of the focus is the directrix. 

7. If any chord pass through the focus, the tangents at the extremities 
ate at right angles. For in the equation of the chord, viz., 2x ~ (tan p' 
+ tan if")y + 2a tan p', tan <f." = o, substitute the co-ordinates of the 
focus, and we get tan ^', tail ^" = - i . 
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8. The difference between the intrinsic angles of two points being given, 
to find the locus of the intersection of tangents at these points. 

Let ^'.-^" = 8; then ian'B= ('"." t+}^" ^")' - 4'^" ^' tan ^" _ 
(I + tan f tan ^'7 

substituting -, - for fan ^' . tan </,■', tan ^' + Ian ^", respectively, ive 

get [y - 4a*) = (a + jr)= tan's, which is the required kicus. 

9. Any line meeting the parabola, and passing through a pole, is cut 
harmonically by the polar. 



10. Find the co-ordinates of the point of 
57" (Art. HI, Ex. I, fig.). 



of the lines P'P", 



Def. — The normal at any point of a plane curve is the perpendicui 
the tangent at that point, 

113. To find the equation of ihe normal at the point x'y. 
Since the equation of the tan- 
gent is 

jyy' =ta{x + x'), 

the equation of the normal is 

-^-y=-^(^--»^')- (340 

Cor. 1, — If in the equation of 
the normal we put j' = o, we get 
X- x' = 2a; but in this case x 
:t - jt' = MN; therefore AIJV^ z, 

'Ds.s.—The line MN intercepted on the ax 
nate and the normal is called the Subnormaj 
parabola the subnormal is constant. 

Cor. 2.— Since SM=:^ - a, and .J/.V = la, we have -5"^^= x' 

+ a = sr. 

Cor. 3, — From any point a^ can be drawn three normals 
to a parabola ; for if the normal (341 ) passes through a^, we 




■ between ike ordi- 
Heoce in the 
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get, after substituting for x>' their values in terms of the 
intrinsic angle, 

a tan' ^ - (a - 2a) tan ^ - ^ = o, (342) 

a cubic giving three values for tan ^. 

Cor. 4.— Since the cubic (342) wants its second term, tbe 
sum of the three values of tan ^ must be zero. Hence, if 
from any point three normals be drawn to a parabola, the 
sum of the ordinates of their feet is zero. 

Cor. 5 . — If ^, ^', ^" be the intrinsic angles of three points 
on a parabola, the co-ordinates of the centre of a circle pass- 
through them are (Art. 23, Ex. 4) — 

.r = - (tati'^ + tan°^' + tan'<^" + tan ^ tan 0' -1- tan ^' tan <^" 

+ tan ^" tan ^ + 4). 

y = — (tan ^ + tan 0') (tan^' 4 tan ^") (tan ^" + tan ^). 
4 
Hence, if the three points be consecutive, the co-ordinates 
of the centre of curvature at the point ^ are 

:i: = a(3tan=^ + i), ^ = -2atan=^; (343) 

and eliminating ^ between these, we get the locus of the 
centre of curvature, viz. 

i,{x-iay^t-)af. (344) 

Examples. 
I. Find the relation between the co-ordinates of the intersection of 
normals and the co-ordinates of the intersection of corresponding tangents. 
The normals at the points ^', ^" are 

jv + j: tan f ' = a (2 tan ^' + tan' ^') , 

y + J- tan ^"= 0(2 tan^" + laii'$"). 

Hence the co-ordinates of the point of intersection are 

* = sa + a (tanS f ' + tan 9- tan ^■' + lan^ -f,"). 
y = — a (tan ^' + [an f ") tan '^ . Ian f". 
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Jiut if a. S denote the co-ordinates of the intersection of eorrespondin 



2. If two normals be at right angles, the locus of tlieir points of inter- 
section is a. parabola ; for if the normals be at right angles the diiTcrence 

between the intrinsic angles is - . Hence, putting f" = ^' i -, we get for 
the intersection of llie normals— 

I = 3a + a (tan ».' - cot 5^)=- y^a (tan ^- - cot ^'). 
Hence y-=ai,x - 2,„). (346) 

3. The radius of curvature at the point ^ is 2a sec' ^. 

4. Ifi'i'(see(ig., Art. llo)be produced to ^ untU ^5 = ^T", the per- 
pendicular at R to PR will meet the normal at P in the centre of cuna- 

5. Find the locus of the icitersectioii of normals at the extremilius of a 
chord which passes through a given point. 

Since the chord passes through a given point, the intersection of the 
tangents will be on the polar of the point ; and eliminating b,8 between 
the equation of this polar and the co-ordinates of the point of intersection 
(see Ex. 1) of normals in terms of the co-ordinates of the point of intersec- 
tion of tangents, we get the required locus. 

6. If normals at x'y\ ^"y", x"'y"' be concurrent. 
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laii4,(tan,), + tan^')-h2 = o. (34;) 

10. Find the condition that two of the normals which can be drawn 
from the point {oi8) are coincident. The condition will evidently be the 
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vanishing of the discriminant of the cubic ir 
and Panton's Theory of Equations), 



r. 3. which is (see Bumside 



4(a - iaY - i-ag^ = O. (Comp. Car. 5.) 

1 14, To find the polar equation of the parabola, the focus being 

Let S be tlie focus, P any point in 
the parabola ; then denoting the angle 
OSP (in Astronomy called the true 
anomaly) by 6, and SP by p. Since 
SP=PN=OM^ia-SM, we have 

p = 2a - p cos 6 ; 
therefore 

^^ i+tl^fl ^"^^^'^^- ^348) 



which is the required equation. 

Cor. I . — If PS produced meet the curve again in P', 

PP' = 4^ cosec'^. (349) 

Cor. 2.— PS . SP' = PP . a. (350) 

Cor. 3.— The polar equation of the tangent at the point 




whose angular co-ordinate is a, i 



a). 



{35'] 



For this will be satisfied if we make 6 = a; and for other 
values of $, the value of p derived from this equation is 
greater than the corresponding value obtained from the 
equation of the curve. Hence, except at the point a, the 
line (35;) does not meet the curve. 

Cor. 4. — The polar equation of the normal at the point a 
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for if we make fl = 11, we get p = asec'^a. Hence the line 
passes through the point a. Again, if we make 6 = jt, we get 
the same value for p. Now, the focai vector of the foot . of 
the normal is equal to that of the point of contact (Art. 113, 
Cor. 2). Hence the line (352) passes through two points on 
the normal, and therefore must coincide with it. 



1. Find the polar co-ordinates of Ihe intersection of tangents at the 
points whose angular co-ordinafes are (a + B), (b — j8). 

2. The equation of the cliord joining the points (a + ffj, (a - 0] is 

3. If ifi, ^", If)'" be the intrinsic angles of three points on the parabola, 
prove that pcos^' cos^" cos^'" = acos(iJi'+ ^" + $'"- 9) is the equation 
of the eireumcircle of the triangle formed by the tangents at ^', ^", $'". 

4. Find the polar co-ordinates of the point of intersection of the para- 
bolae y' = ^x, x^ = n6y, the origin being the pole. 

5. Find the locus of the centre of the inscribed circle of the triangle 
formed by a focal vector, the tangent at its extiemity, and the axis of the 
parabola. 

6. Tangents at two points F, P' meet the axis in the points T, T' ; prove 

TT=^$P-SF\ 

7. If through the focus a perpendicular be drawn to Ihe focal vector, 
ineetii^ the normal at P iu T, the locus of T is 



8. If ^1, li be the lengths of two tangents to a parabola, ^ their con- 
iMned angle, then l^ + /j= + 2^1/5 cos ^ = . 

s of a focal chord. 
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n a given point i; 



115. To find the length of a line drawn froi 
a given direction to meet Ike parabola. 

Let O be the given point, OP the given direction, and let 
the rectangular co-ordinates of 0, P bo x^y', yy respectively ; 
then, denoting OP by p, we have 



Ky=y^ 



Substituting these values i 
tion j^ = ^ix, we get 



+y 



t(y sin fi- 



ll cos^V 

(353} 




1 P', we may 



ind the 



y 



a quadratic whose roots are the values 
required. If the roots of this equation 
be Pi, Pa, and if OP meet the curve a; 
put OP=p^, OP' = p^. 

Cor. i.—liPP' be bisected in O, we ha 
coefficient of the second term in (353) is zero. Hence, if 
B be constant and y' variable, we see that the locus of the 
middle points of a system of parallel chords is the line 
cotfl. (Comp. Art. in.) 

Cor. 2 — The product of the roots of equation (353) is 
(y - 4ax') cosec^ e. Hence 

OP . OP' = (y= - 4^.1/) cosec^ e. 

through O, making 



Similarly, if another chord QQ' be di 
an angle 6' with, the axis, we have 



OQ . 00'-= (y- 4/7.1-') cosec^^'. 



OP. OP : OQ . OQ' :: cosec-6 : coscc=( 
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Examples. 

1. \iAX, A'X- be two diametors of a parabola, O, O' any h 
n Ihem, PP', QQ jiarallel chords through O, (/ leipcctively, 

AO : A'O : ; OP . OP' : OQ . OO' ■ 

2. If TR, TFhe two taugents. 5 the focus-, 

TJi'- : TV' :: SR: SK 

3. If c, c' be the lengths of focal chords parallel respectively to 

TR-i -.TV^-.-c-.^. 

4. If a chord PP' through the point ^ of a parabola make ai 



TR, TV, 
■ angle ^ 






angle fl with 



Let PT; /"The the tangents at PP' ; and 
since the angle MTP is the complement of 
f, we have 

Ein^^ : cosf : : MT(or2AM) : MP', 
therefore MP'aai, = 2AMco^^. 
Again, if 5 be the focus, 

^AS.AM^MP^i (Art. 
therefore 2AS . sin if ; 

But AS = a 






PP" 



in^ = - 




5. If through any point ^ in a parabola be drawn two chords making 
angles iff, if' with the tangent at if; tlien, if^, c' be their lengths, e, f their 
direction angles, 

sinj.; sin ■(<■:: csin= a : c" sia'g', 

116. 1/k, n, V denote the perpendiculars from the angular 
points of a circumscribed triangle on any tangent to the parabola, 
and if^', ^", 0'" be the points of contact of its sides, 
tan. <^' — tan ^" tan ^" — tan ^"' tan (/>'" - tan 4- 

(355) 
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for the equation of any tangent is x -y tan ^ + « f an^ ^ = o ; 
and A being the perpendicular on this from the intersection 
of tangents at <^', <^", we have 

\ = a cos ^ (tan ^ - tan ^') (tan ^ - tan ^") ; 
therefore 
tan '^' - tan ^" _ i i i i 1 

X ii cos ^ (tan ^ - tan '^' tan ^ - tan ^" j ' 

with similar values for 

tan 4'" - tan ^"' tan ^"' - tan ^' 



and these added vanish identically- Hence the proposition 
is proved. 

Cor. i.—l(y,y',y" denote the ordinates of the points of 
contact of the parabola with the sides of the triangle, 

X /J. V 

Cor. 2. — In like manner, if a polygon of any number of 
sides be circumscribed to a parabola, 

-^ + ^^' + ^^'+...-^^^0. (35,) 

Cor. 3. — If the co-ordinates of the angular points be a'^', 
a"(8", &c., it is easy to to see that 



V fi'"' - ^aa! = a (tan <i>' - tan ^"). 
But yS" - +aii' is the power of the point a'ji' with respect to 
the parabola. Hence v'jS''- 4^0' may be denoted by "/S'. 

for any circumscribed polygon. 
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Cor. 4. — If a circumscribed polygon consist of an odd 
number of sides,y,y, &c., can be expressed in terms of the 
ordinates of its angular points ; thus, in the case of a tri- 
angle, if /5', jS", &c., be the ordinates of the angular points, 
we get, instead of (356), the equation 

Cor. 5. — The perpendiculars from the points ^', ^" on the 
tangent at ^ arc 

a cos ^ (tan <^ - tan <^')S a cos ^ (tan ^ - tan .^")= ; 
and the perpendicular from the point of intersection of tan- 
gents is 

a cos 4> (tan 1^ - tan ^') (tan ^ - tan ^"). 
Hence we have . the following theorem : — The perpendicular 
from an external point R on any tangent to the parabola is a 
mean proportional between the perpendiculars on the same tan- 
gent from the points where the polar of R meets the paraiola. 

Cor. 6. — From Cor. 5 we have immediately the following 
theorem;— -//"a quadrilateral circumscribe a parabola, the pro- 
duct of the perpendiculars from the extremities of one of its three 
diagonals on any tangent is equal to the product of the perpendi- 
culars on the same tangent from the extremities of either of the 
remaining diagonals. 



1. Find the polar equation of the parabola, the vertex being the pole. 

2. What is the intrinsic angle at either extremity of the latus rectus ? 

3. What is the equation of the tangent at an extremity of the latus 

4. Find the co-ordinates of the centre of a circle passing through the 
vertex of a parbola, and touching it at the point ^. 
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5. Find the eqaLiliou of the normal at Ihe extremity of the latUS 

6. I-ind the radius of a circle toudiing a parabola at a point whose 

7. In the figure, Art, 114, prove that the points /", A, A" are colhncar. 

8. If the ordinates of three points on a parabola be in geometrical pro- 
gression, prove that the pole of the line joining the first and third lies on 
the ordinate through the second. 

9. If from a point O who'ic abscissa is x a perpendicular be let fall on 
the polar of O, if Ihi^ meets the polar in R and the axis in G, 

SG = SR = x-ya. 

10. If two equal paraboiae have a common aiis, but different vertices, 
the tangent to the interior, and bounded by the exterior, is bisected at the 
point of contact. 

11. The tangent at any point of a parabola meets the directrix at equal 
distances from the foeus. 

\2, If 3 chord of a parabola subtend a right angle at the vertex, the 

13. Prove that the locus of the pole of a chord which subtends a right 
angle at the point hb is 

oyi _ hy^ + (4a- + 2aS) X - 2aky + H (A= + *=) = O. 

14. If from any point in the line x = a; tangents be drawn to a para- 
bola, the product of their direction tangents is « -^ a'. 

15. Find the locus of the intersection of tangents at the points <\;, ^", 
iftim*>' = ;.tau^". ^-w- 7== W + ^'-i)'";*- 

16. Prove that the equation of the chord whose middle point is hi is 

17. If a chord of a parabola subtend a right angle at tlie vertex, the 
locus of its middle point is y - 2a (j; - 4a). 

18. The area of the triangle formed by tangents at the points <p', tp" 
and their chord of contact is 

— (tan<))'- tany)'. 

19. If a variable circle touch a fixed circle and a fixed line, the locus of 
its centre is a parabola. 
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20. If the difference between tlie ordinate of two points on a parabola 
he given, the locus of the intersection of tangents at these points is an 
equal parabola. 

21, If two tangents to a parabola from a variable point P include an 
single e, prove, if S be the focus, PN a perpendieolat on the directrix, 

PN = SP CQ%g. 
33, If the points ^', fl>" subtend a right angle at the verles, prove 

23. The area of the triangle formed by the points ^' , ij." and the focus is 

a^(tan.f.+ fan*'') (i + tan-(,' tan $■■)- 

24. A triangle ABC'n inscribed in a parabola whose focus is F\ show 
that one of the circles touching the perpendicular bisectors of FA, FB, FC 
passes through the cu-eumcentre of the triangle ABC. {R. A. Roberts.) 

25. The co-ordinates of the centroid of a triangle ABC inscribed in the 
parabola y' = 4113; are 0, 3 ; show that the co-ordinates of the centroid of 
the trian^e formed by the tangent at A, B, C are 

3G. The area of a triangle inscribed in a parabola is 

< y -y") jy" -y"){y" -y) 

2;. The area of the triangle formed by three tangents is 

i6fl 

28. If a series of circles S, Sy, S,, S3, &e., touch each other conse- 
cutively along the axis of a parabola; then, if the first be the circle of 
curvature of the parabola at the vertex, and the others have each double 
contact with the parabola, prove that their diameters are proportional to 
the odd numbers i, 3, 5, &c. 

zg. If B be the distance between the centres of curvature of two points 
at the extremities of a focal chord, which makes an angle with the axis ; 
prove B = 160 cot 9 cosec'fl. 

30. If p, p* be two radii vectores of a parabola from the vertex at right 
angles to each other; prove fip'i = i6a= (p3 + p'!). 
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31. The perpendicular from the focus on any chord of a parabola meets 
the diameter which bisects Ihat chord on the directrix. 

32. If from any two points ^', q>" of a parabola perpendiculars be drawn 
to the directrix, the intersection of tangents at <p', <^" is the centre of 
a circle through the focus and the feet of the perpendiculars. 

33. If from any point F a perpendicular PQ to the axis meet the polar 
aiPiaR; find the locus of />, if Pg.Pje be constant. 

A?is. A parabola. 

34. Find the circle whose diameter is the intercept which y^ - ^ax = o 
makes on the line y = mx + n. 

Am. m'{jfi +y^.i. 2(mn-2a)x-namy + iamn + n'' = 0. 

35. The equation of the circle passing through the feet of normals, from 
the point hi, is x^ +7' - (2a + h)x - ^iy = o. 

36. If SL be the perpendicular from the focus of a parabola on the 
normal at any point, find the locus of Z. 

37. If a chord of a parabola be bisected by a fised double ordinate to 
the aiis, the locus of the pole of the chord is another parabok. 

38. If in the equation w=^,ib and a denote complex variables ; prove, 
if s describe a right line, that id describes a parabola. 

39. Two chords from the vertex to points ^', $" of a parabola make an 
intercept on the directrix, which is bisected by the join of the vertex to 
the intersection of tangents at cp', ^", 

40. Two fixed tangents to a parabola arc cut proportionally by any 
variable tangent. 

41. Trisect an arc of a circle by means of a parabola. 

42. The radical axis of two circles whose diameters are any two chords 
intersecting on the axis of the parabola passes through the vertex. 

43. A coaxal system of circles, having two real points of intersection, 
are intersected by two chords passing through one of these points. In two 
systems of points P, P\ P", &c. ; Q, Q\ g", &c.; prove that the chords 
PQ, P-Q, P"Q\ &c., are all tangents to a parabola. 

44. LO is the perpendicular at the middle point Z of a focai chord, 
meeting' the axis in O. Prove that 50, LO, are the arithmetic and the 
geometric means of the focal segments of the chord. 

45. Ifpbe the intercept which a tangent to a parabola makes on the 
axis oi y, and $ the angle it makes with it, prove that 1- = a tan $ is 
a tangential equation of the parabola. 
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46. If two circles touch a parabola at the ends of a focal chord, and pass 
through (he focus, they cut orthogonaily : also the locus of their second 



47. Give a geometrical eonstraction for drawing a tangent to a parabola 
from an external point. 



49. The area of the parabolic segment cut off by any chord is twi 
thirds of the triangle formed by the chord and the tangents at i 



50. Find the locus of a point P if the perpendicular from it on its polar 

5 1 . Prove that tlie angle of intersection of y' — /^ax = 0, i^ — ^hy = O, 

52. If the base of a triangle be given in position, and its area in magni- 
tude, the locus of its orthocentre is a parabola. 

53. If the normal at a point ^ on a parabola meet the axis in JiT, the 
envelope of the parallel through J^ to the tangent at ^ is a parabola. 

54. If the sum of the absdssLe of two points on a parabola be given, the 
locus of the intersection of the tangents at the points is a parabola. 

55. If from the vertex ^ of a parabola a perpendicular AP be drawn to 
any tangent, the locus of the point inverse to P, with respect io a circle 
whose centre is j4, is a parabola. 

56. Find the locus of a point P, if the normals corresponding to llie 
tangents from P meet on tii? line Ax + £j/ + C = o. 

Ans. Ay> - Bxy - Aax + za^B + aC=:0. 

57. If oB he the co-ordinates of the intersection of two normals ; prove 
that the co-ordinates of the intersection of the coiresponding tangents are 
given by the equations 

3^ + ajc= = a(B-2a)=, y^ - aay = a{2a^ - fp). 

58. If normals be drawn from the point x'y' to the parabola ; prove 
that {x — a){x + x'-2a) +/ [j +/) = o is the circumcircle of the tri- 
angle formed by the corresponding tangents. 
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i62 The Parabola. 

59. Two parabolae, S, S', have a common focus, parameter, and axis, 
their vertices being on opposite sides of the focus ; sliow that if from 
any point on S two tangents be drawn to S', the cireumcirde of the 
triangle formed by these tangents and their chord of contact touches S'. — 

(Prof. F. Purser.) 

60. Two equal parabolae, S, S', have coincident ases, which have the 
same direction, while the focus F of S is the vertex of .5'. Show that 
if P be a point on S', the chord of S through P, which passes through 

1 chord through P. 

{Ibid.) 
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CHAPTER VI. 

THE ELLIPSE. 



117, Def. I. — Being given in position a point S, and a 
NN'. The loais of a variable 
point P, wk"se distance fiom 
S has to its perptndtcular dis- 
tance from NN' a given ratio 
e, less than unity, is called an 

ELLIPSE. 

Def. ii.—The point S is 
called the focus, ike line ■^ 
NN' the DIRECTRIX, and 
ihe ratio e the eccentricity of the ellipse. 

118. To find the equation 0/ the ellipse. 

1°. Take the focus as origin, and the line through S per- 
pendicular to the directrix as the axis of x, and a parallel to 
the directrix through .S" as the axis of j'; also denote the 
perpendicular SO from 5 on the directrix by f; then, if 
the co-ordinates SM, MP be xy, we have SP^ = :^ -^ y', 
PN = X +/; but (Def. i.) SP ~PN=e\ therefore 




which is the required equation. 



►/)". 



(360) 



1 that equatiott (360) includes the three 
i less than unity, it represents an ellipse ; 
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i64 The Ellipse. 

when ;equiil, to unity, a parabola ; and when greater, a hyperbola. Also- 
the general equation ax^ + ikxy + iy^ + 2gx -i- z/y + c = o may obviously 
be \iTittett in the form {.t - af + {y - Pf = {Ix -^my + n)^; for, by 
expanding and comparing coefficients, we should obtain a sufficient 
number of equations to determine a, B, &c., in terms of the coefficients 
of the general equation. And it is evident that [x - af + (y - Bf 
= (Ix + my + nf can by transformation be reduced fo the form (360). 



2°. If 


in (360) 


we put 


x-x^ i_^' 


eget 




x-H 




:ence. 


if C be the new origin. 


ow, putting y = 


. in (1 


:.), we get 



e'P 



giving for x two values, equal in magnitude, but of opposite 
signs. Hence, denoting the points where the ellipse meets 
the axis of j: by A, A', we have 

therefore AC = CA', and the line A A' is bisected in C. 
Hence, denoting AA' by 2a, we have 

a = j^. (HI.) 

Again, putting x = o, and denoting the points where the 
ellipse cuts the axis of^ by £, B', we get_in the same manner 

Hence BB' is bisected in C ; and, denoting BB" by 2b, we 
have 
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The Ellipse. 
Now, since equation (i.) may be written 

from (ill.) and (iv.) we get 



(36O 



This is the standard form of the equation of the ellipse. 

Def. m.—The lines AA', BB" are called, respectively, the 
TRANSVERSE axis and ike conjugate axis of the ellipse, and 
the Point C the CENTRE. 

Def. IV.— 7%^ double ordinate LL' through S is called the 

LATUS RECTUM or PARAMETER. 

The name farameter is also employed by mathematicians in another 
and a widely-different signiiicalion. Hence, to avoid confusion, it woald 
.be better to discontinue its use as a name for the lotus rectum. 

119. The following deductions from the preceding equa- 
tions are very important : — 

1°. ^ = ffl*(i - ^), from (hi.) and (iv.) 

2° If CS be denoted hy c, c = ae, from (n.) and (111.) 

3°. CO =-, for C0=C6- + /- -^4 +/= 737- 

4". 5" + tr* = a', from i" and 2°. 

5°. CS.CO = a*, from z° and 3". 

6°. Latus Rectum = 20 (1 - e'). For in equation (360) put 
x = o, and we get SL = ef\ therefore LL' = 2e/= za{i - e=), 
from (ill.) 

7°. From 1° and t>°, we infer that the transverse axis AA', 
the conjugate axis BB', and the latus rectum LL', are con- 
tinual proportionals. 

8". From the equation (361) it is evident that the ellipse 
.is symmetrical with respect to each axis. Hence if we make 
CS' = so, the point S' will be another focus. Also, if 
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1 66 The Ellipse. 

we make CO' = OC, and through 0' draw MM' perpen- 
dicular to the transverse axis, the line MM' will be a 
second directrix corresponding to the second focus. 



Examples. 

1 . Given the base of a triangle and the 
of the vertex. 

Let SS'P be the triangle, let the sum 
of the sides equal la, half the base = c, 
and xy the co-ordinates of P ; then SP 



This cleared c<" radicals gives 



(•■) 



of the sides, find the locus 




^'1- 



Hence the locus is an ellipse, having the extremities of the base as foci. 
Cor. I.— S'P= a - ex. (362) 

For in clearing (l.) of radicals, we get 

that is, aSP = a^- aex ; therefore S'P = a- ex. 

Cor. 2.— SP^a + ex. (363) 

This is also obvious, from Def. I. 117. 

2. Given the base of a triangle and the product of the tangents of the 
base angles, the locus of the vertex is an ellipse. 

3. Given the base and the sum of the sides, the locus of the centre of 
the inscribed circle is an ellipse. 

e have the 



FOTif *F 




re of SPS 


perimeter = 


2a + 2C. 




Also 


i3D\S.taa\S' = ^-^=~ 


= .-T7- 


Now 


tan 15=^, tani^' = 


y . 
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The Ellipse. 



a Mmilar way it may be proved that the locus of the centre of the 
bribed circle, whicii touches the base estemally, is the ellipse 



.^(i. 



(36SI 



and (he loci of the centres of (he escribed circles which touch the base 
produced are the directrices of the ellipse which is the Igcus of the 

4. J/jV is a parallel to the diagonal ^C of a fixed rectangle ABCD. 
AE is made equal (o AD ; and EM, DN ^ 
joined ; prove that the locus of their 
intersection P is an ellipse.— (Pohlke.) 

5. If a line AB of given length slide 
between two rectangular lines OA, OB, 
the locus of a point i' fixed in the shding 
line is an ellipse. '?ox\i:\.AP=b,BP-a\ 
then, denoting the co-ordinaies of P by xy, 
and the angle OAP by S, we have 

Hence, eliminating 9, we get 

6. If a fised point S, and a fixed circle, whose 
centre is O, be both at the same side of a fixed line 
NN', and through S any line be drawn meeting 
the circle in F, and MN in J? ; then if RO be 
Joined, meeting a parallel to OP, drawn through 
-S in ^, the locus of p is an ellipse. — 

(Bosc 

7. Prove that (he radius of the Bosc^ich Circle, 
divided by its distance from the fined line, is equal 




8. CB is a fised diameter of a given circ! 
A a fised peint in CB produced. Thnjugh A draw any line meeting 
the circle la i? and JS. Join CD and produce to i^, making CF=AB; 
the locus of .Fis the ellipse 



AC^ AB^ 



(Sir "W". Hamilton.) 
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1 68 The Ellipse. 

120. To express ike co-ordinates of a point P on an ellipse 
ABA'S in terms of a single variahh. 

Let AA', BS be the transverse and the conjugate axes of 
the ellipse upon AA' as diame- 
ter ; describe the circle AP" A' . 
Let P be any point of the ellipse, 
MP its ordinate ; produce MP 
to meet the circle AP'A' in P. 
Join OP, and denote the angle 
MOP by ^ ; then, since 0M= x, 
OP" = a, we have * = a cos <j>. 
This value, substituted in the 
equation {361) of the ellipse, 
gives^ = 6 sin<l>: therefore the cc 
6 sin 4t. 

Def. — The circle described on AA' as diameter is called the 
y circle of the ellipse, and the angle ^ the eccentric 




irdinates of P are a cos ^, 



The term eccentric has been taken from Astronomy; the angle ^ ii 
that science being called the eccentric anomaly. 



PM : PM : : a 



(366) 



Hence we have the following theorem : — The locus of a 
point P which divides an ordinate of a semicircle in a 
given ratio is an ellipse ; 01 again. If from all the points in 
the circumference of a circle in one plane perpendiculars be let 
fall on another plane, inclined to the former at any angle, the 
locus of their feel is an ellipse {called THE orthogonal pro- 
jection OF THE circle). FoFj the diameter of the circle 
which is parallel to the intersection of the planes is unaltered 
by projection, and the ordinates of the circle perpendicular 
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The Ellipse. 169 

to this line are projected into lines having a given ratio to 

them. 

Cor. 2. — If through P the line /Wbe drawn, making with 

the transverse axis an angle equal to the eccentric angle, 

/Wis equal to the semi -conjugate axis b. 

Cor.i.—NN' = a-b. (367) 

Cor. 4. — Ifpbe the radius vector from the centre to any 

point P of the ellipse, then 



p = a^{<f,), where A^ = ■v/ 1 - s^ sin> ^. (368) 
Observalion.—li the equation of tlie ellipse be written in the form 



<My=baD.2»\ hence, if zS = ^, ive havej" = isin^, as before. (Compare 
Art. 108.) 



Examples. 

r. The auxiliary circle touches the ellipse at the two points A, A'; 
hence it has double contact with it. 

2. If on the conjugate aiis as diameter a circle be described, and ordi- 
nates be drawn parallel to the transverse axis, the ordinatcs of the ellipse 
are to those of thg c ri.le as a 6 

3- If a c}hndet standmg on i circuhr base be cut by any phne not 
parallel to the base the section 15 an ellipse 

4. If a cttcle roll mside another of diubk its dnmefcr any point 
invariabh connected with the rolling cuclc but njt on its circumference 
describes an ellipse 
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12 1, The locus of I he middle points of a system, of parallel 
chords of an ellipse is a right line. 

Let PP' be a chord of the ellipse, and let the eccentric 
angles of P, P' be (a + (i). -^ 

{a-p) respectively; then (Art. 
22, Ex. 3) the equation of PP' 




icosa .x+asina .j' = al>cosl3. 

(■•) 

Now it is evident that if a be 
constant and ^ variable, PP' 
will be one of a system of parallel chords. 

Let Xi,y, be the co-ordinates of the middle point of /*/",, 



Xi 



! have 
■ - {cos(a + 



■) + cos(q-;8)| =flcoso 



J'i = -{sin(a + ^) + sin(a 
Hence is'ma.x,-! 



jS)} =isinacosy3. 

COSa.^i = 0, {369) 

which is the required equation. This is the line QQ'. 

Cor. I.— Let i?i?be the diameter parallel to /V" ; then, 
since JiP' passes through the origin, its equation must con- 
tain no absolute term. Therefore, from (i.), cos ^ = o, 
or ;8 = 90° ; hence the equation of HR' is 

& cos a.x + as'ma.jy = 0. (37°) 

Cor. 2.— U PP' move parallel to itself until the points 7*, 
P' become consecutive, then PP' will become the tangent 
at Q, and evidently we mnst have ^ = o ; therefore the tan- 
gent at Q is 

dcosa.x + a s'ma.j' = ali. (37 1) 

Now, i{x',y he the co-ordinates of Q, we have x' = aco5a, 
y= isina; hence, from (371) we get the tangent at x'y, 



xx- yy_ 



(37^) 
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The Ellipse. 171 

Cor. 3, — If the angles which QQ, RR make with the axis 
of X be denoted by B, ff, respectively, we have from (36g),. 

(37°). J J 

tan S = tan a, tan 6' = - - cot a ; 
therefore tanO .tznff = - -^. (373) 

Since this remains unaltered by the interchange of and ff, 
it follows that, if two diameters Q(^, RR' of an ellipse be such 
that the first bisects chords parallel to the second, the second 
also bisects chords parallel to the first. 

Def. — Two diamders which are such that each bisects chords 
parallel to the other are called conjugate diameters. 

Cor. 4. — Since the eccentric angle of Q is a, and of R 
a + - {Cor. i), we see that the differ en ce between theeccen- 

tric angles of the extremities of two conjugate semi -diameters 
is a right angle. 

(7ur_ 5. — If y, y" denote the co-ordinates oi R, we have 



but 


^' = ^coSa, 


y- 


.Ssi„a; 






therefore 


y'=-^y, 


y 


J-.: 




(374) 


Cor. 6.- 


•If the conjugate s 


emi 


-diameters CQ, 


CR be dc- 


notcd by a' 


, U respectively, we 


have 








J'.^'ty.a' 




i'. + Ssirf 


■a; 






p .: y +y . a 


!=sit 




i'a; 




therefore 


a'' + P 


.a' 


•ti'; 




(375) 


hence the 


sum of the squares 


of two 


conji 


igate semi- 


diameters : 


is constaut. 
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172 The Ellipse, 

Cor. 7.— The tangent at Q is parallel to the diameter 
RR'. 

Cor. 8.— The area of the triangle QCR = ^{:»^ y - x^'y'), 

= V\ ""'"' /'""' |=i<i*; (376) 

j -a sin a, ficosa | 
therefore the area of the parallelogram QCRT is equal to ab. 
Hence itfoUows that tkearea of the paralMogram formed by the 
tangents at ike extremiiies of any two conjugate diameters of an 
ellipse is constant. 

Examples. 

I. Given aoy two conjugate semi-diameters OP, OQ of an ellipse, to 
find the magnitude and direction of its ases. 

From P let fall the perpendicular PAf oa OQ; produce and cut off 
J'i> = OQ ; join OB, and on OZ) as diameter describe a circle ; let C be 




its centre ; join PC, cutting the circle in the points E, F; join OE, OF, 
and make OB = EP, and OA = FP. TheE OA, OB ace the semiaxes 
required. 

Dem. OA'+om=EP^ + FF^^2CP^+2CE''=.2CP^-^ zOC 

= OP^ + Pi:r'=OP'+OQ'; 
that Ls, equal to the sum of the squares of tlie semi-conjugale axes. 

OA.0B = FP.EP^DP.NP^OQ.NP= paraUelogram OPQR. 
Hence (Cora. 6, 8) OA, OB are the semiaxcs required. 
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The Ellipse. 175 

The foregoing beautiful construction is due to Mannheim. See Nouv. 
An.de Math., 1857, p. 188; 3]soV^'M.amioa'i Differential Calculus, fifth 
edition, p. 374. 

2. Being given the transverse and conjugate diameters of an ellipse to 
construct a pair of equiconjugate diameters. 

3. Prove that the acute angle between a pair of equiconjugate diameters 
is less than the angle between any other pair of conjugate diameters. 

izz. To find ike equation of an ellipse re/erred to a pair of 
conjugate diameters. 

Let CP, CD be two semi -conjugate diameters of lengths 
a', h' ; let RR' be a chord j^ ^ 

parallel to CD ; then RR! is bi- 
sected by CP in N. Hence, 
denoting CN, NR by x, y, and > 
the eccentric angles of R, R' by \ 
(a + /3), (a - yS) respectively, 
have 



(acos(a+j3) + 



.S(a^/3)i 




= Ca'cos=a+i=sin=a)cos=;S = a'=cos'y3. (Art. 121, Cor. 6.) 
In like manner ^ - h''^ sin^ /? ; 

hence 



a^ y_ 



(Compare Art, 101,3".) (377) 



Cor. I. — ^The co-ordinates of any point on an ellipse re- 
ferred to a pair of conjugate diameters can be represented 
by 

^cosft i'sin^. (378) 

Cor. 2. — The equation of the tangent to an ellipse referred 
to a pair of conjugate diameters is 

xx' Xy' _ .rcos^ ^sin^_ 
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174 The Ellipse. 

Cor. 3. — If the tangent at R meet CP produced in T, 

CN. CT= CI"; (380) 

for the tangent at R is —^ + ^^ - 1 ; and putting _>" = o, we 
getxy = a'=, or CN . CT= CP''. 

Cor. 4, — The tangents at the extremities of any double 
ordinatesT?^' meet its diameter produced in the same point. 

Cor. 5. — The hne joining the centre to the intersection of 
two tangents bisects their chord of contact. 

Examples. 

I. If ji£be any diameter of an eK.pst, AE, BD tangents at its exlremi- 
ties, meeting any third tangent ED in 
E andZ>; prove that AE.BD = square 
of semi-diameter conjugate to A B. 

For denoting AC and ils conjugate 
by a', h', the equafian oX ED is 



~~^ 


(Equal 




v^ 


C 


/ 


Hence, denoting AE, BD by yi, y-i 
respectively, we have, substituting - a',^ii 


respectively, for 


X 




JlS 


n».i-(i-co 








hence 
2. If CD, 


CE be drawn intersecting the ellipse 1 


n D', E' 


(381) 
prove that 



et of DB, prove tliat DP . PE - square 

:ter. [Make use of Ajt. roi, 2'.] 

I, the circle described on DE as diameter 



CD", CE- are conjugate sei 

3. IfP be the point of 
of parallel semi -conjugate 

4. If^Sbe thetransveri 
passes through the foci. 

5 . If CP, CD be any two semi-diameters ; PT, DE tangents at P and D, 
meeting CD, CP produced in Zand E ; prove that the triangle CPT= CDE. 

6. In the same case, if PN, DM be parallel respectively to DE and PT; 
prove (hat the triangle CPN= CDM. 

Ots.—Tao chords, such as AB, BP, jednbig any faint P in the ellipse 
if any diameter AB, are called SVePlXMENlAL QaosjtS. 
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The Ellipse. 



1.75 



) vertices -t 



•J. Diameters parallel to a pair of supplemental chords are conjugates. 

8. If a parallel to a fixed line meet a given semicircle in C and its dia- 
meter in D ; prove tliat the locus of the point E, which divides CD in a 
given ratio, is an ellipse. 

9. If a line AB of given length slide between two fixed lines ; prove 
that the locus of the point P, which divides AB in a given ratio, is an 

10. If a given triangle ABC slides with t 
fixed lines OX, OY; prove that the 
third vertex C describes an ellipse 
{SCHOOTEN, Orffmica Cenicomm 
Descriptio, 1646, c. 3, Ex. Math, iv.) 

About the triangle OBA describe a I 

circle cutting ACiaD; jom BD, OD ; 
then, because the angle A OB is given, 
the angle ADB is given; hence the , 
three angles of the triangle BCD ai 
given ; and 5 nee BC a give 1, CD is 
given; also he angle BOD being 0\ 
equal to BAC gi en Hence the 
line OD is gi en n po t on and the 

proposition redu ed to the following: — AD, a line of given length, 
slides between two fixed lines OX, OD, and Cis a fixed point in it ; there- 
fore (Ei. 9) the locus IS an ellipse. 



123. To find the equah 
point Kfjf. 

Let a be the eccentric an 
equation to the tangent at 
a (Art. 121, Cor. 2) is 
5cosa..» + asina.j' =a5; 
hence a sin a {x -- x') 
~ icos a(j'-y) = o is the 
equation of the normal; and, 
putting for x',y their values 
in terms of a, we get 




0/ the normal to the ellipse at the 
gle of the point x'y ; then the 




cos o..y = es\n a cos b^ 
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176 The EUip. 

x' y 



^ "■ (383) 



The equation of the hne bisecting perpendicularly the 
chord joining the points (a + /3), (a-;8) is (equation (44)) 
ax by 
^ — =t:=coS;8; and, if the points coincide, the chord 

becomes a tangent, and |8 = ; thus we get the same equa- 
tion as before. 

Cor. I,— In equation (382) put J' = o, and weget-r = ae=cosa, 
CG.,'x; (38,) 

hence MG^ = ( i - ^)a cos a. 

Cor. z.—PG" =PM^-¥ MG' = ^- sin= a + (i ~ e'f a" co&^ a ; 
but i-e'= -; therefore PG' = 3= { sin' a + (1 - e'') cos' a} 
= ^(i-^"cos'a); therefore 

PG^hV 1 -c'cos'a. (385) 

PG' = J V'i-e' cos-' a; 
therefore PG . PG' ^ a^ {i - e' cos= a). (386) 

Cor. 3. — If p, (,' be the focal vectors to P, we have 

p = a\ ex' = a{i + e cos «), 

p' = a - ex' = a(^i - e cos a) ; 

therefore PG . PG' = pp'. (387) 

Cot. 4. — If CR be the semi -diameter conjugate to CP, we 
have 

CiP=C=sin'ci + ^=COS^a = «'{l-(=COS'a). 

therefore pp' = CJ^ = *^. (388) 

lence PG . PG' = b'-. (389) 
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Qor. 5- — If CL be perpendicular to the tangent at P, 

en- f . . 



Therefore CL.PG = P, and CL.PG' = a\ (390) 

Examples. 
I. The co-ordinates of the intersection of normals at tlie points (a + S) 



3. If the normals at a, fl, 7 be 



3. The two foci and the points P, G\ are concyclic. 
H. Find the condition (hat (he normal at the pomt a 



should pass through the point a 



5. Find the co-ordinates of the intersection of t^ 
Making B = o, in Ex. i, we get 



(393) 



Or thus: — the cordinates of a point equally distant from a, fi, 7 (Art 21, 

^cosJ(a+B)eosHe+T)«>sMr+''). -f^M« + «smJ(e+7)sinJ(7+«)i 
iind, supposing the points to become consecutive, we get, for the centre of 
a circle passing through three conseculive points, the same co-ordinates 

Def. — The circle passing through three consecutive points of a curue is 
G CIKCLB, or CIKCLE OF CURVATURE at Ike point. 
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6. Find the locus of the centre of curvature of all the points of an 
ellipse. Eliminating a from the equations (393), we get 

MH-(ij)i = .f. (394) 

This locus is called Ihc evolute of the ellipse. 

7. Four normals can in general be drawn from any point to an ellipse. 
For if hk be Ihe point, the curve of the second degree, 

a=A_ S^^ _ ~ 

passes through the feet of the normals. 

8. The radius of curvature at a is = — ■, where p is the perpendicular 
from the origin on the tangent. 



The radius of 



s the distance between the points 



■h(- 



ins), 



ivhich by an easy reduction can be shown = — -. (395) 

9. In the figure, Art. 120, if we complete the rectangle NON'Q, prove 
that the normal at P passes through Q. 

10. The equation of the circle, whose diameter is the whole length 
of the notmal intercepted by the eUipae, is 

(a* siii= a + ** cos' ■.) (i' +y) - !<:' sin , cos a (a sin = . ;v ^ 6 cos a . jv) 

124.. To find the lengths of the perpendiculars fro; 
the tangent at any point <}>. 

The tangent is 
3 cos ift.x + asin<]i.j' — ab = o, 
and the co-ordinates of the 
focus S are ae, o. Hence 
the perpendicular 

■6 {i - e cos ^) 



the/oci 



SL^ 



os^0) 
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^l 



Cor. i.—SL^p= ^= = 



(397 
(39S) 
= sm^i'Z = 5"/'Z'. (399) 



Cor. 3. — The tangent LL' bisects the external angle at P 
of the triangle SPS', and the normal PG the internal angle. 

Cor. 4. — The first positive pedal (Art. 110) of an ellipse 
with respect to either focus is the auxiliary circle. For since 
the angle SPH is bisected by PL. we have SL = LH\ there- 
fore SH'vs bisected in L, and SS' is bisected in C\ therefore, 
if CL be joined, CL = IS'H^ h{SP\ PS) = a. Hence the 
locus ofZ is the auxiliary circle. And conversely, the first 
negative pedal of a circle with respect to any internal point 
is an ellipse, having the point for one of its foci. 

Cor. 5. — If any point in £L' be joined to S, the circle 
described on the join will 
intersect the auxiliary 
circle in L. Hence may 
be inferred a method of 
drawing tangents to an 
ellipse from an external 
point. Thus, if Q be the 
point, join QS, and on QS 
as diameter describe a 
circle intersecting the 
auxiliary circle in L and 
M. QL, QM are the 
tangents to the ellipse. 

Cor. 6. — The two tangents from Q are equally inclined to 
the focal vectors QS, QS'. For, join the centres C, of the 
circles ; then CO is parallel to QS' ; therefore it bisects the 
arc^^, but the line joining the centres also bisects the arc 
ML. Hence the arc RM= SL, and the angle S'QM= SQL. 
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Examples. 
I. Find the relation between the eccentric angles of two point 
joining ehoid passes through a focus. 

If the eccentric angles be (a + jS), (o - S), the chord will be 



and if this passes through the focus {at, o), we get 

ecoso = cosB. (400) 

Hence the equation of any focal chord is 

the sign depending on the focus through which the chord passes. 

2. The tangents at the extremities of a chord passing through either 
focus meet on the corresponding directrix. For the tangents at the points 
(b + B), (o-B), are Scos (a + B).J^ + 3sin(n + e)j' = 'i&; 

6cosia-Bl^ + asin(o-fl)j' = <i;'; 
and the co-otdinates of the point where these intersect are — ■ 

Substituting the value of cos fi from (400), we get 

"-< — ^. (403) 

which are the co-ordinates of a point on the directrix. 

3. In the same case the join of the mtersectioQ of tangents to the focus 
is perpendicular to the chord. For the line joining ae, o to the point 

(403) is osina.j^- 6coso.>' =0, which is perpendicular to the 

chord (401). 

4. If the co-ordinates in (402) be denoted by x'y', we get 

^ '^cosfl ^ /cosfl 

" a ' " S " 

Substituting these in the equation of the chord, we get 



Hence the chord of contact of tangents from ^y' \i 
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5. If the chord &cosa.a: + osina.^ = aScosS pass Uwcmgh a fixed 
point ^y , the locus of the intersection of tangents a ' 



For, denoting the co-ordinates {402) by xy, and substituting in b cc 
+ a sin a .y = a5 cos B, we get 



TSiX.—TheUns ^ + ^= > is called the iOl^hs. of the point ^ y with 

respect to the elUps(. (Compare Arts. 59, 99.) 
Cor. — The directrin is the polar of the focus. 

6. I( a i)e variable and jS constant, the chord joining tiie points (a + fl), 
(a - ;3) is a tangent to the eUipse 

f^)'+ ^|V=cos=e- (40s) 

7. In the same case tlic locus of the intersection of tangents is 

£)% (!)■=.«. 

8. The equation of the perpendicular from the point (402) on the chord 
Joining the points (a 4- B), (a - S) is 

— ■/— = -^-^ (compare Art. 123), (40;) 

which meets the axis in the points 

that is, in the points 

^x-, -'^^. (408) 

9. Find the condition that the Join of (« + &), (a - &) shall touch the 

(s)'* (*;)'■■'■ 

If fl) be the point of contact, tlie equations 

iicosip . X + iJisin ^ .7 — niii = o, 
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represent the same line ; hence, eliminating ^ from the equations 



we get — ^j — + — jj— = cos^ft (409) 

which is the required condition. 

10. If ^ denote the angle between the tangents at {0 + jS], (a - &), 

'^""^ = K-4=) cos 2a-(«'+*') costs' '^'"^ 

!i. If the angle cp be right, we get (o=- *=) cos 2a= (tt= + 6=) cossfi. 

Hence, denoting , - — — - by x, y, we get the circle 

^=^+^ = 3^ + ;= (411) 

as the locus of the intersection of rectangular tangents, 
Def.— TXc circle (411) is called the dirp.ctor circle of the ellipse. 

12. If in Ex. 9 we put a^ = a= - >?, b? = h-- x', the eUipses will be 
confocal, and equation (409) reduces, if b' denote the semi-diameter con- 
jugate to that drawn to the point o, to 

Bi«^i;, (...) 

which is the condition that the join of the points (a -r 3), (a — /S) on the 
ellipse 

shall touch the confocal 

13. If two tangents to an ellipse be at right angles, their chord of con- 
lact touches a confocai ellipse (Ex. 11, 12), 

14. If from the point ( , — | perpendiculars be drawn to the 

' \cos,8' cosyS/ '^ ' 

four focal vectors of the points (n -I- jS), (0 - $), these perpendiculars are 
equal, their common value being b tan $, Hence we have the following 
theorem ; — TRe four focal vectors drawn to any two points of an ellipse 
have one common tangential circle, -oikose centre is the pole of the chord 
joining Ike two points. The equation of the circle is 

(.tcosB-acosa)=+(>'cosfi-5sina)==6=sin25. (413) 
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15. The angle ^ between the tangents to an ellipse can be expressed in. 
terms of llie focal vectors to their point of intersection ; thus, denoting 
these by p, p', we get 

then, putting for 6* the value 3=(i - e'), we get, after an easy reduction, 

p^cos^e^aMn-^coMo-HSJlll+^costcx-e)}. 
Similarly, 

p'^cos=^=3'(i-^cos(o + fi)}{t-.co.fa-fl)|. 

pp'cos=a=a=V{i -V-= coi= (a + ?] Hi -e^ cos= (= - ft J . 

(p5 + p'l _ 4a!) cos= e = (a= - 4=) cos 2a - {a? + S^) cos 26 
Now from the value of tan ^ (Es, 10) we get 

^^ ( a'-i^)cos'2,-(a' + &')^os2e 

2a^"V{i"-^cos^(c."+e)} (i-^eos="(a-^)} 

Hence cos * = ^-1±^I^' ; (414J 

2pp- 

and putting p + p' = 2a', ive get 



16. If /I, ^', ,u" be the semi-axes major of three confocal ellipses, and if 
from any point in the outer, tangents be drawn to the thtee; then, if 
{mi) denote the angle between the confocals p., n', 

sin»(;V'') ■■ sin' (w'") ::>.= - (-'^ : M= - t^"^- (416) 

17. If tangents at (11+6), (b-6) intersect on the confocal. 



If the semi-diameter of {a' + 1?), conjngatc to that drawn to the point a, 
be denoted hy &', (417) may be written 
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19. If c denote the length of the chord joining the points (a + 
i-,9), we have (Dem. Art. 122) t^ = 4*'* sin'ft and from Ex. 



c= — T-. (BURNSIDE.) 

I. If tangents to the coiifocals 



be at right angles to each other, ihe line joining the point of contact on 
one to the point of contact on the other is a tangent to a third confocal, 
the squares of whose semi-axes are 



21, If tangents to two confocal ellipses be parallel, the angles sub- 
tended at the foci by the points of contact are equal. 

125. The locus of the pole of any tangent to an ellipse, with 
respect to a circle whose centre is one of the foci, is a circle. 

Dem. — Let S (see fig. Art. 124) be the focus, R the radius 
of the circle whose centre is S, and with respect to which the 
poles are taken. Let fall SL perpendicular to the tangent to 
the ellipse, and make SL .SQ = H^; then L, Q are inverse 
points with respect to the circle whose radius is R ; and since 
the locus oi L is the auxiliary circle, the locus of Q is its 
inverse, and is therefore a circle ; but Q is the pole of LL', 
and is the point whose locus is required ; hence the proposi- 
tion is proved, 

Def. — The locus of the poles of all the tangents to any curve 
with respect to a circle is called the reciprocal polar of that 
curve with respect to the circle. 
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From this definition we see that the foregoing proposition 
may be enunciated as follows : — The reciprocal polar of an 
ellipse, ■with respect to a circle whose centre is one of the foci, is a 

Cor, I , — If we take two consecutive tang^ents to the ellipse, 
their poles will be consecutive points on the circle which is 
the reciprocal polar of the eUipse ; but the join of the poles 
of two lines is the polar of the point of intersection of the 
line. Hence the locus of the pole of any tangent to a circle 
is an ellipse. In other words, The reciprocal polar of a circle 
with respect to another circle is an ellipse, having the centre of the 
reciprocating circle for one of its foci. 

Or thus : 

Let S be the centre of the reciprocating circle, Q any point 
on the circle whose reciprocal polar is required ; join .S"^, 
and make SQ . SL = Ji', and draw LL' perpendicular to SQ. 
Now, since SQ . SL = JP, the locus of X is the circle which 
is the inverse of that which is to be reciprocated ; and since 
ZL' is perpendicular to SL, the envelope of LL' is the first 
negative pedal of a circle with respect to a given point. 

Cor. 2. — Since the auxiliary circles of a system of confocal 
ellipses is a system of concentric circles, and the inverse of 
a system of concentric circles is a system of coaxal circles, 
we have the following theorem : — The reciprocal polars of a 
system of confocal ellipses, with respect to a circle whose centre is one 
of the foci, is a system of coaxal circles, having the focus as one of 
the limiting points. Conversely, The reciprocal polars of a sj/siem 
of coaxal circles, with respect to one of the limiting points, is a con- 
focal system, having that point for one of the foci. 
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Examples. 

*l. Ifaquadiilateral^^', 5^' be inscribed in a circle X, and if the dia- 
gonals AB, A'B' touch a circle y of a system coaxal mth X, then the 
sides (Sequel to Euclid, p, 126) AA', BB' touch another circle of the same 
system, and the four points of contact are coUinear. Reciprocally, If a 
quadrilateral he circumscribed to an ellipse, and if two of its opposite ver- 
tices lie an a confocal ellipse, two of the remaining vertices lie on another 
eonfocal, and the four tangents at these vertices are concurrent., 

2. The reciprocal polar of the directrix of an ellipse with respect to a 
focus is the centre of the circle into which the ellipse reciprcvcates. 

3. If a variable chord of a circle subtend a right angle at a fixed point 
within the circle, its envelope is an ellipse, having the fixed point for one 

"4. If L be one of the limiting points of two circles O, C, and LA, 
LBtvio radii vectors at right angles to each other, and terminating in 
those circles, the locus of the intersection of tangents at^and^isa circle 
coaxal with O, O [Sequel to Euclid, p. 162). Reciprocally, If two tan- 
gents, one to each of two confocal ellipses, be at right angles to each other, 
the envelope of the Une joining the points of contact is a confocal ellipse, 

"5. The envelope of the chord of contact of tangents to a circle which 
meet at a given angle is a concentric circle. Reciprocally, the locus of 
the intersection of tangents to an ellipse, whose chord of contact subtends a 
given angle at the focus, is an ellipse, having the same focus and directrix. 

126. The rectangle contained by the segmenU of any chord, pass- 
ing through a fixed poinlin the plane of an ellipse, is to the square 
of the parallel semidiameter in 

constant ratio. (Compare 



Art. . 



0,) 



Let O be the fixed point, 
and take the lines OX, 01' 
parallel to the axes of the 1 
ellipse ; let the co-ordinates 
of the centre with respect I 
to OX, or be x; y -, then " 
transforming to O, as origin, the equation of the ellipse if 
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Now, take any point R in the ellipse, join OR, meeting the 
curve again in R' ; then, if r, 6 be the polar co-ordinates of 
R, we have x == rcose,^ = r sin $. Hence from equation (i.) 
we get 

{a" sin' 6 + i' cos' 0) r' - 2{a'y sin O-l-b-x cos By 

+ {/rx^ + a-'y"--aH-') = o. (il.) 
Now the roots of this quadratic in r are OR, OR'. 

Hence "^ ■ 0^' " ^S^Jfell- 

Again, if p be the radius vector through the centre parallel 
to OR, we have 



therefore j = "y + IT ~ ' - '•+^'-' 

that is, equal to the power of the point with respect to the 
ellipse. Hence the proposition is proved. 

Cor. I .—If O^be another line through O cutting the ellipse 
in S, S', and p' the parallel semi diameter, 
OS. OS' _x'^ j2_ 



OR. OR' p" , . 

Hence t^ v ^c, = — ■ \^^^) 

OS -OS p- 

Cor. 2.—U through another point o two chords be drawn 
parallel to the chords OR, OS, and cutting the curve in r, /; 
s, /, respectively, 

OR.OR' ^or^ ^ J 

OS . OS" OS . OS- 
Cor. 3-— If the points R,[R' coincide, OiJbecomes atan- 
gent, and if S, S' coincide, OS becomes a tangent ; hence, 
from Cor. i , Any two tangents to an ellipse are proportional to their 
parallel semtdiameten. 
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Examples. 

I. The reclangle EP.PD (stc fig., Art. ill, Ex. i) is equal to the 
square of tte parallel semidiameter. 

X. I£ any tangent meets two conjugate semidiameters of au ellipie, the 
rectangle under its segments is equal to the square of the parallel semi- 
diameter. 

3. If through any point O, in the plane of an ellipse, a secant be drawn 
meetmg the ellipse in two points Ji, R', the locus of the point Q, which is 
the harmonic conjugate of O with respect to R, R\ is the polar of O. For 



OQ OR OR' ~\ a^y+S^^' 
Hence, denoting OQ by p, we get, putting p cos 6 = x, p sin (1 =y, 

or, transforming to the centre as origin, 

which is the polar of the point — x' - y (see Art. 124, Ex. 4). 

4. If.4, .She any two points, C the centre of the ellipse, and if jJff.^ff 
be drawn parallel to CB, CA, intersecting the polars of B, A, respectively, 
in the points G, H; then^ff. CBiAC.BH: : square of semidiameter 
through B : square of semidiameter through A , 

5. If ^A'be the polar of the point A; P any point ott the ellipse ; APz 
perpendicular to the tangent at P; PG the portion of the normal inter- 
cepted between the curve and the transverse axis ; PM a perpendicular 
from P on MN\ then PG . AP varies as PM. For if the co-ordinates of 
A bex'j/; ofP, x"y\ then 



This theorem gives an immediate proof of Hamilton's ZaiBo/iw-i 
Proceedings ef the Royal Irish Academy, No. LVII. vol. iii. p. 308. . 
Quarterly Journal of Mathematics, vol. v, pp. 233—235. 
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6. Find the equation of the line through the point ay parallel to its. 
polar. If (a + fl), (a- fl) be the eccentric angles of the points of contact 
of tangents from ^y', the line lequired is 

'-^i'-^-m-<t^L. (4,4) 

7. In the same case the litie through the centi^ and ^ y is 

'-^-'—- — M. (4a5) 

8. The equations of the tangents through x y to the ellipse are 

Z C0S3 t .il/sine = o. (426) 

9. The product of the equations of the tangents is 

\7'*¥^')\lf*v-')\lf*v-')-°- «■-> 
Compare Articles 55, 99. 

*i27. To find the major axis of an ellipse confocal to a given one 
and passing through a given point. 

x^ ii' 
Let hk be the given point, -^+^-1=0 the given ellipse, 

then, putting a'-ii' = c\ the equation of the required ellipse 

will be of the fonn -j^+ -^ — ^= 1, and substituting the given 

co-ordinates, we get 

a" - {h'-\k^\^')a'^ + eh"- = o. (428) 

Similarly i"-(^= + ^-f')5'=^(^^= = o. (429) 

Let the roots of these equations be a'"^, a"^ ; b''\ b'"', respec- 
tively ; then 

a'a" = ch, h'h" = c]i~/-\. (+30) 

Hence we have the following theorem : — Two confocals to 
the ellipse — + — - i = o can he drawn through the point hk : 

* The student is recommended to omit this proposition until he has read 
the chapter on the hyperbola. 
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i of the semiaxes major of these confocals is ch, and of 
or, cki ; where i denotes, as usual, v — i. 

It will be seen in Chapter vii. that one of these confocals 
must be a hyperbola unless A = o, in which case one of them 
must consist of the two foci. 

Def, — The semiaxes major a', a" of the two confocals, which can 
he drawn io a given ellipse through a given point, are called the 
ELLIPTIC CO-ORDINATES of the point (Lame, ' Co-ordonnefes 
■Curvilignes'). 

Cor. I.— A= = ^-4-, --t==- 






therefore h~ + k^= - 

= a-' + &"^^a"' + &'\ (431) 
Cor. 2. — The two confocals to a given ellipse which can 
he drawn through any point cut each other orthogonally. 
For the tangents are 

hx ky _ hx hy _ 

and these tangents are perpendicular to each other if 



Cor. 3. — Let p', p" denote the perpendiculars from the 
centre on the tangents to the confocals through hk at that 
point, and ^', j8" the semidiameters conjugate to the semi- 
diameter drawn to hk, 





P'^+h^-^k^ = a''^r-; 


[Equation (375)] 


therefore 


li- = a-^-a-'\ (Cor. 


0- (432) 


Similarly, 


^"! = J"=_^'5. 


(433) 


But ^'p' = 


:a'i'[Art. izi, Cor. 8]; .-, 




Similarly, 


„, a"'b"'. 
P },.n_ 7/1- 


(435) 
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Cor. 4.— By means of the values of h^, i?. Cor. i, we find, 
after an easy reduction, 









and snbstituting for hk the values 



cos/3' cos^ 



[Art. 1 



ab sin iB 

Ex. 2], this reduces to ,■- „ „, — , „ - ,.. t,- Hence 

-" {a= - P) cos 2a- (a^ + b') cos z^ 

[Art. 124, Ex. 10] we have the following theorem : — 1/ <j> dc- 
nole ihe angle between the tangents to the ellipse -^ + ,.-1=0, 
from the point whose elliptic co-ordinates are a', a", 



„^. ,y(.--j)(j 






Therefore if •j' denote the angle which the tangent at F to 
the confocal a' makes with the tangent from P to the original 
ellipse, we have 



Hence 



sini/' = 



COSl/' = 



(438) 



Cor. $. — The results proved give a new demonstration of 
the propositions, Art. 124, Ex. 16. 

The principal theorems in Con. 4 and 5 were first pub- 
lished in a Paper of mine in the Messenger of Mathematics in 
the year 1866, and were extended to sphero- conies, and 
to curves on confocal quadrics. Corresponding theorems 
were given by Chasles for geodesic tangents to lines of 
curvature on the ellipsoid. — Liooville's /oarua/, 1846. 
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Examples. 
. The locus of the pole of the line ixx-^vy=\, with respect to a system 
conies confocal to -:,-^j^~l~ o, is the line 

J-;-''- («9) 

:. The equation of the director circle of an ellipse in elliptic co-ordi- 



given confocal {a'), to meet 
the tangent at Pio the first ellipse, the locus of the point of intersection 

4. If a', a" be the elliptic co-ordinates of any point, $ the angle in- 
cluded between the tangents from this point to-; + '^— 1=0; then. 

«■* sin=^Ji + a"= cos=^^. = a'. (440) 

5. If from the inletsection of tangents to an ellipse distances be 
measured along the tangents equal to the focal vectors of the intersection, 
the length of the join, of their extremities = 20". 

6. If a tangent to one confocal be perpendicular to a tangent to another, 
the chord of contact is trisected by the join of their intersection to the 

7. The difference between the squares of the perpendiculars from the 
centre on parallel tangents to two confoeals is constant. 

8. The locus of the points of contact of parallel tangents to a system of 
confocal ellipses is a hyperbola. 

9. The locus of the point (a) on a system of confocal ellipses is a con- 
focal hyperbola. 

10. If two secants, OS, OS, cut the eUipse in the points ^, H'; S,S', 
reapectivdy, and be tangents to a confocal. 



For let a? - \% i' - a= be the semiaxes of the confocal ; 6', 6" the semi 
diameters parallel to OR, OS ; then 

OR-OS- = OSZOK- = a/..OS.OIi - [Equation (+19)] 
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OS OS- 
But OR : OS- 

Hence the proposition is proved, 
128. To ^nd /he polar equaii 
If the focus be origin the 
equation of the elhpse is 
«'+y.<-(*H-/)=. [Art. 
Hence, putting 
x=pcos6, jf-psin 



weg 



that is. 



JL- 




Jt is tjstial in Astronomy, when the polar equation is em- 
ployed, to denote the angle ASP, called the true anomaly, 
by 0; then the polar equation is 

Since a{i - e'') - i latus rectum = / suppose, the polar 

equation is p~ ^ . (444) 

Cor. I. — If the angular co-ordinates of two points on the 
ellipse be a + y3, a - ;8, the equation of their joining chord is 

-= ecos^ + secy? cos (6 -a). (44.5) 

P 
For assuming it to be of the form 

- = ^cosfi + 5cos((9-a), 
P 
and putting in succession for 6 the values a + 13, a-jS, we get 

I + e cos (o + ,8) = ^ cos (a^p)+B cos /?, 
1 + ^ cos (a - |S) = ^ cos {a-^)+B cos ^. 



Hence 



A=e, 



B^SQCJi 
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Cor. z. — The equation of the tangent at the point a. is 

- = fcosi' + cosC^-a). (446) 

P 

Examples. 

\. Ifp, p' denote f ho segments of a focal chord, 

' + ^ = 7- (447) 

2. The rectangle contained by the segments of a focal chord is propor- 
tional to the length of the chord. 

3. Any focal chord is a third proportional to the transverse axis and the 
parallel diameter. 

4. The sum of the reciprocals of two perpendicular focal chords is con- 

5. If any chord SX' of an ellipse meet the directrix in B, the line S£> 
bisects the esternal angle of the triangle KSR'. 

6. The join of the intersection of two tangents to the fouus bisects the 
angle made by the focal vectors of the points of contact 

7. If any point on an ellipse be joined to the ettremities of the trans- 
verse axis, the portion of the directrix which the joining bnes intercept 
subtends a right angle at the focus. 

8. The angle subtended at the focus by the portion of any lanable tan- 
gent intercepted by two fixed tangents is constant. 

g. If a tangent from a variable point subtend a constant angle S at the 
focus, the locus of the point is 

- = cosS + ^cos9. (448) 

10. If a chord PQ subtend a constant angle 2S at the focus, the locus of 
the point, where it meets the internal bisector of thai angle, is 

- = secS + eeosfl. (449) 

11. If fl denote the true anomaly, ^ the supplement of the ei 



-».J^;. 



(450) 



12. If Qbe the point on the auxiliary circle corresponding to Pon the 
effipse, the locus of the intersection of SP and the join of Q to the centre 
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1. Find the eccentricity of the ellipse t^ + 4,"' = i- 
i. If two central vectors of an ellipse be at right angles to each other, 
the sum of the squares of their reciprocals is constant. 

3. Find the equation of the circle through either extremity of the trans- 
verse axis and both extremities of the latus rectum. 

4. Find the equation of the tangent at either extremity of tie latus 

5. Thclocnsof the middle points of chords of an ellipse passing through 
a given point is an ellipse whose axes are parallel to those of the given 
eUipse. 

6. If from any point in a circle a line be drawn making a given angle 
with a fixed line, and divided in a given ratio, the locias is an 

7. Two points P, Q are taken on the minor asis of an ellipse at dis- 
tances ^ ftom the centre, and Cf is a perpendicular from the centre on 
any tangent ; prove 



CV ' ~ ■ '^""^^ 

S. Only one chord of an eUipse can be perpendicular K 
bisected by it, unless the line pass through the centre. 
9. If a common tangent to the two ellipses 



(450 
n line and 



touch the first in iCy, and the second in x"y"; then x'x" is equal to the 
square of the abscissa of either of their points of intersection, and yy" to 
the square of the corresponding ordinate. 

-■^lo. If the sum; of the tangents drawn from a point to two drcles 
be given, the locus of the point is an ellipse. 

II. If a circle described through any point /"on the minor axis of an 
ellipse, and through the two foci intersect the ellipse in the points Q, Q ; 
prove that PQ, PQ' are either tangents or normals to the ellipse. 
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12. Tangents ate drawn from a fixed point Pto a system of confocal 
ellipses ; if T, T' be Ihe lengths of the tangents to any of the ellipses, 
and e their included angle, prove 

(|.-i-^)ce.ifl = constant. (Crofton.) (452) 

13. The area of the triangle formed by the tangents from the point 



and tteit chord of contact, is ab sin^ S tai 

14. If ^, A' be the eitremities of the 
ellipse, whose eccentric angle is ^ ; prove 

UaAPA-^ =^t— . 

fl«=sin* 

15. If from any point Tin FT (the tangent at/^ a perpendicnhir TR 
be drawn to the focal vector SP, and a perpendicular TM on the direc- 
trix ; then SE = eTM. 

16. Find the equation of the circle described on the intercept which the 

makes on the line 7 = mx + n ; and thence show how to find the length 
of the normal at any point of an ellipse until it meets the ellipse again. 

17. The locus of the intersection of tangents at the extremities of a pan- 
of conjugate diameters is 



and the envelope of the join of their extremities is 



of the pole of the normal at the point a 
of the pole is 
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19. If a (angent at any point P meet the transverse axis in T', tlien, if 
5 be the focus, 

cos SPT= e cos STP. (454) 

20. Find the pedal of the ellipse with respect to its centre. 

21. If perpendiculars at a point P of the ellipse lo the hnes AP, AP' 
(see Ex. 14) meet the transverse axis in the points Q, Q\ prove fhat QQ' is 

22. Prove that two of the normals drawn from the point whose co-ordi- 



aV2 ' SVs 

meet the ellipse at the extremities of a pair of conjugate diameters. 

23. Find the equation of the pair of lines joining the centre of the 
ellipse to the points of contact of tangents from !(fy'. 

z/i. The sum of the eccentric angles of four concyclic points on an 

25. If a circle osculate an ellipse at the point a, the co-ordinates of the 
point where it meets the ellipse again are, acos3n, — i sin ,3a. 

26. The sum of two focal chords of an ellipse parallel to two conjugate 
diameters is constant. 

27. Any two fixed tangents are cut homographically by a variable tan- 



28. If 5 be the focus, Tany point on the tangent at P, TMa, perpen- 
dicular on the directrix ; then, ifS7'=^ TM, 

co%PST=^. 

pass through a fixed point T, and 

ts.-a.lPST. \.3.a\P-ST="-^—,. (M'CuLLAGH.) 

30. If S, S' be the foci, and if the circle described on SS' as diameter 
meet the conjugate axis in H,H'\ prove that the sura of the squares of the 
perpendiculars from H, H' on any tangent is constant. 

31. If all the tangents to an ellipse be inverted from any internal point, 
the locus of the centres of all the circles into which they invert is an 
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31. If V be the intercept which any noimal to an ellipse makes on. the 
transverse axis, aud ^ the angle which it makes with it ; prove 



33. If two central vectors of an elKpse be at right angles to each other, 
the envelope of the join of their extremities is a cirde. 

34. If the chords joining the pairs of points 0, ^ ; 7, S, respectively, 
meet the transverse aiis in points equally distant from the centre ; prove 

taji°tan|tan^lan'= I. (456) 

35. The area of the paraUelogtam formed by the points a, S. and the 
points diametrically opposite to them = - — — . 

36. If the co-ordinates in Ex. 22 be denoted by jc, ^ ; prove 

2 {a^x^ + J^fY = .;' (a-^x^ - Vyf (457) 

37. If CP, CD be two conjugate semi -diameters, and if the normals at 
Pbe produced both ways to Q, Q, making PQ, PQ each equal to CD; 
prove that 

C^ = a + i, CQ'^a-b. (M'Cullagh.) (458) ■ 

38. The locus of the intersection of normals at points, whichhaveequal 
cs, on the ellipses 



39. lixiyi, x-iyi,, Xsyi be any three points, and if 
5^^ + -^- 1=0, 51^^^+-^- I, 7',, = ^ + ^-l,&c; 
prove that — 4 (area of triangle formed by these points)^ ^ a'tP' is equal 



1- Til, 


7i3, 






■,2, &, 


n^, 




(459) 


i;, T^, 


S^ 










[Pro 


F. Curtis, sj.) 
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40. If the three points form a self-conjugaie triangle, with respect lo S, 
and if A denote the discriminaiif — -, 



^-^i^ 



SiS^ 



(BURNSIDE.) (460) 

41. If they form a triangle circumscribed about S, 

area = ab{':/s[ + VS^ + V^j. (461) 

(Prof. Curtis, s.j.) 
4i. If the triangle be inscribed in 5, 



a = ai J; 



TnT-a 7-^1 



[Ibid.) (4(^2) 



43. If PM be an ordinate at any point /* of an ellipse, find the locus of 
the intersection of ftl/, with the perpentlicular from the centre on the tan- 
gent at P. 

44. Find the locus of the point of bisection of the portion of the tan- 
gent to an ellipse which is intercepted by the axes. 

45. If a point P whose eccentric angle is 8 be joined to the foci, and the 
joining hnes produced meet the ellipse again in ^, S ; find the equation 
of QR, and prove that its polar lies on the normal at 9. 

46. If f be the eccentric angle of the point P of an ellipse, Q the point 
on the auxiliary circle corresponding to P; prove that the area of the 
parallelogram formed by the points P, Q and the points diametrically 
apposite to them is 2a{a - b) sin 2^. 

47. In the same case, prove that the area of the parallelogram formed 

by the tangents at the same points = — — ^ . 

(a-6)sm2,t, 

48. If the normal at P meet the transverse and the conjugate axes in 
the points G, G', respectively ; prove thai the middle point of CG is the 
centre of a circle through P and the extremities of the minor asis ; and 
the middle point of CG' the centre of a circle through P and the extre- 
mities of the transverse axis. 

49. If the product of the direction tangents of two lines touching an 
ellipse he given, and negative, the locus of their point of ii: 

50. Find the locus of the point of infersection of 
angles to each other. 
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51. If fl be Ihe angle between a central vector and the normal at 
point ^; prove 

52, The knglhs of the tangents from the point x'y' to the ellipse 



T^^cS- (Crofton.) (463) 



53. A circle has double contact with an ellipse at the points P, P" . 
Prove that the sum of the distances of the points P, P' from either focus 
IS half the sum of the distances from the same focus of the points in which 
the ellipse is intersected by any circle concentric with the former, (/iirf.) 

54- If from any point on an ellipse tangents i>e drawn to the circle on 
the minor axis, and if the chord of contact meet the major and the minor 
aies in the points Z, Jlf respectively ; prove 

55. rind the locus of the middle points— 1^. of chords of a given 
length in an ellipse. 2°. Of the middle points of chords whose distance 
from the centre is given. 

56. If 5, 5' be the foci, /'any point on the ellipse, PQ a normal and 
a mean proportional between SP, S'P, the locus of ^ is a circle. 

57. The sum of the squares of the perpendiculars from the e: 
of any two conjugate sem d m n d 

5S. If CP. CP- be iw se d m 1 
conjugates ; prove, if PP p hr g 

passes through a fixed p 

59. E, P are the feet prpndla mh tr d focus o 
any tangent, 7' the poin h h g m h tr erse aiis 
prove EP.ET-EF'^. 

60. The locus of the p n o on ac Ian n m of cor 
focal ellipses from a fiied p n n h ransv rs xi a 

61. If JTCOS a+_csh) / o; 



Hosted by 



Google 



The Ellipse. 

62. If die circle ifi^y"^ -vigx -^ 2fy \ c=.o passes through the e; 
ties of three semidiameteis of the ellipse 



prove that the circle 

passes fhrongh the extremities of the three conjugate semidiauieiers. — 
(R. A. Roberts.) (465) 

63, Show that if the first circle in Ex. 62 be orthogonal to x^-Vy' - 2(tx 
— $y + c" = o, the second is orthogonal to 

^+y + ^'-!^ + «>+j--t.o. (/sa.) (466) 

64. A triangle is inscribed in the ellipse 

prove, if x', y be the co-ordinates of its centroid, and x, y those of the 



16 (a'jc' + i'y) + g.^' (5 + ^) - 1 2^ (^*- -:)-/] - "^ = o- 

{Ihid.-) (467) 

65. If normals at a, a, a" be concurrent; prove 

sin 2. sin (a' - o") + sin 2a' sin («" - a) + sin z<x" sin {o.- a'] = O, (468) 
and sin (a + a') + sin (o' + a") + sin (b" + a) = o. (469) 

66. If a', b' be conjugate semidiaroeters, mating angles ^, if' with the 
semiaies, prove 

g^ ■ ;;;;;*;,} (470) 

67. If the rectangle contained by the perpendiculars on a variable hne 
from its pole, with respect to a given ellipse, and from the centre of the 
ellipse, be constant, the envelope of the line is a confocal eUipse., 

68. The normals to an ellipse at the points where the lines 



70. Find (he locus of the pole of a chord of given length in an ellip: 
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. The circle whose diameler is any chord, paraUel to Ihe conjugate 



IS double contact with the elhpse 



73. If focal vectors from any point P meet the ellipse again in Q and R, 
and if the tangent at P make an angle 9 with the transverse axis, and the 
line QR an angle ^ ; prove 

tan ^ = i-;T__ ,an 9. (4;^) 

73. Being given two coufocal ellipses ; prove that the distance between 
the point ^ on the first and the point ^' on the second is equal lo the dis- 
tance between ^ on the first and ^ on the second. (IvoRV.) 

74. If from an external point O 3. secant ORR' be drawn, cutting the 
eLipse in R, R'; then if 0(^ = OR. OR', the locus of Q is an ellipse, 

75. If the angles which any two conjugate diameters subtend at any 
point of the ellipse be denoted by \, A', respectively ; then cot' A. + cot^x' 

76. The external angle formed hy two tangents to an ellipse is half the 
sum of the angles subtended by the chord of contact at the foci. 

7;. If a normal to an ellipse be parallel to one of the equiconjugate 
diameters, it cuts the ellipse again at a minimum angle. 

(Prof. J. Purser.) 

78. Two parallel foea! chords of an ellipse meet it in the points G, H, 
on the same side of the transverse aiis ; if the jom of G, H make inter- 
cepts \, 11, on the axes, prove 

79. If two normals to an ellipse cut at right angles, the intercepts made 
on them by the elhpse are divided proportionally at their point of intersec- 
tion. (Prof. J. Purser.) 

80. Prove that if a parabola be described with a point on an ellipse as 
focus, and the tangent at the corresponding point on the auxiliary circle as 
directrii, it passes through the foci of the ellipse. {Ibid.) 
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129. Def. I. — Being given in position a point S, and a line 
NN' , the locus of a variable 
point P, whose distance from 
S has to its perpendicular 
distance from NN' a given 
ratio e greater than unity, 

Def. 11.— The pint S is 
called the FOCUS ; the line ■ 
NN' the DIRECTRIX, and 
the ratio e the eccentricity of the hyperbola. 

130. To find the equation of the hyperbola. 

1°. Take the focus as origin, the line through S, per- 
pendicular to the directrix, as axis of x, and a parallel to the 
directrix through S as the axis oijy ; also denote the perpen- 
dicular SO from S on the directrix by/"; then, denoting the 
co-ordinates of P by x, j>, we have SP" = x'' + y, and 
PN=x^f\ hai (Vicl 1.) SP - PN =- e ; therefore 

2°. In equation (474) put 



(47+) 



JV. 



and we get 
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T/ie Hyperbola. 


Hence, if C be the i 


lew origin, we have 




cs- '^f 


Now, putting^ = i 


n (I.), we get 




-C^' 



giving for x two values equal in magnitude, but of opposite 
signs. Hence, denoting the points where the hyperbola cuts 
the axis of x hyA.A', we get CA = -^^, C-d' = ^-^. 
Hence A'C = CA ; therefore the line A'A is bisected in C, 
and denoting it by la, we have 

».^. (III.) 

Again, putting j: = o in (i.), we get 
This gives two imaginary values for^, viz. 

showing that the hyperbola does not cut the axis of j". 

Def. hi. — The line AA' iscalkd ike transverse axis of the 

hyperbola ; and if we make CB = B'C = — /^ , the line BB' 

Ve' - I. 
is called the conjugate axis, and the point C the centre. 

The line B'B is denoted by zh. 

f. Since 2=-^^-, b= j' , equation (i.) can be 

written 

-,-J-.-'- (475) 

This is the standard form of the equation of the hyperbola. 
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Def. rv. — The double ordinak LL' through S is called the 
LATUS RECTUM of the hyperbola. 

131. The following deductions from the preceding equa- 
tions are important : — 

2°. If CS be denoted hy c, c = ae. 

4°. a* + 5' = c'. From 1° and 2°. 

5°. CS.CO = aK From 2° and 3°. 

6^ Latus rectum = 2a{^^ - i). For in (+74) put x = o, 
and we get, 5'/. = e/; therefore LL' = tef = ia{f ~ 1). 

j°. The transverse axis : conjugate axis : : conjugate axi'! : 
latus rectum. From 1° and 6°. 

8°. Since from the form (475) of the equation of the hyper- 
bola each axis is an axis of symmetry of the figure, it follows 
that, if we make 05'== SC, tbe point i" will be another focus ; 
also, if C(7 = OC, and through (7 a line JtfM' be drawn per- 
pendicular to the transverse axis, MM' will be a second 
directrix, corresponding to the second focus S'. 

Dee. v. — rp the semiaxes a, b of a hyperbola be equal, the 
curve is called an equilateral hyperbola. 



Examples. 

I. Given the base of a triangle and the differeace of the sides; find the 
locus of the vertei. p 

J>t S'SP be the triangle ; let the base 
SS' = 2C, and tbe difference of the sides 
equal 2a. Let S',S produced be taken 
as axis of x, and the perpendicular t 
S'S at ifs middle point as aids of y 
then, M x,y\it the co-ordinates of P, w 
have 
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therefore [{x + t)= + /}l - j(^ - cf +y'}i = 2« ; (r.) 

or cleared of radicals, 

01 putting c' - ((2 = i^, ~j - T^ = r ■ 

C«^. I— 5P=.^-«. (476) 

For in clearing (i.) of radicals, we get 

that is, a.SF = aex- a\ 

Cor. 2.^ S-P = ex-^a. 

2. Given the base of a triangle and the difference of the base angles, 
the locus of the vertex is an equilateral hyperbola. 

3. Given the base of a triangle, and the ratio »f the tangents of the 
halves of the base angles, the locus of the vertex is a hyperbola. 

4. The locus of the centre of a circle, which passes through a given point 
and cuts a fixed line at a given angle, is a hyperbola, 

5 . Trisect a given arc of a circle by means of a hyperbola. 

6. If the base of a triangle be given in magnitude and position, and the 
difference of the sides in magnitude, then the loci of the centres of the 
escribed circles which touch the base produced are the two branches of a 
hyperbola; and the loci of the centres of the inscribed circle, and the 
escribed which touches the base externally, are the directrices of the same 
hyperbola. 

7. If in Ex. 6, Art. I ig, the ' Boscovich Circle ' cut the line NN', show 
that the locus of P will be a hyperbola. 

8. CB is a fixed diameter of a given circle ; and through a fixed point A 
in CB draw any chord DE of the circle ; join CD, and on CD produced, 
if necessary, take CF=AE: the hxus of the point i' is a hyperbola. 

9. ASCD is a lozenge whose diagonals are la, 2S, respectively ; prove, 
if the diagonals be taken as axes, that the locus of a point P, such that the 
rectangle .^i'.Ci'= the rectangle 5'i*. Z)/", is the equilateral hyperbola 

X>--yi= — — 
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iddk points of a system of parallel 




132. TTie locus of the 
chords of a hyperiola is 
right line. 

Let the equation of 
of the chords be 

Now, if m be constant 
and n variable, this will 
represent a line which moves parallel to itself; and elimi- 
nating y between it and the equation of the hyperbola, we 

Similarly, by eliminating x, we get 

(i — ot')_j'^ - znhy + Pn^ - Pm^ = o. 
Hence the equation of the circle, whose diameter is the 
intercept which the hyperbola makes on the line 



[i-m'){x-+r)- 



Now if the co-ordinates of the centre of this circle be x',y, 
we get 



Hence, eliminating n and omitting accents, the locus of the centre, 
that is, of the middle point of the chord, is the diameter 

This is the line QQ' in the diagram. 

Cor. I. — If a hue be drawn through the centre parallel 
to PP'i or, in other words, a diameter conjugate to Q(^, its 
equation must contain no absolute term ; hence its equa- 
tion is 
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Hence the product of the tangents of the angles, which 
two conjugate diameters make with the transverse axis of 

a hyperbola, is j. 

Cor. %. — If the line PP' move parallel to itself until the 
points P, P' become consecutive, tben PP' becomes a tan- 
gent such as at ^ ; and if the co-ordinates of Q be x^', we 
must have 

and since the line QQ passes through it, we must have (478) 



Hence 

which, substituted i 



a/ 






y - 



gives -^ -"fr = '- f+79) 

which is the equation of the tangent. 

Cor. j.-r-To find the equation of the chord of contact of 
tangents from the point hk. 

Let 3^y', yy, be the points of contact ; then, since the 
tangent at x!y' passes through hk, we have 
hx^ ky' _ 
~^~ i^" " ' " 

„. ., , hx" ky" 
Similarly, — ^ 7^ = r. 

Hence it is evident that the line 

passes through each point of contact, and therefore must be 
the chord required. 
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If instead of hk we put x'y', we see that the c 
tact of tangents, from x'y to the hyperbola, is 



!') 



Cor. 4. — If through any point afy' a chord of the hyper- 
bola be drawn, the locus of the intersection of tangents at 
its extremities is 

xx! yy' 

Cor. 5. — The line 



is such that any line passing through x'y' is cut harmonically 
by it and the hyperbola. 

Cor. 6.— If two diameters QQ, RI^ of the hyperbola be 
such that the first bisects chords parallel to the second, the 
second also bisects chords parallel to the first. 



is not necessary that both esttemilies of the chord PP' 
should be on the same branch of Ihe hyperbola ; the cliord may lake the 
position ^', where they are on different branches. 

133. Def. I. — // has been proved that if we construct the 
hyperhla 

whose axes are AA', BB', 
it will be ihe figure HHHH 
in the diagram. Again, if 
we construct the hyperbola, 
which has BB' for its trans- 
verse axis, and AA' for its 
conjugate axis, it will be the figure H'H'B'H' in the diagram. 
This second figure is called the conjugate hyperbola. 




Hosted by 



Google 



2IO The Hyperbola. 

1 34. To find the equation of the conjugate kyperiola. 

If the line ££' were the axis of x, and AA' the axis oiy ; 
since BB' is the transverse axis and AA' the conjugate axis, 
the equation of the figure H'H'H'H' would be (Art. ijo), 

~¥~ "^"'' 

Hence, interchanging .v and>', the required equation is 

y-F--- («"■) 

Cor. I. — If CQ, CR be conjugate diameters with respect to 
the hyperbola H, they are conjugate diameters with respect 
fo^the hyperbola H'. 

For the required condition with respect to H is 

tan JC^.tan ^C7^= — (Art. 132, Cor. r) ; 
hence 

tan BCR.tan BCQ = '^. 
Hence (he proposition is proved. 

Cor. 2. — The tangent at B to the hyperbola ff' is parallel 
to QQ'. For the diameter BB' of ff' bisects chords parallel 
to QQ', and the tangent .ff is a limiting case of a chord. 
Cor. 3. — If the co-ordinates of Q be x'y, the co-ordinates 

of ^ are ^. ^. (483) 

For these satisfy the equation (482) of the hyperbola^', and 
the equation of the line BB' is 

x^_ yy__ 
a' b-' 
Cor. 4. — If the conjugate semidiameters CQ, CR be de- 
noted by a', b', respectively, then a'' - i" = a' - b-. (484) 

For <,"-i'»=C^-C^=x"+y=-^'^ *J|! 
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Cor. 5, — Every diameter of an equilateral hyperbola is 
equal to its conjugate. 

Cor. 6.— The area of the triangle QCR = ^ab. (485) 

For the area 



^jUx 



-y-A 



Hence the area of the parallelogram, whose two adjacent 
sides are two conjugate semi diameters, is constant. 
Cor. 7.— The equation of the line QR is 



Hence QR is parallel to the line 

- + -1 = 
a b 

Cor. 8. — The equation of the median, which bisects QR, is 

M-°- (♦"') 

135. To find Ike equation of an hyperbola referred lo two 
jugate diameters. 

Let CQ, CR be two conjugate semidiameters (see 
Art. 13a), and take CQ, CR as the new axes oi x,j!. 
^,_y be the old co-ordinates of any point /'of the hyperbola; 
yy the new ; then, denoting the angles QCA, RCA by a, fi, 
respectively, we have 

x-x' cos a +y cos ,8, _>> = jt/ sin a +y sin /3. 
Substitute these values in the equation Px' ~ ay = 
then 

x'^ {^ cos' a-a^ sin' a) -_y" {a' sin' ^-b' cos* ^) 
+xx'y(l>'cosa cos/3 -a'sin tt sin|8) = a'i' 
but, since CQ, CR are conjugate semidiameters, 

tan a tan ^ = -^ 
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(Art. 132, Cor. i). Hence the coefficient of y/ vanishes, 
and the equation may be written 

Now, when y' = o, we have y = CQ. Hence, denoting CQ 
by a', we have 



Again, if R be the point where CR meets the conjugate 
hyperbola (Art. 133), we get 



a^sin'^ -ff'cos'/3' 
and, denoting this by b"^, we see that the equation c 
written 



or, omitting accents on »^, y'. 



(487) 



This is the same in form as the equation referred to the 
transverse and conjugate axes. (Compare Art. loi.) 

*Orlkus; — Let the co-ordinates of the pointP, with respect 
to the new axes CQ, CR, be denoted by X, F (see (ig., 
Art. ijz), viz., CD = X, DP = F; then the power of the 
origin, with respect to the circle (477) on PP' as diameter, is 
X'- r^. Hence 

X''-Y^^{a^-ff) -^ + ""t^'^' . 
Now a^~lfl^a"''l/' (484) ; and, substituting for m its value, 



-=CG'ori'»(483). 



-l^ = (a"-i'^)- 
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Again, if hk denote the co-ordinates of D, 
X^^h^-'rW' (Art. 132) 



Hence X'' - Y^ = (a" - i") -^ + i" ; 

^-^ = '- 

Cor. I. — Tlie equation of the tangent, when the hyperbola 
is referred to a pair of conjugate 
diameters as axes, is 




for, taking two points ody, x"y' c 
the hyperbola, the curve 



evidently passes through both points. Hence the chord 
joining both points is 

(»-^) (»-<"•) (j,-y ) (^-y') IX' y_ \ 

^<f f \..''v~'j °- 

and, if the points become consecutive, this reduces to 

f'-f'^,. (488) 

Cor. z.— Ifthetangetati?meet CPin T, CN.CT=CP-. 

Cor. 3, — The tangents at the extremities of any chord 
meet on the diameter conjugate to that chord. 

Cor. 4. — The line joining the intersection of two tangents 
to the centre bisects the chord of contact. 
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214 The Hyperbola. 

Examples. 

1. Ifachordofa ciiele be parallerto a line given in position, the locus 
of a point which divides it into parts, the sum of whose squares is con- 
stant, is an equilateral hyperbola, 

2. If CP, CD be any two semidiameters of a hyperbola, FN, DM lan- 
geats meeting CD, CPiaNAad M, respectively; triangle CFN = CDM. 

3. In the same case, ifPT", DB be Jparallels to the tangents meeting 
CD, C/" produced in rand £; the triangle CDE = CPT. 

4. If a quadrilateral be circnmseribed to a hyperbola, the join of the 
middle points of its diagonals passes through the centre. 

5. If AB be any diameter of a hyperbola, AE, BD tangents at its extre- 
mities meeting any third tangent in E and D, the rectangle AE . BD is 
equal to (he square of the semidiameter'conjugate to AB. 

6. If in the fig. of Ex. 5, CD, CE be drawn meeting the hyperbola and 
its conjugate in U and E' ; CD', CE' are conjugate semidiameters. 

7. Diameters parallel to a pair of supplemental chords are conjugate. 

8. Find the condition that the line \x -^ p.y -^ v = a shall touch the 
hyperbola. 

Ans. a^A^ — &>? —V = o, which is the tangential 
equation of the hyperbola. 

9. If AA' be any diameter of an ellipse, PP' a double ordinate to it : 
if ^^, A'P' be produced to meet, the locus of their point of intersection in 
a hyperbola. 

10. Tangents to a hyperbola are drawn from any point in one of the 
branches of llie conjugate hyperbola; prove that the envelope of the chord 
of contact is the other branch of the conjugate hyperbola. 

136. To find the equation of the normal to the hyperbola at the 
point :^y. 

The equation of the 
tangent a.tx'y' is 



Hence the equation of 
the perpendicular to 
this at x'y is 



which is the equation of the required normal. 
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The Hyperbula. 21 = 

Cor. I,— In equation (489) put^' = o, and we get 

CG = ^x'. (490) 

Hence MG = {e'- i)x'. (4Q1) 

Cor. z.—PG" = PUP + MG' =,/' + (e' - i)V* = [after ai 
easy reduction) to 



Hence PG = -v'^x"-a\ 

In like manner, 

G'P='^V'e''x'-'-a\ 
Hence G'P. PG = ^V^ - a'. (49^) 

Cor. 3. — If p, p' be the focal vectors to P, 

G'P.PG^PP'. (493) 

Cor. 4. — In an equilateral hyperbola 

PG = G'P. (49+) 

Cor. 5, — If C^ be the semtdiameter conjugate to CP, 

G-P. PG=Cie = ¥' = pp'. (495) 

Cor. 6.— If CL be perpendicular to the tangent at P, 
CL.PG = h\ CL . G'P = a'. 

Examples. 

1. The points G', P, T and the two foci arc coiicyclic. 

2. A tight line parallel to the conjugate axis of a hyperbola meets 
it and its conjugate in the points jW, A''; show that normals to these'cnnes 
at the points M, JV intersect on the transverse axis. 

3. If the hyperbola be equilateral, and if CL produced meet the cwi-e 
in L' ; prove CL . CL' = a^. 

4. If through the poiijts G, G' parallels be drawn to the axes, the locus 
of their intersection is a hyperbola. 
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2i6 The Hyperbola. 

5. In an equilateral hyperbola half Ihe difference of the base angles of 
the triangle SPS' is equal to one of fbe angles which CP makes with SS' . 

6. If from any point in a hyperbola perpendiculars be drawn lo the 
axes, the join of their feef is always normal to a hyperbola. 

7. If through the point T, where Ihe tangent at P meets the transverse 
axis, a parallel to the conjugate axis be drawn meeting the join of the 
points A, P, in /, the locus of J is an ellipse, having the same aies as (he 
hyperbola. 

8. If the co-ordinates of a point on the hyperbola 

be denoted by a sec ^, i tan ^ ; prove that the co-ordinates of the intersec- 
tion of normals at the points (a +^), {a- fl) are 



9. The co-ordinates of the point of intersection of t' 



I. The locus of the centre of cunature of the hyperbola is 



(497) 



137. To find Ihe lengths of the perpendiculars from the foci on 
the tangent at any point of the hyperbola. 

If the co-ordinates of the point /" be u sec ^, b tan ^, the 
equation of the tangent 



x&cc^ yta\ 



and the co-ordinates of 
the focus S are ae, o. 
Hence the perpendicu- 
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The Hyperbola. 
or denoting the focal vectors by p, p'. 

Similarly, S'L' = i J- ■ 

Cor. I.— SL.S'L'^^. 



(499) 
(500) 



Cor. : 



-SL^ 



•/pp' 



= j,. {Art. 13s, Cor. s.) (501) 



Cnr. 3. — The tangent at P bisects the internal angle at 
P of the triangle SPS' ; and the normal bisects the external 
angle. 

Cor. 4. — Since the angle SPff is bisected by PL, we have 
SL = LH, and SC = CS', because C is the centre. Hence 

CL = i5'Zf = i{S'P-SP) = <r ; 

therefore the locus of i is the auxiliary circle. 

Cor. 5.— If a line move so that the rectangle contained by 
perpendiculars on it from two fixed points on opposite sides 
is constant, its envelope is a hyperbola. 

Cor. 6.~The first positive pedal of a hyperbola, with 
respect to either focus, is a circle. 

Cor. 7. — The first negative pedal of a circle, with respect 
to any external point, is a hyperbola. 

Cor. 8. — The reciprocal of a hyperbola, with respect to 
either focus, is a circle. 

138. The rectangle contained by the segments of any chord pass- 
ing through a fixed point in the plane of the hyperbola is to the 
.square of the parallel semidiameter in a constant ratio. 

The proof is the same as that of the corresponding propo- 
sition (Art. ii6) for the ellipse, and similar inferences may 
be drawn. 
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2i8 The Hyperbola. 

Examples. 

1. If an equilateral hyperbola pas^i tlirougli the angular points of a tri- 
angle, it passes through the orthocentre, 

2. The locus of the centres of all equilateral hyperbolas described about 
a given triangle is the ' nine-points circle ' of the triangle. 

3. IfPbe any point in an equilateral hj'perbola whose vertices are ^, A ; 
prove that the normal at F and the line CP make equal angles with the 



139. To find the polar equah 
being pole. 

Let H be the hyperbola, 
A' A its tranverae axis, and 
B'B its conjugate axis, P 
any point in the curve ; 
then, if x, y be the rect- 
angular co-ordinates of P, 
p, 0, its polar co-ordinates, 
we have 

X = p cos $, y =p sin ; 
and, substituting these in 
we get 



ef the hyperbola, the centre 




in the equation of the hyperbola, 
cos^S sin^ e 



which the polar equation requi 
Cor. I. — The polar equatio 



ed. 



Cnr, 2.- — If the hyperbola be equilateral, b' 
polar equation is 



(so.) 
f the conjugate hyperbola 

and the 
(504) 
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The Hyperbola. 2 1 9 

Cor. 3. — If in equation (502) the denominator, e'cos^S- 1, 
vanish, we get p' = infinity; therefore p=± infinity; but if 

i' cos^ 6-1 = 0, we get tan^ 0~ —^ and tan 6= t - Hence, 

ifniy be erected at right angles to CA, and i( AD and ZXA 
be made each equal to *, and CD, CD' joined, these lines 
produced both ways will each meet the curve at infinity. 

Cor. 4. — The equations of the line CD, CD' are respec- 
tively 

Each of these lines touches the curve at infinity, or, in other 
words, is an asymptote. (Art. '04.) 
For the tangent at xy may be written 

^ _ .^ ^ _!_ 
a' 6W x'' 

Now, if ^' be the point where the line — J "° meets the 



J _ 



s infinite. 



Cor. 5, — Since the product of the equations of the two 

asymptotes (505) is -^ - ^^ = o, we see that the equation of 

the hyperbola differs from the equation of its asymptotes 
only by the absolute term. (Art. 105, Cors. i, 2.) 

Cor. 6. — The asymptotes of an equilateral hyperbola are at 
right angles to each other. On this account the equilateral 
hyperbola is also called the rectangular hyperbola. 

Cor. 7. — The secant of half the angle between the asymp- 
totes is equal to the eccentricity. 
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220 The Hyperbola. 

Cor. 8. — The Jines joining an extremity of any diameter to 
the extremities of its conjug-ate are parallel to the asymp- 
totes. 

140. To find the equation nf Ihe hyperbola re/erred io the 
asymptotes as axes. 

Let H be the hyperbola, CX\ CT (see last fig.) the 
asymptotes, P any point in the curve ; draw PM' parallel to 
CF' ; then, denoting CM', M'P, the co-ordinates of P with 
respect to the new axes, by x^', and half the angle between 
the asymptotes by a, we have, since CM = CO ■¥ M'N', 
and PM= PM' -M'N. 

JT = (jt' +y) cos a, ^ = (y- j:')sino; 
and substituting in the equation 



jx' + y'f cos^g (y-.v'fs 



But secix = «. (Art. 139, Cor. 7.) 



cos^a = — — 



therefore {x' +yf - iy' - x'f = a' + li', 

or 4^>' = d' + b''; 

and omitting accents, as being no longer necessary, 

xy^t±l, (506) 

4 
which is the required equation. 

Cor. I. — The area of the parallelogram formed by the 
asymptotes, and by parallels to them through any point in 
the curve, is constant. 
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The Hyperbola. 22 1 

Cor. 2. — Since the product xy is constant, the larger x is, 
the smaller y will be, and conversely ; hence the hyperbola 
continually approaches its as)Tnptotes, but never meets them, 
until it goes to infinity, where it touches them. 



Examples. 



1. A variable line has ils extremities on two lines given in position and 
passes through a given point ; prove that the locus of the point in which 
it is divided in a given ratio is a hyperbola. 

2. From a point P perpendiculars are let fall on two fixed liiies ; if the 
area of the quadrilateral thus formed be given; prove that the locus oiP is 
a hyperbola. 

3. If any line cuts a hyperbola and its asymptotes; prove that the 
intercepts on the line between the curve and iU asymptotes are equal. 

4. If a variable line form with two fixed lines a triangle of constant area, 
the locus of the pomf which divides the intercept made on the variable 
line in a given ratio is a hyperbola. 

5. If two sides of a triangle be given in position, and its perimeter 
given in magnitude, the locus of the point which divides the base in 
a given ratio is a hyperbola. 

6. The equation of a hyperbola passing through three given points, and 
having its asymptotes parallel to two lines given in position, is 



the axes being the lines given in position. 

If the lines given in position be denoted I 
the equation will be 
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222 The Hyperbola. 

7. The equation ^ = i^, being a special case of the equation Z^= ^ ^ 
(Art. 108), the co-ordinates of a point on the hpperbola cait be espressed 
by a single variable. Thus :t = ^ tan -f., y = k cot -p. This will be called 
the point f,. 

8. Prove that the equation of the join of the points $', $" on the hyper- 

'- — ,+ — ,^ — ,=*, 

laa ^' + tan ^ cot ^ + cot $ 

9. The intercepts on the axes are x' + x", y +7". 

10. The tangent at the point -f is 

X cot -p +JV tan $ = 2i, or ^ + ^ = 3. (510) 

11. The area of the triangle formed by the asymptotes and any tangent 
to the hyperbola = 2*^. 

12. If a Tariable point xy on the hyperbola be joined to two fixed points, 
the intercept on the asymptotes made by the joining lines is constant. 

13. The co-ordinates of the point of intersection of tangents at ^', ^", 

cotfp'+ cotifi"' tanip' + tan $"' 
*14. The area of the triangle formed by tangents at the points ^', p", 

f"is 

ajP)sin'^'(sinz^»"-Einz^'")-t-sin'»"(sina0'"-sin20)-l-sin=ji"'(sin20'-sin2ji") 
sin (9' + .p") sin (,f." + ^-) sin (f '" + -f') 

15. The normal at the point f is ^tan 9 -j'cot ^ = i (tan'flj- cot^flj). 

16. The four normals, from the point afi to the hyperbola xy = ^, have 
the tangents of the parametric angles of their points of meeting the hyper- 
bola connected by the relation * (tan*^-i) = a tan^ f — fl tan$. 

17. The intersection of normals at the pomts j/y, x"y are 

x' + x" ' y+y ■ ^^"' 

18. The co-ordinates of the centre of curvature at the point x'y are 
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The Hyperbola. 223 

19. The circle of cnrvatnre at xy meets the curve again in the point, 
■whose co-ordinates are 

y. 5- (SH) 

20. The radius of curvature at x'y' is (je/' -(. /')^ -i 2i' . (515) 

141, To find Ike polar equation of the kyperhla, the focus 
being pole. 

Let SP=p, the angle .45i'=e. (See fig., Art. 130.) 

Then SP = ePN by definition ; 

that is, p = e{0S+SQ) = ef-\repcos{v-6), 

or p = a{e'^- i) - ep cos $. 

Therefore p = ■■ '^ ■ - ^ . . (516) 

Cor. I .—If we put ^ = -, we get p = c (^^ - 1 ) ; but in this 
case p is half the latus rectum. Hence, denoting it by /, we 
have 

Cor. I. — ^The polar equation of the tangent at the point a 



)s(.. 



Examples. 

1. The equation of the chord joining the points (o + j9), (a — 0), is 

2. If a be conslant, and B variable, the chord joining the points {a + 
la - $}, passes through a fixed point. 
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224 "^he Hyperbola. 

*I42. To pnd the area of an equilateral hyperbole 
asymptote and two ordinates. 

Let PQZ be the hyperbola : 
OX, OJ' the asymptotes. Bisect 
the angle A'Oi' by OP; draw 
the ordinate PP' and ZZ' \ then 
denoting 07^ by unity, and P'Z' 
by X the area enclosed by PP', 
ZZ', P'Z', and the hyperbola, 

= '°«'^'+^5- -0 Tq-eT .. .. 

Demonstration. — Divide P'Z' into any number of parts n, 
in the points Q, -ff', &c. ; so that OP, OQ', QR', &c., 
are in geometrical progression, and draw the ordinates 
Q'Q. R'P, &c. Join PQ, QR, &c. ; also join OQ, QR. 
Now, denoting the co-ordinates of the points P, Q, R by 
x'y, x"y, 3^"y"', we have area of the triangle OQR 




^(^y"-y'y') = 4 



fx/'y"^ x"^y"\ 



Since y = — y and x"' = -—j-. 

Hence area of triangle OQR 

or equal area of triangle OPQ. But it is easy to see that the 
triangle OPQ is equal to the trapezium PP'QQ, and OQR equal 
to the trapezium QQ'R'R. Hence the trapeziums are equal ; 
and therefore the whole rectilineal figure PP'Z'Z is equal to 
» times the trapezium PP'QQ. Again, we have OZ' = OP' 
+ P'Z = 1 + -c; and OQ' = OP' +P'Q = i + P'Q- and 
since OP', OQ, . . . OZ' are in geometrical progression, and 
there are n terms, we have (i +/"5')"= \\x; therefore 



i"0' = (' 



1, andP/" = 
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Hence, when n is indefinitely large, the area of the trapezium 
PP'QQ^{i +j;)*-i. Therefore the hyperbolic ^ks.PP'Z'Z 
is equal to the limit of 

«l('+^)*-i))=log,(. + ^). (Seer;v^.) (520) 
Cor. 1.— The hyperbolic sector OPZ^log, (i -i-x). {521) 
Cor. 2. — If AZ be an, equilateral hyperbola, whose equa- 
tion is x' - y = 1, and if the co- 
ordinates OZ', Z'Mofa. point Z be xy, 
the sectorial area 

O^Z=Jlog(^+^). 
Dem — In the foregoing proof OP' 
is taken to be the linear unit, but in 
the general case it is evident that the 
proposition proved is that the sectorial 
area = OP'^ x log, (OZ' v OP'); but 
it is easy to see that OZ' -f OP' 
- {0M+ MZ) ^ OA, and OP^ = i 0A\ 
Hence the area of the hyperbolic 
sector OAZ=ha^iog, "^ -^K 




an a is unity, sectorial area = Jlog, (ar+j'). (522) 
If K denote twice the sectorial area OAZ, then 



; therefore e" = x +j/; and 



x+j> 



-_y. 



Def.—x, y are called, respectively, the HYPERBOLIC COSINE 
and HYPERBOLIC SINE 0/ u, and are dewled hy the notalion 
Chu, Shi,. (See Trigonometry.') 

Cot. 4.— If y- I be denoted by ;', Chu = cos (a;) , Shu 
Ti,„<.^ r^n„„, from the values of x, >■, and the 



These follow 
trigonom^'^flc expansions of cos {ui), s 



> {ui). 
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226 The Hyperbola. 

143. The other hyperbolic functions are defined as follows, 
thus -.—OD = hyperbolic secant u = sec hu, AT= hyperbolic 
tangent /( = Thu, BT' = hyperbolic cotangent u = cot ku, 
OE = hyperbolic cosecant u = cosec hu. 

From the known properties of the hyperbola we have imme- 
diately the following relations : — 

_^^^^ Chu 

" ~Chu' 

corresponding to the known relations of circular functions ; 
and from them can be constructed a theory of these func- 
tions. (See Author's Trigonomelry.) 

144. From the values Chu = cos {ui), sin ku = -. — , we 

see that, if we put i 
that the co-ordinates of any point on the equilateral hyper- 
bola can be denoted by the circular functions of an imaginary 
angle <t. In like manner, the co-ordinates of a point on the 
hyperbola 



can be expressed in a manner analogous to the method of 
the eccentric angle for the ellipse. Thus we can put 

and by these substitutions we could give proofs analogous to 
those of the eUipse for the corresponding propositions of the 
hyperbola. 

The following exercises can be solved by using the imagi- 
nary eccentric angle. 
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1. If the chord joining tlie points (o + fl), (o-|9)pass through the focus; 

^cosa = cos^. (5^4) 

2. The tangents at the extremities of a focal chord meef on the direc- 

3 perpendicular 



4. Prove that the eccentric angles of the two points ■which are the exfre. 
mitics of 3. pair of conjugate semidiametets differ by - . 

5. Apply the method of the eccentric angle to the proof of the proposi- 
tion, that the locus of the middle points of a system of parallel chords is a 
right line. 

6. Find the equation of the hyperbola, referred to a pair of conjugate 
diameters by means of the eccentric angle. 

7. The co-ordinates of the point of intersection of tangents at Ihe 
points (fl + S), (B-,8),are 

8. If I be variable and S constant, the chord joining the points {a + fl), 
(n — S) is a tangent to the hyperbola 

9. In the same case, the locus of the intersection of tangents at the ex- 



. If ^ be the angle between the tangents at (o + fl), (a - 0), 

"■♦■ l.--t» . i...l"-"l^?-i.| .„... ■ l!«) 



II. Find the locus of the pole of a chord which subtends a right angle 
a filled point kk. 
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228 The Hyperbola. 

Let (o 4- fl), (a - j8) be the eccentric angles at the extremities of the 
chord ; then the eqoation of the circle wliich has the chord for diameter is 



and evidently hk is a point on this circle ; hence 
(ft - a cos a cos p)H (i^ - fti sin » cos ^)' = (o= sir 



K 


'+A^-2(, 


.„..o.«». 


-■(SOi, 


'•" 


+ »■(« 


os'e-sin'B 
is2a-c0s=B, 


Now, 


if*,rbl 


; the co-ordinates of the pol 


e of the chord joining (o 


(a - &\ 


we have 


a COSH- ICO- 


i«, u 


sec a 


= ^cos^; 




thetefoi 














A' 


+ *»-(2AAr4 2*J'-a' + S')co! 


^$- 


a=sin=«4 


6'cos»<. = 


or, eliminaling a, 












■n..t 


AHX''- 








+ 5.%os^ 
= 1. (E 





Hence, eliminating P, we get 

which represents a hyperbola, a parabola, or an ellipse, accotdinE as the 
point lii is outside the auriliaty circle, on it, or inside it. 

It. The diseriminanf of this equation (529) is the product of the two 

JSS* - a^F - a=6= and:*2+4'- {a=-6'). 
Hence we infer that the locus will break up info two lines if the co-ordi- 
nates M satisfy the equation of (he hyperbola. In other words, if a 
chord of a hyperbola subtend a right angle at any filed point on the curve, 
the locus of its pole consists of two right lines. 

From the factor A" -(- F - (a' - i^) = o we infer that, if the chord sub- 
lend a right angle at any point on the director circle, its pole will be the 
same point. 
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Exeroiao* on the Hyperbola. 

1. The perpendicular from lie focus on either asymptote is equal to the 
aemiconjugate diameter. 

2. Ife, ^ be the eccentricities of a hyperbola and its conjugate; prove 

3. The equations of the asymptotes, with the focus as origin, are 

4. If SP be parallel to an asymptote, P being a point on the curve ; 

spJ-. (532) 

5. If from a point K in the transverse ads a perpendicular KL be drawn 
io an asymptote, and a normal KM to the curve ; prove that LM is per- 
pendicular to the transverse axis. 

6. An ellipse referred to the equal conjugate diameters being 

n' + i' 

prove that it is confocal with the hyperbola 



7. Also, this hyperl>ola cuts orthogonally aU conies passing through the 
ends of the major and minor axes of the ellipse in Ex. 6. The general 
equation of these conies is 

:('cos=o+^»sin*o = ^^i-^. {l<>id-) (534) 

8. The chord of contact of two tangents to a hyperbola is parallel to, 
and half way between, the lines joining the intersections of tangents with 
the asymptotes. 

9. The locus of the centre of a variable circle which makes given inter- 
cepts on two given lines is a hyperbola. 
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. If from any point /* on a given line tangents be drawn ti 



m equilateral 
icydic points 

(535) 



the locus of the intersection of their chords of contact is 
hyperbola. 

11. If ip, •p', f", ^"' be the parametric angles of four ( 
on the hyperbola xy = ^■, prove 

fan$ . tan^'. tan^" . taniti"'= I. 

12. The product of the perpeniiiculars from four coocyelic points of a 
hyperbola on one asymptote is equal to the product of the perpendiculars 
on the other asymptote. 

13. If the extremities of a chord of an ellipse which is parallel to the 
transverse axis be joined to the centre and to one eitreraity of that axis, 
the locus of the intersection of the joining lines is a hyperbola. 

14. Parallels drawn from any system of points on a hyperbola £0 the 
asymptotes divide the asymptotes homographically ; prove this, and thence 
infer the following theorem : — 

If j;', x", x"'; y, y", y, denote the distances of two triads of points 
on two lines given in position from two fixed points O, O' on these lines ; 
prove, if 3;, ^ be the distances of two variable points on the same lines 
from O, O', that x, y will divide the lines homographically if the dctcr- 



x"y", X 

x-y, X- 



of four concyclic points 



15. Prove th: 
on a hyperbola 

16- If/,/', V be the perpendiculars from the points a + ^, (a — 
the point of intersection of their tangents on any third tangent 
hyperbola ; prove 

//' = »'cosJ/?. (537) 

17. If a circle osculates the hyperbola xy ^Ji'-ui the point i^, the con 
mon chord of the circle and the hyperbola is 

^ tan ^ + jcot $ + i (tan= ^ + cot» = o. (538) 
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18. A, B are two fixed points ; if from A a perpendicular AF be drawn 
to the polai of B with respect to an equilateral hyperbola, aud from £ a 
perpendicular BQ to the polar of A ; then, if C be the centre, 
CA\AP:: CB -. BQ. 

ig. An ellipse circumscribes a fined triangle so that two of the vertices 
are at the estremities of a pair of conjugate diameters ; prove that the 
iocus of its centre is a hyperbola. 

20. The polar of any point on an asymptote is parallel to that asymp- 

21. The point? where any tangent meets the asymptotes, and the points 
where the corresponding normal meets the axes, ai-e concyclic. 

22. The two foci and the points of intersection of any tangent with the 
asymptotes are concyclic. 

23. The angles which the intercept, made by the asymptotes on any 
tangent, subtends at the foci arc constant. 

24. Given in magnitude and position any two conjugate semidiameters 
OP, OQ of a hyperbola, to find the axes. 

25. If P, P' be the eitremities of two conjugate semidiameters of a 
hyperbola ; and if S, S' be the interior foci of the branches of the hyper- 
bola and its conjugate, on which are the points P, /", prove that 

SP - ST ^AC^ nc. {539) 

26. If an ellipse and a confocal hyperbola intersect in any point, the 
corresponding point on the auiihary circle of the ellipse lies on one of the 
asymptotes of the hyperbola. 

27. If a system of hyperbolas have the same asymptotes, the normals 
drawn to them at" the points where a parallel to either axis meets there, are 

28. A hyperbola, whose eccentricity is e, has a focus at the centre of the 
circle x^ +7= = ij= ; prove that the envelope of the tangents to the hyper- 
bola at the points where it meets the circle is the hyperbola. 

29. The chord of contact of two tangents to a parabola subtends a con- 
stant angle at the vertex; show that the locus of their intersection is a 
hyperbola. 

JO. If two hyperbolas have the same asymptotes, and if from any point 
m one tangents be drawn to the other, the envelope of their chord of con- 
tact is a hyperbola, havmg the same asymptotes. 
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31. If a variable circle touch each branch, of a hyperbola it subtends a 
constant angle at either focus, and makes intercepts of constant lengths on 
the asymptotes, 

32. The centre of mean position of the points of intersection of a circle 
and an equilateral hyperimla bisects the distance between their centres. 

33. If PQ be the chord of an equilateral hyperbola which is normal at 
i-; prove 

lCP'' + Pg' = Cg'. {540) 

34. The area of the triangle formed with the asymptotes by the nor- 
mal of the hyperbola x' - y' = a^, at the point x'/, is 



(S4I) 

35. The locus of the pole of any tangent to the circle whose dia- 
meter is the distance between the foci of — -C= r, with respect to 
-J - Tz = I, is the ellipse 

36. Two circles described through two points on the same branch of an 
equilateral hyperbola, and through the eitremities of any diameter, are 

37- If 9, •p', <p", ip"' be the parametric angles of four points on an equi- 
lateral hyperbola, such that either is the orthocentre of the remaining three, 
tan ^ tan ^- tan f" tan $■" + 1=0. (543) 

38. If the normal af the point ip of the hyperbola xy = 4= meet it again 
at the point 4>' ; prove 

t3.D>p. tan^'+ 1 =0, (544) 

39. If four points on an equilateral hyperbola be concyclic,. prove thai 
the parametric angle of any pomt and of the orthocentre of the remaining 
points are supplemental. 

40. If the osculating circle of an equilateriJ hyperbola, at the point 
whose parametric angle is ip, meet it again at the point rp' ; prove 

tan!fl,.tanf = 1. (545) 

angle of the point (* tan <p, k col f ) be # ; prove 
cot» = cos?.+ /sin,J.. (54G) 
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42. If two sides ^5, AC ai 3. fixed triangle be chords of two equal 
circles, show that the locus of the second intersection of the circles is an 
equilateral hyperbola. 

43. If the point (itana, *cota) be the centroid of an inscribed tri- 
angle; prove that the ellipse {3 cot n . Jt + 3 tana .^)' = 41J' touches the 
tlvree sides of the triangle. 

44. If e, e', e", S" be the eccentric angles of four points on a hyperbola, 
and if the join of i, 9' be perpendicular to the join of 6", fl'" ; prove 

^(9 + «' + e" + »'■■! 4. r = js.[fl + »-] + ^.(9"+ «'")] cos o>, (547) 

where e is the Napierian constant 2';i828i, and a the angle between the 
asymptotes. . 

45. Prove that the ellipse in Ex. 43 touches the hyperbola, and that the 
tangents to it at the remaining points of meeting the hyperbola are 
parallel to the asymptotes. 

46. Show that the polar circle of the triangle formed by three tangents 
to an equilateral hyperbola touches the 'Nine-points Circle' of the tri- 
angle formed by the points of contact at the centre of the curve. 

(R. A. Roberts). 

47. If two vertices of a triangle circumscribed about an ellipse move 
along confocal hyperbolae, prove that the locus of the centre of the 
inscribed circle is a concentric ellipse. (Hid.) 

48. Two circles, whose centres A, B are points on the transverse aiis 
of a given ell p ha aid ubie contact with the ellipse, and intersect 
in a point P if th d fl n of the angles ABP, BAP be given, the 
locus of F is an quJat ral hyperbola, {Ibid.) 

49. The n' I n nb d n the triangle fonned by the asymptotes and 
any tangent t th auxiliary ncle of a hyperbola intersects the hyperbola 
in the point wh 1 1 h the tangent to the auxiliary circle. 

50. The circle on GG' as diameter (see iig., Art. 136) passes through 
the points where the tangent FT meets the asymptotes. 

51. If a, a' be the eccentric angles of two points F, ^ on a hyperbola, 
such that the normal at /"passes through the pole of the normal at Q; 

52. If three points on an equilateral hyperbola be concyclic with the 
centre, the angular points of the triangle formed by tangents at these 
points are concyclic with the centre. 
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53. The angular points of a self-conjugate triangle of an equilateral 
hyperbola are eoncyclie will the centre. 

54. /■, Q are points on an equilateral hyperbola, such that the osculat- 
ing circle at P passes through Q \ the locus of the pole of PQ is 

55. In the same case the envelope of i'^ is 

4I4F - xyY = i^k'■ (^ + y'f, (549) 

56. Thehyperbola .--■^ = -j — - cuts orthogonally all the conies 
passing through the extremities of the anes of the ellipse 

X- 1^ 

^ 4-^ = 1. (Ckopton,) 

57. ACB is a given right-angled triangle, having the angle (7 right; 
from any point D ai AC 3. potpendiculat DE is let fall on the hypotenuse ; 
prove thai the locus of the intersection of 13D and CE is an equilateral 
hyperbola. 

58. CA, CB are two lines given in position ; AB is a variable line 
intersecting them ; if C^ + C5 + AB be given, prove that the locus of a 
point which divides AB in a given ratio is a hyperbola whose asymptotes 
are parallel to CA, CB. 

Sg. If from any pomt in the hyperbola 3:= - 7' = a- + S' a pair of tan- 
gents be drawn to the hyperbola -j — ,„ — 1 ; prove thai the four points 
where they cut the axes are concyclic. 

60. If through (he point a on an ellipse a luie be drawn bisecting the 
angle formed by the joins of a to Ihe point (a + 6), (a - j8) ; prove, if a be 
constant and j8 variable, that the locus of its intersection with the join of 
the points (a + j8}, (n - fl) is a hyperbola. 
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CHAPTER Vlir. 

MISCELLANEOUS INVESTIGATIONS. 
Section I. — Contact of Conic Sections. 

'45' If S = o, S' = o be Ihe equations of iwo curves, then 
S - iS' = o represents a curve passing through every point of 
intersection of the curves S and S' . 

This proposition is a simple case of the evident prin- 
ciple that the points of intersection of two curves S and S' 
must satisfy the equations -S" = o and S' = o, and, therefore, 
must satisfy the equation S - kS' = d. (Compare Art. 19, 
Cor. 4.) 

146. The following are special cases of this general 
theorem -.— 

1°. If 5 = o be any conic section, and S' - o the product 
of two lines, S - k'^S' = o denotes a conic section through the 
four points, where .S is intersected by the two lines denoted 
hy S'; for example, S - k'a^ ~ o denotes a conic passing 
through the points where S is, intersected by the lines a - o, 
13. o. 

z°. If the lines denoted by S' become indefinitely near, 
S' may be denoted by Z.-, where Z = o represents a line; 
then S - *^X^ = denotes a conic, touching 6" in each point 
where Z intersects S; in other words, having double contact 
with 6'. By giving different values to k, we get different 
conicS; each having double contact with S, and having a 
common chord of contact, namely, i = 0. If the line Z = o 
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intersect S in two real points, S - k^L^ = will have real 
double contact with S. If the line L meet S in two imagi- 
nary points — in otheT words, if it does not meet it in real 
points, S - k^L^ = o will have imaginary double contact with 
S. This form of equation may also be written S^- kL = o, 
or S^ + kL = o; for either equation cleared of radicals gives 
S-k^L'' = o. In conic sections there are many instances of 
imaginary double contact. 

3'^. If 5'=o denote the product of two lines, say MN; 
then MN- k'^L'- = o will denote a conic section, touching the 
Hues M= o, N= o, and having the line Z = o as the chord 
of contact. 

4°. By supposing one of the three lines L, M, N to be at 
infinity, we get three different cases. Thus : 1°. Let L be at 
infinity, then L becomes a constant ; and if M, N be real, 
the equation MN = PL' will denote a hyperbola, of which 
M, N are the asymptotes. z°. Let L be at infinity, and let 
M, A'" denote the two conjugate imaginary factors x-^yv- i, 
X -y •/- I , the equation MN = i^V will represent a circle. 
From this it follows that all circles pass through the same 
two imaginary points on the tine at infinity. For the circle 
j;^+^ = /^ passes through the points where the line at infinity 
meets the lines x +y -/ - 1=0, x-y/-i = ':i, and the 
circle {x - af -^ {y - bf = r' passes through the points where 
infinity meets the lines {x - a)-¥(_y - b') v- 1=0, {x - a) 
-{y-b) '/^i = o, which, since parallel hnes meet at in- 
finity, will be the same points, 3". Let one of the factors 
M, N he a constant, and let i = o denote a finite hne, the 
equation will be of the form px = y\ and the curve denotes a 
parabola. Hence we have the important theorem that every 
parabola touches the line at infinity. 

5°. If 5 = o be the product of two lines, viz., ay = o, and 
S' the product of two others, namely, ^8 = o, then .S - kS' 
becomes uy - ABB = o. Hence ay - ^/3S = o denotes a conic 
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section passing throug'h the four points o^, «S, ^y, 76 ; in 
other words, it denotes a circumconic of the quadrilateral 
formed by the lines a, /3, y, S, taken in order. 

147. In the equation S-i^a^ = a (Art. 146, 1°.), if the 
lines a = o, /3 = o, intersect on .S", the 
curve S - k'ofi = o touches S in the 
point 0.^, and will intersect it in the 
points where the lines a = o, ^ = o 
meet S again. For evidently the 
curves have two consecutive points 
common at the intersection of the 
lines a, ^. This is called contact of ' 
Ike firs! order. 

Again, if one of the lines a = o, fi = < 
at the intersection of a, p, the second 
point in which a meets S coincides 
with the point a^, and the curve ' 
.S - i^a/3 will have at the point o/3 
three consecutive points common 
with S, and will intersect it in the 
second point, in which ^ meets S. 
The contact of S and S - k'-xji in 
this case is called conlaci of the second order, 
is said to osculate S. 

Lastly— Let the line 
and with the tangent to S; then 
the product 0|S becomes a% 
and the two conies will have 
four consecutive points com- 
mon, which is the highest order 
of contact that two conies can 
have. This is called contact 
of the third order; and the equations of t 
have this species of contact will be of the forms S = o, 
S - kV = o, where a is a tangent to 5. It is evident, from 




, (S = o coincide™ 
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Art, 146, 2°, that the equation of a conic, having double 
contact with another S, and the equation of one having 
four-pointic contact, are the same in form, and that one 
changes into the other, when the chord of contact becomes 
a tangent. 

148. The following examples will illustrate the foregoing 
principles; — If S = aA'' + zhxy + by^ + igx = o, S - k'a^ 
= a'x^ + th'xjy + &'_y' + zg'x = o, the lines a = o, ^ = o, will be 
the two factors of the expression (,'ig'-a'g)x^-i' i{h^-h'g')xy 
+ ^^ - ^'i)y'' = o- got hy eliminating the terms of the first 
degree. Now if one of these lines coincide with the tangent 
at the origin, we must have ;ir as a factor, which requires that 
the coefficient of_j'^ vanish. Hence, if the conies ax' + zhxy 
+ &}''■+ -zgx = o, a'x' + zh'xy + h'y' + z^x = o osculate at the 
origin, ])^ = i'g. Thus, if the circle x^ + jf^ + zxy cos lu 
- 2rx sin u) = o osculate ax? + zhxy + ijr' + zgx = o, we must 

have r = - j—. — , and this is the value of the radius of 
curvature of 5' at the origin. If the condition hg' = b'g be 
fulfilled, the fourth point common to the two conies will 
be the point distinct from the origin, in which the line 
{a^ - a'g)x + 2 (A/ - Kg) = o meets S. This will also coin- 
cide with the tangent at the orig^in if, in addition to the con- 
dition hg'=h'g, the coefficients of S, S' fulfil the condition 
hg' = k'g, and the conies will have at the origin contact of 
the third order. Thus the parabola h^x' + ibhxy + b^y' 
+ zkgx = o has contact of the third order at the origin 
with S. 

149. If in the equation S- Pi' = o {Art. 14.6, 2°.) 5" denote 
a circle, we get the following theorem -.—The locus of a 
point, such that the tangent from it to a fixed circle is in a con- 
stant ratio to its distance from a fixed line, is a conic having 
double con/act with the circle; the contact will be r^a/when 
the line L cuts S; imaginary when it does not. In this case, 
if we suppose 5 to reduce to a point, we get, evidently. 
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the focus and directrix. Hence we have the following defi- 
nition : — The focus of a conic is an infinitely small circle, having 
imaginary doable contact with the conic. She directrix being the 
chord of contact. 

150. If the focus be made the origin, the equation (Articles 
118, 1 30) is of the form x''-^y''= k''L^, ox{x-^-y •/ - i){x-_y'y - 1) 
= {tiLy, showing that the imagrinary lines x +y v' - i = o, 
X- jy\/ - 1 = o arc tangents to the curve. But x + jy 1/ - i 
= 0, x-j'-/-i = o, are (Art. 146, 4°) the lines from the 
origin to the circular points at infinity. If we denote these 
points by l3.ndf, we see that the joins of either focus to / 
and / are tangents to the curve. Hence all confocal conies 
are inscribed in the same imaginary quadrilateral, the six vertices 
of which are the two circular points at infinity, the two real foci, 
and two imaginary points on the conjugate axis, called anti- 
FOCI. 



I. The chord of curvature through the 



(55-1 



a' being the semi-diameter, terminating in the point of osculation. 
For, draw an ordinate to the semi-diameter, terminating in the point of 
osculation indefinitely near the point of intersection, and through its 
eitremities, and the extremity of the semidiameter a' describe a circle, this 
will be the circle of curvature, and the proposition is evident. 

2. The radius of curvature at the extremity of a' is 

3. The focal chord of curvature at any point of a conic is equal to the 
focal chord of the conic, parallel to the tangent at the point. 

Describe a circle through the point, and through the extremities of a 
chord, parallel to and indefinitely near the tangent. — (Tot 
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\, If ^ be ihe eccenfric angle at any point of an ellipse, then the equa- 
n of the common chord of the ellipse and the circle osculating at ^ is 



5- The equation of the circle oi 



6. Through any point in the plane of a conic can be described six oscu- 
Zating circles of the eonic . 

7. In the last exercise, show that if the point be on the conic, there can 
be described only three circles distinct irom the osculating ciiele at the 
point. 

Observation. — The Iheorem Ex. 7 is Steiner's (see Salmon's Coma, 
p. 22g). The extension of it in Ei. 6 was first given in the Author's 
memoir on Bidrculaf Quartus, 1869. 

8. If S, S' be two conies ; 0, jS a pair of their chords of intersection, 
such that S-S- = aS\ then 

4V-2*(S + 5-) + fl' = o (553) 

represents a conic having double contact with S, S'. For it may be 

9. If a variable eUipse have four-pointic contact with a fiied ellipse at 
the eitremity of its minor aiis, the locus of its fod is a circle whose 
radius is equal to half the radius of curvature. 

10. The general equation of a conic, having double contact with S and 
S-\-Li + M', is 

S-{Lcosa + Msmar = o. (554) 

(Crofton.) 

11. If a conic have double contact with two others whicli have the same 
focus and directrii, the chords of contact pass through the focus, and are 
perpendicular to each other. {Ibid.) 
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12. From any point P on an outer confocal tangents are drawn to an 
inner; prove that the ellipse passing through P, which has the points of 
contact as foci, has four-pointic contact with the outer confocal. 

(Crofton.) 

13. The latuB rectum of the variable ellipse, Ex. 12, is constant. 

14. The equation of a conic having double contact with ^V + 5-y= (7> 
and A''x^^B'y' = D is 

^.(H-ffy-C= (i -~)(-4^cosfl + 5vsin9)'. (555) 

15. If a 1 3 ± 7 = o be the sides of a quadrilateral, the conic 

a=sec=Ji + fl=cosec'iS-7= = o 
touches its four sides ; or again, the conic 

i-i^ - 2b [a' -i- fl' + 7') + ^^ = o touches the four sides. (556) 
c given by the general equation, 
ates of a focus, then the imaginary line 
ipc-x') + (j--/) V- I will (Art. 150) bea tangent. Hence, comparing 
this with A^ + fix -4- B, we have to substitute for \, fx, v, in equation (320), 
I, V^^, and - (x' + y' v'-H) ; and we get, after omitting accents, and 
equating real and imaginary parts to zero, the two equations— 

{Cx ~ Gf - {Cy ~FY = A[a- b), (557) 

{Cx-G).{Cy-F)^A{h), (ss8) 

which determine the foci. (Salmon.) 

I". If S, S' represent two circles, prove that Si ± S'i - k = o has 
double contact with each, 

r8. If two conies have each double contact with a third, their chords 
of contact with the third conic and a pair of their chords of intersection 
with each other form a harmonic pencil. 

19. The diagonals of a quadrilateral inscribed in a conic, and the diago- 
nals of the quadrilateral formed by tangents at its angular points, form a 
harmonic pencil, 

20. If three conies 2, 2", 2" have each four-pointic contact with a given 
conic, and contact of the first order with each other, taken two by two; 
prove that the triangle formed by the points of contact of 3, 2', 2" with 
each other is inscribed in the triangle formed by their points of contact 
with S, and in perspective with it, and also with the triangle formed by the 
tangent at the points of contact on S. (Croeion.) 



Hosted by 



Google 



242 Miscellaneous Investigations. 

21. If three conies have each double contact with a fourth, six of their 
chords of intersection are, three by three, concurrent. 

22. If a hexagon be described about a conic, the three lines jaininK 
opposite angular points are concurrent. (BRlANf.'HON.) 

23. A conic is described tonchinga filed conic at P, and passing through 
its foci S, S' ; prove tliat the pole of SS' with respect to this conic will be 
on the normal at P, and will coincide with the centre of curvature if the 
conies osculate. 

24. If a parabola have double contact with a given ellipse, and have its 
axis parallel to a ^ven line, the locus of its focus is a hyperbola confocal 
with the ellipse, and having one asymptote in the given direction. 

25. If a variable conic having double contact with a fixed conic pass 
through two given points, the chord of contact passes through one or 
other of two given points. (SALMON.) 

26. Three conies which have double contact are met by three of their 
non-concurrent common chords in six points, which lie on a conic. 

{fbid.) 
2 7. If an ellipse have double contact with each of two confocals, the 
tangents at the points of contact form a rectangle. 

28. If the asymptotes of a hyperbola comcide in direction with the 
iquieonjugate diameter of an ellipse'; prove that the hyperbola cuts ortho- 
gonally all conies passing through the ends of the aies of the ellipse. 

29. Two parabolae osculate a circle, and meet it again in two points 
P /"; prove that the angle between their axes is one-fourth of the angle 
subtended by F/" at the centre of the circle. 

30. The centre of curvature at any point of an ellipse is the pole of the 
tangent at the same point with respect to the confocal hyperbola passing 
through it. 

31. The focal chord of curvature at any point of a conic is double the 
harmonic mean between the focal radii at the same point. 

(Salmon.) 

32. The locus of the centre of an equilateral hyperbola, having contact 
of the third order with a given parabola, is an equal parabola. 

33. If two tangents be drawn to an ellipse from any point of a confocal 
ellipse, the excess of the sum of these two tangents over their intercepted 

34. Find the lengths of the axes of a conic given by the general equation 

ax'' + 2/t.ry + Af' + zgx + i/y + c = o. 
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Transforming to the centre as origin, we get (Art. 94, Cor. 4), 

flx= + 2hxy + hf + -^ = O. 
Now, if the auxiliary circle be x^ ■\-y' - r-, it has double contact with the 
conic. Hence, putting c' for , and eliminating the constants, we get 

{ar^ + c-)x^ + iki^xy + [br^ + c')y = o, 
which must be a perfect square ; therefore the roots of the equation 

(aS - W')^ + (a + by,^ + c-' = o, 
or C^r< + (a + i) CAr» + a= = o (559) 

are the squares of the roots of the semi-aiies. 

35. If the conic given by the general equation be an ellipse, its area is 

%■ (560) 

36. If two tangents TP TQ be drawn to an ellipse from any poitit T 
in a confocal liyperbola, which cuts the intercepted arc of the ellipse in 
K; prove that the difference of the arcs PK, KQ is equal to the diffe- 
rence between the tangents PT, TQ, (M'Cullagh.) 

37. If a variable conic has four-pointie contact with a fixed conic, and 
also touch its directrix ; prove that the chord of contact passes through the 
focus of the fiied conic. (Ckofton.) 

38. The co-ordinates of a poii 
into parts, whose_difrerenee is 

39. Show that the locus of points on a system of confocal conies, the 
circles of curvature at which pass through one of the foci, is a circle of 
which the foci are inverse points. (Mr. F. Purser, f.t.c.d.) 

40. Prove that for a system of conies, having the same focus and direc- 
trix, this locus is a parabola. (Ibid.) 

4t. From a fixed point O a tangent OT is drawn to one of a system ol 
confocal conies, and a point P taken on the tangent, such that OP. OT 
is constant ; prove that the locus of P is an equilateral hyperbola. 

(Prof. J. Purser.) 

42. If a polygon circumscribe a conic, and if the loci of all the vertices 
but one be confocal conies, the locus of the remaining vertex is a confocal 
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e this proposition in tlie ease o 
! be exfended to the polygon. 






It will be sufficient to pi 
the proof for the triangle t 

Let ABC he a Irian gl 
scribed in a circle X\ then 
(Sequel, VI., Sect, v., Prop. I 
if the envelopes of two sides of / 
ABC be coaxal circles, the ei 
yelope of the third side ii 
coaial circle. Now let O t 
one of the limiting points, and 
describe circles about the tri- 
angles OAB, OBC, OCA; let 
their centres be C, A', B' ; 
then {Sequel, Vi., Sect, v., 
Prop. 8, Cor, 4) the envelopes 
of these circles are circles con- 
centric with X, and the loci of their centres A', B' , C are conies whose 
foci are O, and the centre of X; that is, they are confocal conies. Also, 
since the lines OA, OB, OC are bisected perpendicularly by the sides of 
the triangle A'B'C, that Wangle is circumscribed to a triangle whose foci 
are O, and the centre of X. Hence the proposition is proved. 

43. If the base of a triangle and its vertical angle be given, the locus of 
its symmedian point is an ellipse having double contact with the circnm- 

44, If the conic b5 - ^7= = o touch the circle e^ sin C + ^7 sin .^ 
-h 7a sin 5 = 0, the point of contact is on one of the symmedians of 
the triangle ABC. 

(Bbocard.) 
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Section II. — Simiiar Figures. 

T>KE.—If from tht eircumcsnlre O of a triangle ABC three 
perpendiculars be drawn to its sides, the points A', B', C, in 
which they meet the circle described on the join of to the sym- 
median point K as diameter, called the Brocard circle, form a 
triangle, which we shall call Brocard's first triangle. 

151. Brocard's first triangle is inversely similar to Ike triangle 
ABC, 

Dem. — Since OA' is perpendicu'ar to BC and OB" to AC, 
the angle A'Off is equal to BOA ; but A'OB' is equal to 




A'C'B'. Hence the angle A'C'B' is equal to ACB. In like 
manner, the other angles are equal, and the triangles have 
evidently different aspects. Hence they are inversely similar. 
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Cor. I. — If K be the symmedian point, the lines A'K, 
B'K, C'K, are parallel to the sides of the triangle. 

Cor. z.— The three lines A'B, B'C, C'A are concurrent, 
and meet on the Brocard circle of the triangle. 

For, produce BA', CB' to meet in fi ; then, since K is the 
symmedian point, the perpendiculars from ^on the sides of 
the triangle ABC are proportional to its sides ; but these per- 
pendiculars are equal to A'X, B'Y, C'Z, respectively. Hence 
A'X: B'F-.-.BX: CV, and the triangles A'BX, B'CV are 
equiangular; therefore the angle BA'X \5 equal to CB'r, 
that is equal to OB'il. Hence {Eudid, III. xxii.) the points 
A', O, B',Q are concyclic ; therefore A'B, B'C meet on the 
Brocard circle. Hence the proposition is evident. 

Cor. 3, — It may be shown in a similar way that the lines 
AB", BC, CA' are concurrent, and meet in another point il' 
on the Brocard circle. 

Cor. 4.— The six angles UAB, QBC, iiCA, Q'BA, O'CB, 
Q'AC a.re equal. 

GES.—I/the common value of the angles ^AB, &c.. bs de- 
noted by 10, (u is called the Brocard angle of the triangle, and 
Q, jy the Bkocard points. 

Cor. 5. — To find the value of the Brocard angle. Since 
the lines AU, BQ, CO are concurrent, we have 

sin(^-»o)sin(.ff-u)) sin(C~<u) = sin'<u. 
Hence cot 10 = cot A -i cot B -i- cot C ; 

or cosec'ui = cosec'^ +cosec'.ff + cosec*C. 

(Hymer's Trigonometry, p. 141.) 

Def.^ — If the Brocard circle of the triangle ABC meet its sym- 
median lines again in the points A", £", C", A"£"C" is called 
Bkocakd's second triangle, 

152. If three figures directly similar be described on the sides of 
the triangle ABC, their centres of similitude (Euclid, VI. xx., 
Ex. 2), taken in pairs, are the vertices of Brocard' s second triangle. 
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Dem.— Join OA", A"B, A"C, and let AA" meet the circum- 
eircle in T. Now, since OA'is the diameter of the Brocard 
circle, the angle OA"!^ is right. Hence AT is bisected in 




A"; therefore A" is the focus of the parabola touching AB, 
AC in the points B. C (Exs. 11, 12, p. 144); the triangle 
BA"A is directly similar to the triangle AA"C. Hence the 
proposition is proved. 

Cor. 1.— If figures directly similar be described on the 
sides of the triangle ABC, the symmedian lines of the tri- 
angle (abc) formed by any three corresponding lines pass 
respectively through the vertices of Brocani's second tri- 
angle. For since A" is the centre of similitude of the figures 
described on BA, AC, and that ba, ac are corresponding 
lines in these figures, A"s. divides the angle bac into parts 
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equal to those into which A" A divides BAC \ therefore A"a 
is a symmedian line of the triangle bac. Hence the propo- 
sition is proved. 

Cor. 2. — The symmedian point of the triangle bac is on the 
Brocard circle of SAC (M'Cay.) 

For, from the similarity of figures, the angle of intersection 
of the lines yl"a and 5"b is equal to the angle of intersection 
A" A, B"B. Hence the angle A"K'£" = A"KB". Hence K' 
is on the Brocard circle. 

Cor. 3.— The lines through ^'parallel to the sides of abc 
pass through the vertices of Brocard's first triangle. 

Cor. 4. — If the area of abc be given, the envelope of each 
side is a circle, the centres being the vertices of Brocard's 
first triangle. This follows at once from the similarity of 
the triangles abc, ABC, and Cor. 3. 

Cor. 5. — The centre of similitude oi ABC, abc is a point 
on the Brocard circle of ABC ; for, since A JC, aK', corre- 
sponding lines of the two figures, meet in A", their centre of 
similitude is the point of intersection of the circumcircles of 
the triangles A"KK', A"Aa {Euclid, VI, xx., Ex. 2.) 

Cor. 6.— In the same manner, it may be shown that the 
centre of similitude of any two triangles, each formed by 
three corresponding lines of figures directly similar, de- 
scribed on the sides of the triangle ABC, is a point on its 
Brocard circle. 

153. Properties of corresponding points of similar figures. 

1°. If figures directly similar be de- 
scribed on the sides of the triangle ABC, 
and if the join of two homologous points '. 
A', £' of Ikese figures pass through a 
given point hk, the locus of each point 

Dem. — Taking B as origin, BC as 
axis of .^, and a perpendicular to it as 
the hypothesis, the triangles BA'C, CB'A a 
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therefore the angles CBA', ACB' are equal. Hence, denot- 
ing each by 6, and BA', CB' by p, p' respectively, from the 
conditions of the question we get, 

pcos^, psin^, I, j 

or, expanded, and reduced by putting p' = - p, and turning 
into Cartesian co-ordinates, 

bsmC{x'^f)-\-{ak^bk<::.o%C-hks.mC)x+{d'-ah 

-bh cos C'bksm C)_y-aH=o. 
This circle passes through hk ; for if we put p cos 0, p sin 6 
for Ak, the determinant will have two rows alike. 

Cor. — If M be the centroid of the triangle ABC, the circle 
will be 

„ „ a cot w a- , , , 

,.,-.. + — -^ + -.0, (s6,) 

where m is the Brocard angle of the triangle. 

2°. If the lines joining the points A, A', B, B' he parallel, the 
loci of A\ ff are circles. (Neuberg.) 

The equations of the lines AA', BS are respectively 

(psine + Csin5)jr-(pcosfl-Ccos5)j'-pCsin(5+^) = o, 
p' sin (C + e) j; + (a - p' (cos C^0)y= o. 

Hence, from the condition of parallelism, and reducing as 
before, we get 

x°- +y -ax + a cotia.y + a^ = 0. 
This circle is the locus of the point A', when the Brocard 
angle of the triangle BCA" is equal to that of BCA. 
(Compare Chap. 111., Ex. 74.) 

In the same manner, it may be shown that the loci of 
A\ B are circles, \iAA', Bff be inclined to each other at a 
given angle. 
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3°. Upon the sides of ABC are described three triangles di- 
rectly similar, viz. ABC, 
BCA', CAB'; it is required 
to investigate in what cases 
the triangles ABC, A'B'C 
are in perspective. 

Let a, j8, 7 be the trili- 
near co-ordinates of the 
centre of perspective, 6, 6' 
the base angles of the tri- 
angles ; then we have, evi- 
dently, 

o.: p-.-.BC sin(B-e'): AC sin{A -6):: sine. sin(B-e') 

-.sine-, sin (A -6); 
therefore 

o sin ^ cot tf - ^ sin 5 cot ^-{acosA-p cos B) = o. 
Hence, eliminating 6, 0' from this and two similar equations, 
we get 

a sin A, P sin B, a cos ^ - /3 cos^. I 

^ sin B, y sin C. ft cosB - y cos C, = 0. 

ysinC, asin^, ycosC-acos^ 

Substituting for the second column the difference between 
the first and second, and then adding the second and third 
TOWS to the first, we get a result which may be written 

(osin^ + ^siii^+ysiiiC): r. o, o. I 



I ysinC, ysiQC-asin^. 7C05C-, 



{asin^+;8sini? + -i-sinC)(a/3sin(^-S) + ^ysiiiC5-C) 

+ ya^in{C-A)) = o. (563) 
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Hence, if the triangle ABC and that formed by three cor- 
responding points be in perspective, the locus of the centre 
of perspective is either the line at infinity or the equilateral 
hyperbola 

a^sinC^-5) + /37SinC5-C) + 7asin(C-^)=o, 
called Kiepert's hyperbola, Nouv. Annates, t, viii., 1869, 
pp. 40-42. 

In the former case the lines AA', BB', CC are parallt^l, 
and the locus (z°) of each point A', B\ C is a Neuberg 

Again, if we add the equation 

Qsinvi cot e - ,8 sin j9 cot fl' - {acosA-Pco&B), 
and the two similar ones got by interchanging letters, we 
get 

(cot 6- cot^)(asin/i +^sin.ff +7 sin C) = o. 

Hence, if the triangles be in perspective, either 
a sin ^ + /5 sin 5 + 7 sin C = o, 
as found before, or cot 6 = cot 6', and the three similar tri- 
angles will be isosceles ; and we have the following theorem, 
due to KiEPERT : — If upon Ike three sides of a iriangte ABC 
simitar isoscetes triangtes be described, tlie triangle formed by tticir 
vertices is in perspective ■milJi ABC, and the locus of their centre 
of perspective is an equilateral hyperbola. 

4°. If the distance A'B" of tuio corresponding points he given, 
the locus of each point is a circle. 

If m be the length of the line A'B', the conditions of the 
question give us 

(pcos« + p'cos(l:' + e)-n)' + (psine + p'sin(C + e)y=CT^ 
Hence, reducing, &:c., we get 

(.*= 4y)(a' 4 h^ + 2ab cos C) - za=(a + b cos C)x 
+ za''ismCj' + a'{a'-m^) = o. 
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If m vanish, the two points will coincide, and the circle will 
be a point, viz., 

(je +y) {«= +/>' + lab cos C) - la" [a + * cos C) x 
+ io'b sin C .J' + a' = o- 
This will be the point circle, which is the centre of simili- 
tude A" (Art. 152) of figures described on the lines BA, AC. 
5°. I/!he ratio of B'A' : A'C he given, Ike locus of each point 

If the ratio be ^ : i, since the co-ordinates of the point C" 
are evidently cza^B- p" cos {B - 6), p" sin {B-6)- c sin B, 
where p" denotes AC, as in 4°, we get 
(^+y)(a'+ ^'+ ^ab cos C) - za\a + h cos C)x^ ^a'isin C ._>'+ a' k^ 



or denoting the equations of the point circles A", B", by 
S, S", 

S - k'S' = o, 

which, if k vary, denotes a coaxal system whose limiting 
points are two of the vertices of Brocard's second triangle, 

6°. 1/ (he area of Ike triangle formed by three corresponding 
points be given, the locus of each point is a circle. 

Dem. — Denoting the area of the triangle by A', the con- 
ditions of the question give us 

p cos $, p sin 0, 

a-p' cos (C + &), - p' sin (C + 6), 

ccosB~p"cosiB-6), p"HmiB-6)-csmB, 
or reduced, 

{ab sin C + icsinA+ ac sin B) (^ + y - ax) 

+ {ab cos C + bccoiiA+ ac cos B)j = zs-(A' - ac sin B). 

Hence, if the area of the triangle ABC be A, the locus of 
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Cor. I. — From the foregoing values of the co-ordinates of 
A', B", C, it follows at once that the centroid of A'B'C 
coincides with that of ABC. 

Cor. z.— Since the area of the triangle A'ffC may b& 
taken either as positive or negative, the locus will consist 
of two concentric circles. 

Cor. 3. — If the area of the triangle A'B'C be zero, the 
points A', B', C will be coUinear ; the line of coUinearity 
will pass through the centroid of ABC. The locus oi A' 
will be 

acolia a^ 

(Compare 1°, Cor.) (565) 
Cor. 4.— If the point A in the diagram (Art. 153, i") 
were on the positive side of BC, the equation would be 
, , acot<a a^ 

154. M'Cay's Circles. — 

When three corresponding points are collinear, the circles 
which are their loci possess several interesting properties. 
Theirmost complete discussion, due to Mr.M'Cay, f.t.c.d., 
is published in the Transactions of the Royal Irish Academy, 
vol. xxviii., pp. 453-470. They have been also studied by 
Neuberg, who, in a letter to the author, has called them 
M'Cay's circles. We shall give here a few of their most 
important properties. 

i". If in the equation (565) we substitute the co-ordinates of 
the centroid of the triangle, the equation is satisfied. Hence each 
of M'Cay's circles passes through the centroid of ABC. 

1°. Denoting the three circles by a, ^, y, and their centres 
by X, Y, Z, we have, from the equation, 

Hence OX. OA - — , equal to the power of the point O with 
respect to a. 
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Therefore A'K is the polar of Q with respect to a, and 
A' is the polar oiBC with respect to a. Hence we have the 




following theorem : — The vertices of Brocard's first triangle 
are, with regard to M'Cay's circles, respectively, the poles of 
the sides of the original triangle. 
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D-EF.—Tf A"G, B"G, C"G be produced to meet M'Cay's 
finks in the points A'", B'" , C", respectively, A"'B"'C" is 
Brocard's thikd triangle. Its linear dimensions are evi- 
dently equal to twice those of A"B"C". 

3°, If through the point G a tangent he drawn to any of 
M'Cay's circles, the intercepts made on it by the other two circles 

This and the preceding theorem are immediate inferences, 
from the fact that G is the mean centre of the points in 
which any transversal through G meets the circles. 

4°. If through G we draw any transversal, cutting the 
circles in three points, the tangents to the circles at these 
points will be corresponding lines, and will meet the sides of 
the triangle ABC in corresponding points. Hence we infer 
the following theorem :■ — The polars of corresponding points on 
the sides of the triangle ABC, taken respectively with regard to 
M'Cay's circles, are three concurrent lines, and the locus of their 
point of concurrence is the Brocard circle of the triangle. 

5°. If we take the middle point O of BC as origin, the 
equation of the circle o wih be 

and invert this with respect to the circle on BC as diameter, 
and we get Neuberg's circle 

x' +y - a cot w -J' + — 
+ 
(Chap. HI., Ex. 75). Hence the circle described on any side of 
She triangle as diameter, and the corresponding M'Cay's and 
Neuberg's circles, are coaxal. 

6°. The circle a is the locus of the cenlroids of all triangles 
described on BC, having their Brocard angles equal to thai of 
the triangle ABC. 

■f. If the median OA meet the circle a in L, and the circum- 
circle in I, OL is equal to 01, and L is the foot of the perpen- 
dicular let fall from the orthocentre on the median. 
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8°. The two rectangular lines, joining G to Ike highest arid 
lowest points of the circle a, are the rectangular axes of the 
maximum ellipse inscribrd in ABC. 

For these axes are the rectangular pair of the pencil in 
involution determined by GA, GB, GC, and parallels through 
G to the sides. The intersection of this pencil with the 
circle a may be seen to be in perspective at A', whence the 
above result. 

155. Def. — Two figures are said to be komoihelic when radii 
vectores from any point of the first figure an proportional to 
parallel vectores from the homologous point in the second. 

Two conies being given by their general equations, it is 
required to find the condition that they may be homothetic. 
If the equations of both conies be transferred to their centres, 
as origins, they will be. respectively, of the forms 

ax^-f lAxj-i-by' + c = 0, a'x' + ih'xj' + 6y-¥c' = o ; 
or in polar co-ordinates. 



i'(f+ihs 



Now, in order that p, p' may have a ratio independent of $, 
it is evident that we must have 

a'~ h'~ b" 
which is the required condition. 

156. If the conies be similar, but not homothetic, it iS 
plain that if the axes of co-ordinates for one be turned round 
through a certain angle, the new coefiicients a, h, b will be 
proportional to the old coefficients a', h', b'. Suppose this 
done, and that they become ka', kh', kb' ; then, from the pro- 
perty of invariants, we have, for rectangular co-ordinates, 
{a + b)= k{a' + b'), ab-k' = k'{a'b' - k"). 
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Hence, eliminating k, the required condition is 

and, for oblique co-ordinates,' 

(a + i) - 2A cos 10)' _ [a' + &' ~ zh' cos a^f 
1b~^' " a'b' - hf ■ 

Examples. 

1. The intercepts made on the sides of the triangle by Leraoine's 
parallels are proportional to sin {A ~ a), sin {B— a/), sin [C— ai). 

2. The lines .4^', BS", CC (see figure, Art. 15 1) are concurrent; the 
co-ordinates of the point of concurrence are a-', 6-', c-'. 

3. Prore that Brocard's triangles ^'.S'C, j^"^"C"' are in petspective ; 
that their centre of perspective is the centroid ai ABC, and the aiis of 
perspective its polar with respect to the Brocard circle. 

4. If the locus of the point a (fig. Art, 152) be a right line, the enve- 
lopes of the lines ba, ac are parabolae. 

5. HA,' B', C be three corresponding points, and if A' describe the 
line aj: + ^j" + I = o , prove that the points ff, C describe respectively 
the lines 

(AacOsC-fu7siiiir]3; + (AasinC+/.acosC)_y4->ia'sinC-Aa5cosC-A = 0, 
{xa cos £ + fia sin i^ .c + (\a sin J - ;ia cos .ff )_f - <r - Aoc = O. 

6. If jBo, »ii, m, denote the medians of the triangle ABC, 4 its area ; 
prove thai the parameters of the three parabolae which can be described, 
each touching two sides, and having the third as chord of contact, are 
respectively 

2A' ZA= it^ 

7. The vertices A", B", C" of Brocard's second triangle are the foci 
lespecfively of three parabolae whose directrices are the medians of ABC, 
and which are inscribed in the quadtilaleral formed by the internal and 
external bisectors of an angle, and the perpendiculars at the middle points 
of its sides. (Artzt.) 

8. The parameters of the three parabolae of En. 7 are respectively 

A{^^) A(^-.') ^(.'-i^) 
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9. If through the Brocsrd point fl we describe three circles, each pass- 
ing respectively through the angular points oi ABC, the triangle foimed 
by their centres has the circumcentre of ABC for one of its Brocard 
points. (Dr-WULF.) 

10. If by means of the other Biocard point II' we describe in the same 
manlier another triangle, the two triangles will be in perspective ; the 
circumcentre of ABC will be their centre of perspective. {Ibid.) 

11. If the sum of the squares of the ades of the triangle^'.ff'C, formed 
by three corresponding points (Art. 153), be given, the locus of each is a 

12. In the same case, if any angle of the triangle A'B'C or the differ- 
ence of the squares of any two sides be given, the locus of each pomt is a 

13. Upon a given line, and on the same side of it BC, can he described 
six triangles equiangular to a given triangle : prove that their sis vertices 
areconcydic. (Neuberg.) 

14. If hi, hi be the altitudes of the Hghest and lowest points of 
M'Cay's circle (a) ; and if we put 

hi = ^a tan <pi, hi = \a tan ijjj ; 
prove that $1, tfz are the roots of the quadratic 

sin (2,(. + ...) = 2 suioi. (il'CAY.) 

15. In the same case, prove 

s'l^-^ , ^'"-^ + __"" ^— = o. ilbid.) 
cos {A + f) ^ cos {B+^y cos (C + f) 

16. Prove that the Brocard angle (<->) satisfies the equation 

sin A cos 1^ + ») + sm.e cos (.5 + «) + sin Ccos(C+ «) = o. 

(Nkoberq.) 

17. Achcle touching an ellipse passes through its centre: prove that 
the locus of the foot of the perpendicular from the centre of the eUipse on 
the chord of intersection is a concentric and homothetic dlipse. 

18. All parabolae are similar figures. 

[9. If two conies be homothetic and concentric ; prove that they have 
donble contact at infinity. 

20. A variable triangle of given species is described with its vertices 
lying on three given lines : show that its curcumcircle has double contact 
with a given conic. 
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21. If 5-^0 be the equation of a conic, ^ = o the equaUon of a line, 
k any constant ; then 5 - Sg = o is the equation of a homothetic conic. 

22. If three figures be homothetic, two by two, their homothetic centres 
are collineai. 

23. Pairs of tangents drawn to a conic S are paraUel to pairs of conju- 
gale diameters of a conic 5 ' : prove that the locus of their point of inter- 
section is a conic homothetic with S'. 

24. If*,, ^j have (be same signification as in Ex. 14, prove that the 
angles ai + 2(fpi, w + ^j are supplemental . (M'Cav.) 

25. Prove that M'Cay's circles are respectively the inverses of the three 
sides of Brocatd's first triangle, with respect to the circle whose centre 
is G (fig. Art. 154), and which cuts Brocard's circb orthogonally. 

26. If a he the diameter of Brocatd's circle; prove that the diameters of 
Neuberg's circles are respectively 

2Ssin.^cot H, 25smScot ffl, 25 sin Ccot b. 

27. IfZ,-£'be the limiting points of M-Cay's circle a and the side a of 
(he triangle ABC; M, M" of the circle & and the side S ; N, N' of the 
circle 7 and the side e; prove that the triangles LMN, L'M' N' are equi- 
lateral. 



be the equation of any cot 
ic passing through three g 



; prove that the equatio 



of a 



Section IH.— The Geheral Equation— Trilinear 
Co-ordinates. 

157. Aronhold's Notation.— 10. In this notation, a point 
is denoted by a single letter, and its trilinear co-ordinates by 
the same letter, with suffixes. Thus the point x is the point 
whose co-ordinates are x,, x^, x^, 

2°. The trilinear equation of a right line, viz., a^Xi + u^, 
+ a^2 = o, is denoted by 111,= 0, the .r being a suffix to a. 
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3°. The general equation of the ra'* degree is denoted by 
a/ = o ; that is, by {a,Xi + a^Xi + 03^3)", where after the invo- 
lution ai' is replaced by the coefficient of Xi" in the given equa- 
tion, titti^'ai by the coefficient of j;i""'^i, &c. Thus the conic 
a„Xi^ + a2iX-J' + a^iXi + 2^,5X1^:3 + ia.aXiX% + %a-siX3Xi = o is 
denoted by (aiXi + UiX-i-^-a^X:^, or a^ = a. It is evident that 
in this notation the symbols a^, Qj, a^ have no meaning of 
themselves for curves of the second or higher degree, until 
the involution is performed.- — Salmon's Algebra, p. 267 ; 
ClebSch, Theorie der Binaren Algebraeschen Formen. 

4°. Any n on -homogeneous equation in two co-ordinates 
may be transformed into a homogeneous equation by the 
substitutions Xi H- x^, x^ ■=■ x^ for the variables and the clear- 
ing of fractions. 

158, Several well-known results assume a very simple form 
when expressed in Aronhold's notation. We shall merely 
state them here, as they present no difficulty. 

1°. Joachimsthal's equation (297), which gives the ratio 
in which the join of the points _j', z is divided by the conic 

Q^' + 2ka, . a, + iV = o. (568) 

2°. The equation of the polar of the point y, with respect 
to a,' = o, is 

^,.a, = o. (569) 

3°. The condition that y and z may be conjugate points, 
with respect to a/ = o, is 

a,.a..o. (570) 

4°. The equation of the pair of tangents, from the point jr 

a,\aJ'-{a..a,T^o. (571) 

5°. The discriminant of a^^ is 



■i (ST) 

and the minors of this are denoted by A,,, A^, &c. 
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6°. The tangential equation of a^^ = ; that is, the con- 
dition that the line A.Xi + Aj^j + Xsa^a = or \„ may be a 
tangent, is 

A>}, or C^.A. + ^A + A^\,J = o. (573) 

7°. The co-ordinates of the pole of A„ with respect to a}, 
are found thus : — Let y he the pole ; then, comparing the 
equations X,= o, and a,. a,, we get the identities 

avO>\ + ^ij^j + a^yi = A„ 
a%\yi + <tsa^2 + «sjj's = Aj, 
_ dji^'i + "Ju^i + las^s = A3. 
Hence, denoting the discriminant by A, we get 

A_j/i = Ai/(i, + A2-4,3 + Xa^ij, or A_ji'i = ^,A^. 
Similarly, A^-a = A^Xa, ^y^ = ^jA^. (574) 

8". The condition that two lines A, = 0, /i, = o, may be 
conjugate lines, with respect to the conic a,° = o, is found 
by substituting in either the co-ordinates of the pole of the 
other. Thus, we get 

Xa-i^a = 0. (S75) 

9°. If a^ = a, h^ = o, be two conies, it is required to find 
the locus of the poles with respect to a^ = o, of tangents to 

The polar of the point y, with respect to a^. is 
(<;i^i + a^i + aiX3){aiyi + a^^y-^ + a^y^; 
or putting V-i = flu j'l + a^y^ + au^a, &c., 

j'lXi + y^^ + r^xs- 

And the condition that this should be tangential to h^'' = o is 
{ByY-, + 5,-^3 + B-^r,)-' = o, or By^ = 0. (576) 

159. In the general trilinear equation ae^ -i zka.^ -^ bp' -v z/^y 
+ 2gya. + fy* = o, lo explain Ihe geometrical significalion of the 
vanishing of a coefficiml- 
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\°. The vanishing of the coefficients of the squares of the 
variables has been fully explained in Art. 78. 

z". When the coefficients of the products vanish. 

Suppose the coefficient h, for example, to vanish, then the 
equation becomes aa? + hp* -k- cy' ■{■ 2/^y + igya = o. Now this 
will meet the line 7 = o in the two points where the lines 
ao? + &0' = o meet y = o ; that is, in two points which are 
harmonic conjugates to the points where the lines a = o, 
/3 = o, meet y. Hence we have the following theorem : — 
1/ in the general equation the co^cient of the product of any two 
variables vanish, the third side of the triangle of reference is cut 
harmonically by the other sides and the conic. 

Cor. I . — If the coefficients of all the products vanish, each 
side of the triangle of reference is cut harmonically by the 
conic. In other words, the triangle of reference is self- 
conjugate with respect to the conic. 

This may be shown otherwise. Let the conic be 

then we have 

{,ny + la){ny--la) = m^^. 
Hence ny + /a, ny - la are tangents, and yS is the chord of 
contact, which proves the proposition. 

Cor. 2.— Any point on the conic IV + tn'/3' - «V = o will 
be common to the lines denoted by the system of determi- 

I cos* sin,f, ,, II '"'' 

each equated to zero, which may be called the point ^ 
on the conic. 

Cor. 3. — The equation of the join of the points ^ + f, 
^ - iji' is 

/«, ;«/3, „y. : 

cos(.^ + .^'), sin(,/. + f), 1, 1 = 0, 
cos (^ - i^), sin (ijr - if/'), I ' 
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or /tt cosi^ + m^sini/'- Mysini^'= o. (578) 

Hence the equation of the tangent at the point i/- is 

lo. cos 1^ + w/3 sin i/- - wy = o. (579) 

Cor. 4. — The oo-ordinates of the point of intersection of 
tangents at ^ + f , ^ - 1^', are 



/ 



(S80) 



Cor. 5. — The equation of a conic referred to a focus 
and directrix is x^ -k- y- = {eyf, where y = o denotes the 
directrix. Hence it is a special case of 

Examples. 

1. Find the values of /, m, n, in order that /'a' + m'S' + «V = " "^y 
represent a circle. 

Am. /' = sia 2A, m' = sin 2B, n' = sin zC. 

2. If the conic /'a' + m'ff' + ny^ = o passes thrangh 3 fixed point, three 
other points on it are determined. 

3- Find the condition that the join of the points i^ + if', +—'('' shonld 
touch Ihe conic l"'a' + m'^fP + «'=7= = (i. 

/2 cos' li m'> sin^ ili «' cos' •li' 

■'"■ -^ + ^^^^5-* + ^S^- Is") 

4- Find the co-ordinates of the pole of the line \, = o, with respect to 
the conic 

VM + V"^ + V"^ = o. 
From equation (574) it is seen that the co-ordinates of the pole are the 
differentials of the tangential equation of the conic, with respect to 
Ai, As, As, respectively. Bui the tangential equation of the given conic is 

;AsAj + m\3\! + H^iAs = o. 
Hence the required co-ordinates are 

xi = m\i + ;;As, x^' = MAi -I- iKs, Xs = /Aj -I- mAi. 
5. Find the locus of the pole of A* = o with respect to the conic 
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being giveo that the conic fullils anotlier condition, socb as t 
a giren line, say L, = o. — (Hearn.) 
Solving the equations in Ei. 4, /, m, n are proportional to 

Now if Z» tonch the conic, we have 



Hence the required locus, omitting accents, is the right line 




Xi {All! + Assa- 
il 


\xxx) J Xs(AiVa + Aia^i-Atrs) 






1 \-i{KxXi\X-^xx-\-^ii ^ 


(582) 


6. The triangles formed 1 


->•} Uiree given points, and their pc 


ilars with 



Dem. — Lel_)', z, -ai, be the angular poinls of the original triangle ; their 
pcJars, with respect to a,' = o, are a, .a,, a^ . a„ 3, . a^, respectively ; 
and the equation of the join of y to the intersection of the polars of 

with two similar equations for the other lines of connexion ; and these, 
when added, vanish identically. Hence, S;c. 
7. It is required to detemiine when the general equation 
act' + bg^ + cy^ + 2ktt? + 2/ev + 2gya = o 
represents an ellipse, a parabola, or a hyperbola. If we eliminate 7 
between this and the equation 

osin^ + /3 sm5+ 7 sinC= o, 
which represents the line at infinity, and if the resulting equation in o, fl 
be the product of two real factors, it will be a hyperbola ; if the product 
of two imaginary factors, it will be an ellipse ; and if a perfect square, it 
will be a parabola. In this way we £nd it to be an ellipse, a parabola, or 
a hyperbola, according as 

.^aaM + .ffsin'^+<7sin=C+2i^sinSsinC+2£?^nCsin^ + 2ffsin^sin5 
is positive, zero, or negative. 
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8. If ihe condition of Ex. 3 be fulfilled, what is the locus of the pole of 
the join of the poiais i(i + ij/, ^ — ^ ? 
Denoting the co-ordinates of the poles by x, y, s, from eqaatlon (sSoJ, 

Ix = COS 1(1, my = sin ^, ns - cos i/. 
Hence, from (581), we get 



This conic is the polar reciprocal of /"'a' + iti'^f^ + i'=7^ = o, with respect 
to /^n' + »i=6= + «V = O- Heuce the polar reciprocal of o'o' + 6';8* 
+ £"^1 = 0, with respect to ua' + S^= + V = », is 

9. Find the condition that the line Ao + fiS + ry = o will touch the 
conic ^^o' + JH'^= - n V = <>■ 

Comparing \a + ^ + py = o with equation (579), and eHminating -i/, we 
get the required condition, 

)nic /■^a' + m^gr = ri'y' be given, three 

ID, If the chord in Ex. 3 passes through the point a, y', the locus of 
its pole is 

11. The locus of the pole of any tangent to the conic a,^ with respect 

^,= = 0. (587) 

12. Find the equation of the director circle of the conic 

a»= + ie" + cy = o. 

If ,), + ij/, ij,- i|.' be the parametric angles of the points of contact of two 

rectangular tangents, then the condition of perpendicularity will give us 

the required result, after eliminating ^, ij;' by means of the co-ordinates in 

equation (580), and putting a, *, c for P, m', - n* ; thus we get 

+ 2«&eosC.oj3 = 0. (588) 
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i6o. To discuss the equation a^ = -f. 

This is the special case of the last proposition, when the 
coefficients of the products fiy, ya vanish, and also the coef- 
ficients of a', P'. The form of equation (Art. 146, 3^) shows 
that a, j8 are tangents, and y their chord of contact. If in 
the equation afi = y'^ wc put a = i'tan^, (3=y cot 0, the equa- 
tion is satisfied. Hence the co-ordinates of any point on the 
curve may be represented by tan ^, cot 0, i. This point will 
be called the point ^. 

r6i. The equation of the join of two points ^, <^' is the 
determinant 



tan^ + tan^'^ cot^ + coti^' ^' ^^ ^' 

Cor. I , — If tan ^ + tan ^' be constant, the join of the points 
4>, 4>', passes through a given point. For writing the equa- 
tion (5B9) in the form a + j?tan 1^ tan i^' -^(tan ^ + tan^'), it 
represents a line through the intersection of a-yCtan^^ 
+ tan ^') = o and ^ = o ; that is, through a fixed point on p. 
In like manner, if cot i^ + cot^' be given, it passes through a 
fixed point on « ; and if the product tan ^ . tan ^' be given, 
it passes through a fixed point on y. 
Cer. 2. — The tangent at the point <^ is 

o cot ^ + y? tan ^ = zy. (590) 

Cor. 3. — The tangents at >)>, <j)' intersect on the line 
a- p tan •}> tan ^', got by eliminating y between their equa- 
tions. Hence, if tan ^ . tan ^' be constant, the tangents at 
<^, </>' intersect on a fixed line passing through the point n/S. 
In like manner, it may be shown that if tan -^ + tan •^' be con- 
stant, the tangents meet on a fixed hne passing through yo, 
and if cot ^ + cot ^' be constant, on a fixed line through j8y. 
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The General Equation— Trilinear Co-ordinates. 267 
Ccr. 4. — If the equation (589) be written in the form 
(u-ytan ^) -(7-/3tan<^) tam^' ; 
or, say L- M tan 1^' = o ; and since (Art. 33) the anhar- 
monic ratio of the pencil of four lines a- kj3, a- k'ji, a- k"fi, 
o- r'y3 is 

(k - k') [k" - k"') -{k- k") {i' - k"), 

we infer that the anharmonic ratio of the pencil of lines from 
any variable point of the conic to the four fixed points <l>', <j>", 
<^"', <l>"" is 
(tan 4/ - tan 0") (tan ^"' - tan ^"") ~ (tan.^' - tan tp'") (tan ^" 

or sin(^'-^") sin(^"'-^"") -^ sin(^'-^"') sin(^"-<^""), 
and is therefore constant. 

The theorem just proved was discovered by Chasles, and 
is the fundamental one in his Sections Coniques, Paris, 1865. 
On account of its great importance we shall give another 
proof. Let the quadrilateral formed by the four fixed points 
be ABCD, and let be any variable point; then, if the 
equations of the sides AB, BC, CD, DA of the quadrilateral 
be a, j3, y, S respectively, the equation of the conic (Art. 
146, 5°) may be written ay - k^8 = o; but o being the per- 
pendicular from O on AB, we have 

OA.OB.sinAOB 
„_ J^i— - ' 

with similar values for /3, y, S; and these substituted in the 
equation ay - i^S = 0, give 

sin^O-g-sin COD AB . CD 

smBOC.&inAOD' ' BC . AD' 
The right-hand side of this equation is constant, and the left- 
hand side is the anharmonic ratio of the pencil (t> . ABCD). 
Hence the proposition is proved. (See Salmon's Comes, 
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Cor. 5. — The tangent at ^ intersects the tangent at ^' on 
the line a cot 1^ - j8 tan ^' = o. Hence, as in Cor. 4, we infer 
that the anharmonic ratio of the four points, where tangents 
at four fixed points i^', <^", 1^'", <^"" meet the tangent at any 
variable point ^, is 

Bin (*' - ./.") sin (^"'- ^'"•) ^ sin (.^' + ^"') sin (^" - <^""), 
and is therefore independent of <^. 

Cor. 6. — If the line An + /i^ + 17 touch the conic at the 
point 0, we must have X, /t, v proportional to cot ^, tan 0, - 2. 
Hence 

A^li. = v^, (sgi) 

which is the tangential equation of the conic. 



Examples. 

1. The co-ordinates of Ihe point of intersection of tangents at ^, ^' 
are proporfional to tan ^ tani/)', i, ^(tan ^ + tan ^'). 

2. The length of Ihe perpendicular from the intersection of tangents at 
^'. i)p" on the tangent al ^ is, putting / for tan^, &c,, 

^t-t■){t-n^f[t•), (592) 

•vihen f {t) stands for 

V(/' + 4Cos^.iJ4-2(2-<:osC);Hieos*.;+l), 

3. If ai8 = *'y^ be the equation of a conic, the circle of 
jpoint j8y is 



4. If ^, f' be two points, such that the ratio of tan^; tan^' is constant, 
the envelope of their join is a conic, having double contact with the given 

5. K the points ^, <(>' vary but so as that the ratio of tan ip ; tan $' be 
given, they divide the conic homographically (see Cor. 4). 

Hence, if two conies have double contact, any variable tangent to one 
divides the other homographically. 
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6. If J3ij denote the perpendicular from the intersection of tangents at 
^', (/)" on the tangent ft and vi% the perpendicular on any other tan- 

^]i . ^34 ~ Bl3 • ^!i ~ Ah . to' 



(593) 



7- If a polygon of any number of sides be inscribed in a conic, and if 
^', ^", &c., be the points of contact, and -^ any variable point ; then, with 
the notation of Es. 6, we have 

»!lt£) + fc^l + &.„.„. ,;„, 

8. Since &n {f + f) + z^is, and S,2 {t't") = ais (Ex. l), it follows that 
BlI (i" - t") = 2 Vyij^-aiiSu = 2 i/ii^ &c. 
Hence, from (594], we get 

w "^ ^ ' ";;^ " '^^^' 

Section IV. — Theory of Envelopes. 

161. We have seen (Chapter II. Section iii.) that if the 
coefficients in the equation of a line be connected by a rela- 
tion of the first degree, the Hne passes through a given 
point — in fact, the relation between the coefficients is the 
equation of the point (Art. 45) ; and in the last Section it 
was shown that, if the coefficients be connected by a relation 
of the second degree, the line will, in all its positions, be a 
tangent to a curve of the second degree. From these ex- 
amples we are led to the following definition ; — When a right 
line or a curve moves according io any law, Ike curse which it 
touches in all its posiltons is called its envelope. The following 
examples afford further illustrations of this theory, one of the 
most interesting in Analytical Geometrj'. 
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Examples. 

1. Let Ax + fiy + i =0 be the line, and (o, b,c,f,ff,k) (\, p, i)' the rela- 
tion among the coefficients ; it is required to find the envelope of the line. 
It appears at once that the required envelope is such that two tangents can 
be drawn to it from ans' arbitrary point. For, let yy be the point; 
substitute these co-ordinates in Xjc + /y 4 t, and eliminate between the 
lesult and the equation {a, b,c,/, g, A) {\, /j,, i)\ and we get a quadratic in 
\, corresponding to each root of which can be drawn a tangent to the re- 
quired envelope. Now, if the quadratic have equal roots, the tangents 
will coincide, arid their point of ultimate intersection will be a point on 
the curve. Hence, forming the discriminant of the quadratic in \, and 
removing the accents from x'y, we get the required envelope, viz. 

(A,B.C,J',G,ir){:c,y,iy=o, (596 

where A, B, C, &c., have the usual meanings. 

2. Find the envelope of /t'x + /y + a = o. This is the quadratic that 
would result if we were solving by the foregoing method the problem of 
finding the envelope of the Une \x + ii.y + a = o; \, n being connected by 
the relation \ = ix\ Hence, forming the discriminant with respect to ^ 
of the equation /l^x + ^iji + a = o, we get the parabola y = ^ax. 

Similarly, we may solve the more general problem to find the envelope 
of fi'P -I- ixQ + S, when P, Q, R denote curves of any degree, viz., we 
get 

<^=^R. (597) 

3. Find the envelope of the line uarcos^ + SviiniJ) = ab. 

4. Find the envelope of a line if the product of the perpendiculars on it 
from two fixed points be given. 

5. Find the envelope of a line if the squares of peipendiculars let fall 
on it from any number of fixed points be constant. 

6. Find the envelope of a line if the difference of the squares of perpen- 
diculars let fall on it from two given points be constant, 

Ans. A parabola. 

7. Find the envelope of 

A/i being = c. Am. 2xy = c. 

8. Find the envelope of a line which makes on the aies of co-ordinates 
intercepts whose sum is constant. 
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9. If two conjugate diameters of an elKpse be given in position, and the 
sum of the squares of its axes given in magnitude ; prove that it is inscribed 
in a given quadrilateral. 

10. Find the envelope of a system of confocal conies. Let 



be one of the c< 
a quadratic in \. 
imaginary lines, 



^. Clearing of fraellons, and considering the result as 
e find, by forming the discriminant, the product of four 



h±x + J\'^ = o, where h'' = a" - ti^. (598) 

11. The envelope of the polar of a given point, with respect to a system 
of confocal conies, is a parabola whose direetris is the join of the given 
point to the centre of the eonfocals. 

12. If A, B, C, A', B', C be two triads of fixed points, ^, /i' two 
variable points, one on each line ; find the envelope of the join of >i, ;i', if 
the anhannonic ratios {ABCii), (A'B'C'ji') be equal. 

13. The vertices of a triangle move along three fixed lines, and two of 
the sides pass through (wo fixed points ; find the envelope of the third 

14. If two of the sides of an inscribed triangle of the conic a'' + &' = '/' 
touch the conic a«= + bSP = cy', the envelope of the third side is 



Section V. — Theory ok Projection. 

i6z. Ti-B.Y.—Let be the origin, OX, OV Ike axes; BB", II' 
{called the base line and the 11 
NiTE line respectively) two lines Y 
parallel to the axis of Y. Then 
let P be any point in the plane; 
join IP, culling BB' in C; through 
C draw CP parallel to OX, meet- 
ing OP produced in P ' . The point qU 
P' is called the projection of P. 

In the ordinary method of 
treating projective properties of figures (see Cremona, 
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Elemmts of Projeclive Geometry) three planes are required :^ 
(i) A plane passing through the centre of projection, (z) A 
parallel plane, on which is drawn the projected figure. 
{3) The plane of the figure to be projected, cutting the former 
planes in parallel lines. It will be seen that the method 
which we have adopted is virtually the same, and that while it 
relieves the student from the embarrassment of having to con- 
sider different planes, it has the advantage of admitting the 
use of analysis. 

If the co-ordinates of P be xjy, those of P', x'y' ; then, de- 
noting 01 by a and BI by c, we easily get 



■ jy= 






Cor. I. — li X = a, j)/ will be infinite. Hence tht 
, tion of any point on the line //' will be at infinity. 
Cor. 2. — From (600) we get 



(600) 

projec- 



163. If any line CD cut the base line and the infinite line 
in the points C, D respectively, its projection will be a line 
through C parallel to OD. 

Let the equation of CD be 



and sir 
0D\9 



ix + my + n; 
&OI=a, the equation of//' 
= o. Hence the equati 




+ a{lx + m_y+ n)-o, 
or l^^a + n)x + may = o. 

Again, substituting in Ix+my + n the values in (600), we get, 
after omitting accents and clearing of fractions, 

(/a + 7i)x + may + nc = o, 
which is the equation of the projection of CD. Now, since 
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this diifers from the equation of OD only by a constant, it is 
parallel to it ; and since it may be written in the form 

n(x -a + c) -^a'ylx + >wy + «) = o, 
it passes through the intersection of the lines 
X - a ■\- c = o and Ix -^ my -^ n = o\ 
that is, through the point C. Hence the proposition is 
proved. 

Cor. I. — Any two Hnes intersecting each other on //' 
are projected into parallel lines. For, if two lines pass 
through the point D, the projection of each will be parallel 
toOZ*. 

Cot. 2.— a line passing through the origin is unaltered by 
projection. 

Cor. 3.— If four lines form a pencil, their projections form 
an equi-anharmonic pencil. For, if P be the vertex of the 
pencil, and if its four rays meet the line //'in the points 
A, B, C. D, their projections will be parallel to OA, OS, 
OC, OD. Hence the proposition is proved. 

Cor. ^.—Parallel lines are projected into concurrent lines. 

For the projection of /.r + my + « = o is a{lx -^ my) 
+ K (f + x) = o ; if » be variable (/x + My + h) = o denotes a 
system of parallel lines, and its projection a{lx + my) + « (c +x) 
a concurrent system. 

1 64. A curve of the second degree is projected into another curve 
of the second degree. 

For, making the substitutions (600) in an equation of any 
degree, and clearing of fractions, we get an equation of the 
same degree. 

Cor. I. — The projection of a tangent to a conic is a tan- 
gent to its projection. 

Cor. 2. — The relations of pole and polar are unaltered by 
projection. 

Cor. 3.— A system of concentric circles is projected into a system 
of conies having double contact with each other. 
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For, let 3(P- +y = r* be one of the circles : by varying r 
we get a concentric system ; and making the substitu- 
tions (600), we get a{p^-¥y'^) = r'{c^xf, which, when r 
varies, denotes a system of conies having double contact 
with each other. 

165. Any straight line can he projected to infinity, and at the 
same time any two angles into given angles. 

Let //' be the line to be projected to 
infinity; RPS, T^F the angles to be pro- 
jected into given angles ; say, for example, 
into right angles. Let //' meet the legs of 
the angles in the pairs of points R, S\ T, V. 
Upon RS, TV describe semicircles, inter- 
secting in 0. Then O will be the required 
centre of projection, and we can take any 
line parallel to //' for the base line BB". 

If the circles do not intersect, the point 
O will be imaginary, in which case imagi- 
nary lines in one figure will be projected 
into real lines in the other. Thus confocal conies, being 
inscribed in an imaginary quadrilateral, will be projected 
into conies inscribed in a real quadrilateral. 

The substitutions for this case are, for x, y, respectively, 

ax ay/- i 

c \ x' ,r + ^ ■ 

In this manner we get for the four imaginary lines {598), the 
four real lines h{c ^ x) ± ax ± ay = o, which are the four 
sides of the quadrilateral circumscribed to the projection of 
confocal s. 

166. A system of coaxal circles is projected into a system of 
conies passing through four points. 

Sem. — Let y^ +y' + ikx - rf' = o be a circle, which, by 
giving k different values, will represent a coaxa! system. 
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Then, making the substitutions {600), we get, after clearing 
of factors. 



:= + a-f -d'-{c- 



zkax{c + x)^ 



T.kLM = 



Hence the proposition is proved. 

This may be shown otherwise, thus : a coaxal system of 
circles have common the two circular points at infinity, and 
the two points where they meet the radical axis, and the 
projections of these points will be common to the projec- 
tions of the circles. 

167. Any conic S can be projected into a circle having for its 
centre the projection of any point P in the 
plane of the conic. 

Dem. — Let //' be the polar of P with 
respect to .S"; then take this for the 
injiniie line (Art. 162), and let Q, R\ 
Q', R' be pairs of conjugate points upon 
it with respect to S; upon QR, Q'R' 
describe semicircles, intersecting in 0. 
Now taking O for the centre of projec- 
tion, and any line parallel to //' for the 
base line (Art. t6i), the lines PQ, PR 
will be projected into lines parallel to 
OQ, OR ; that is. into rectangular hnes. 

Similarly PQ', PR' will be projected into another pair of 
rectangular lines. Hence the projection of S will be a 
conic, having two pairs of rectangular conjugate lines inter- 
secting in the projection of P. In other words, it will be 
a circle, having the projection of P for centre. 

168. The pencil formed hy the two legs of a given angle, and 
the imaginary lines through its vertex to the circular points at 
infinity, has a given anharmonic ratio. 
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Sem. — Let the given angle be that formed by the axes 
of co-ordinates, namely, <u. Then the equation of a point 
circle at the origin is jc^+y-ijty cos w = o ; and the factors 
of this, viz., X - e" '^j> = 0, X- £-"■'-' y = o, are the lines 
from the origin to the circular points at infinity. The an- 
harmonic ratio of the pencil, formed by these lines and the 
axes, is e^"-'-', and is therefore given. Hence the proposi- 
tion is proved. 

Cor. — If the axes be rectangular the pencil formed by 
them, and the lines to the circular points at infinity, is a 
harmonic pencil. For, putting 



Examples. 

1. Any quadrilateral can be projected into a square. For the third 
diagonal (Art. 165) may be projected to infinity, and the remaining dia- 
gonals and a pair of adjacent sides into pairs of rectangular lines. 

2. The diagonal triangle of a quadrilateral is self-conjugate with respect 
to any inconic of the quadrilateral. For projecting the quadrilateral into 
a square, the intersection of the diagonals of the square will evidently be 
the centre of the inconic of the square, and will be the pole of the line at 
infinity with respect to that conic. Hence any diagonal of the quadri- 
lateral is the polar of the intersection of the other two, 

3. If four chords of a conic be tangents to an inscribed conic (having 
double contact), the anharmonic ratio' of the points of contact is equal to 
that of one set of estrenaities of the chords of the outer conic. For the 
conies may be projected into concentric circles, and the proposition is 
evident. 

4. Any line passing through a given point in the plane of a conic is cut 
harmonically by the conic and the polar of the point. For the conic can 
be projected into a circle and the point into its centre (Art. r67). 

5. Any chord of a conic touching an^inseribed conic is cut hannonically 
at the point of contact, and at the point where it meets the chord of con- 
tact of the two conicE. 
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6. If two pairs of opposite sides of a hexagon inscribed in a circle be 
parallel, it is easy to prove that the third pair of opposite sides are parallel. 
Hence the three pairs of opposite sides intei'sect on the line at infinity ; 
and, projecting this, we have a proof of Pascal's Theorem for any 

7. Two tangents to any circle !are cut homogrjphically by any variable 
tangent. For it is easy to see that the pencil formed by joining four 
points on one tangent to the centre of the circle is equal to the pencil 
formed by joining their corresponding points to the centre. Hence, by 
projection, we see that any two tiied tangents to a conic'are cut homo- 
^aphically by a variable tangent. 

8. If two triangles be such that the intersections of corresponding sides 
are collinear, the joins of corresponding vertices are concurrent. For, 
projecting the line of colUnearity to infinity, the triangles will be homo- 
thelic. 

9. If a system of chords of a conic pass through a fixed point /*, their 
extremities divide the conic homographicaily. Project the conic into a 
circle, having the projection oi P for its centre, and the proposition is 
evident. 

10. Any two conies can be projected into circles. For, project one 
of them into a circle, and one of their common chords to infinity, then 
the projection of the other will pass through the circular points at 
infinity, and therefore it will be a circle. 

n. Any two conies can be projected into concentric conies. 

12. If a system of conlcs pass tliraugh four paints, they cut any trans- 
versal in involution. 

For the conies can be projected into coaiaJ circles. 

13. If two conies be inscribed in a qoadrUateral, their eight points of 

Project the quadrilateral into a square, and the proposition is evident, 

14.-17. What properties of conies ate obtained from the following by 

projection? — If a variable conic pass tlnough four fixed points, the Jociis 

of its centre is a conic passing through the middle points of the joins 

■of the four points. 

15. If a chord of a given circle pass through a fixed point, the locu^ of 
its middle point is a circle. 

16. If a variable conic be inscribed in a given quadrilateral, the locus of 
its centre is a right line bisecting the diagonals of the quadrilateral. 
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17. The locus of the pomf, where parallel chords of a pven conic 
are cut in a given ratio, is a conic having double contact with the given 

18. If two triangles ABC, A'B'C be self- conjugate with respect to 
a conic, their sin angular points lie on another conic. 

Project the conic into a circle and the line BC io iniinily ; then A, the 
pole of BC, will be the centre of the circle ; and if, taking the projections 
of AB, AC as ases, x'y, x"y", x"'y"' be the co-ordinates of the pro- 
jeelions of A', B', C, respectively, the equation of a hyperbola passing 
through the projections of A\ B', C, and having its asymptotes parallel 
10 the axes, is— 



This hyperbola passes throngh the projections of the six points. Hence 
the proposition is proved. 

19. In the same case the six lines forming the sides of the two triangles 
ate tangents to a conic. 

Project, as in Ex. 18, and it is easy to sec that the projections are tan- 
gents to a parabola. 

169. The projections of focal properties are always imagi- 
nary. For the imaginary tangents from a focus are projected 
into real tangents, and the imaginary circular points at in- 
finity, and the antifoci into real points. It will be seen that 
all these results follow from the projections of the four lines 
sin h ± X ±y ^/ - i, forming an imaginary circumscribed qua- 
drilateral to a conic, into four real lines. 

Examples. 

1. If a variable circle touch two fixed lines, the chords of contact are 
parallel. Hence, by projeclion, if a variable conic touch two fixed lines, 
and pass through two fixed points I, J, the chords of contact are con- 

2. If a variable circle touch two fixed lines, the locus of its centre is a 
right line. Hence, if a variable eoiiie touch 'two fixed lines, and pass 
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ihrough two fixed points J, /, the locus of file polo of the chord // 
h a right line. 

3. If a variable circle pass through a given point and touch a given 
line, the locos of its centre is a parabola, having the given point as focus. 
Hence, if a circumconic of a given Iriangle touch a giv£n line, the loci of 
tlu: poles of the sides of the triangls are conies inscribed in it. 

4. Two lines through the focus of a conic are cut by pairs of tangents 
parallel to them in four concydic points. 

5. The circumcircle of the triangle formed by three tangents to a para- 
bola passes through the focus. Hence the vertices of two circumtrian^es 
of a conic lie <m a conic. 

6. If a drcumtriangle to a given circle have two sides fixed, and the 
third variable, the envelope of its circumcircle is a circle. Hence, if a 
circumtriangle of a given conic have two sides fixed, and the third variable, 
the envelope of a conic passing through two fixed points I, J of the former 
conic, and through the vertices of the triangle, is a conic passing through 
the two points 1, J. {pROF. J. PURSER.) 

7. The locus of the centre of a circle touching two given circles is a 
conic section, having the centres of the given circles as foci. Hence, if a 
variable conic passing ihrough two given points J, J touch two given conies 
also passing through I, 7, the locus of the pole of the chord IJ with 
respect to it is a conic inscribed in the quadrilateral formed by the tan- 
gents to the fixed conies at the points 7, J. 

f^a. In projecting a locus described by the vertex of a 
constant angle, we consider the pencil formed by its legs 
and the lines from the vertex to the circular points at in- 
finity; and it follows, from Art. 168, that we get a constant 
pencil. Again, if the sum or difference of angles be given, 
we get, by projection, pencils the product or quotient of 
whose anharmonic ratios is constant. This projection is 
always imaginary. 
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Examples. 

1. The angle contained in the same segment of a circle is constant. 
Hence the anharmonic ratio of the pencil formed by lines drawn from any 
variable point to four lined points of a conic is conslant. 

2. If two tangents to a conic be perpendicular to each other they inter, 
sect on the director circle. Hence the locus of the point of intersection 
of tangents to a conic which divide a given line 2/ harmonically is a conic 
through the points I, J, and the envelope of the chord of contact is a conic 
which touches the tangents to the original conic from I, f. 

3. If two tangents to a parabola be at right angles, they intersect on 
the directrix. Hence the locus of the point of intersection of tangents to 
a conic which divide harmonically a given line IJ touching the conic is a 
right line. 

4. If from any point on a circle two lines be drawn forming a gi'^n 
angle, the chord joining their other extremities touches a concentric circle. 
Hence if J, 7 be two fixed points on a conic ; P, Q two variable points, 
such that the anharmonic ratio of the four points P, Q, I, J is constant, 
the envelope of PQ is a conic. 

S- Project the following properties : — 

If two tangents to a parabola include a given angle, the locus of their 
intersection is a conic. 

6. If two circles be such that a quadrilateral can be inscribed in one 
and circumscribed to another, the chords of contact intersect at right 



locus of thei 



It right angles. 

o confocals, lie at right angles, 



9. The circle described about a self-conjugate triangle to another circle 
cuts it orthogonally. 

10. If a variable chord of a conic subtend a right angle at a fixed point 
not on the cocic, the envelope of the chord is a conic. 

11. If a variable line, whose exfremiiies rest on the circumferences of 
two given concentric circles, subtend a right angle at any given fixed 
point, the locus of its centre is a circle. 
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Section VI. — Sections of a Cone. 

1 7 1 . A cone of the second degree is the surface generated by 
a variable line passing through the circumference of a fixed 
circle called Ihe base, and through a fixed point not in the 
plane of the circle. The generating line, in any of its posi- 
tions, is called an edge of" the cone, the fixed point its vertex, 
and the line joining the vertex to the centre of the base the 
axh of the cone. 

The line generating the cone being produced indefinitely both ways, it 
is evident that the complete surface consists of two sheets united a( the 
vertex, and the whole is considered only as one cone, of which the vertei 
is a node or doable point. 

When the axis of the surface is at right angles to the plane 
of the base, it is called a right cone, in other cases it is 
oblique. 

In the following propositions a plane through the axis, 
perpendicular to the plane of the base, will be the plane 
of reference, and the sections of the cone will be understood 
to be those made by planes at right angles to the ^plane 
of reference. 

172. Sections of a cone made by parallel planes are similar. 

This is evident, for the sections are homothetic with, re- 
spect to the vertex. 

Cor. I. — Any line drawn through the vertex will meet the 
planes of two parallel sections in homologous points with 
respect to those sections. 

Cor. 2. — The sections made by planes parallel to the base 
are circles. 

Def. — A section whose plane intersects the plane of reference in 
a line anttparalkl to the diameter of the base is called a sub- 
contrary section. 
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173. If an ohlique cone ABC he cut hy a plan 
suhconlrary position, the section will he a circle. 

Dem. — Through any point R 
in EF draw a plane HLK par- 
allel to the base. Then, since 
the planes ELF, HLK are both 
nonnal to the plane ^5C, their 
common section {Euc, xi. six.), 
EL, is nonnal to it. Hence(£'Kf., j 

lu.,ssxv.)EZ'=n'F.E£el But, 

from the hypothesis, the four points ff, E, K, E are con- 
cyclic. Hence ER.RF= HR.RK\ therefore ER.RF= RL\ 
Hence the section ELF is a circle. 

Cor. I. — Any sphere passing through the base of a cone 
will cut the cone again in a subcontrary section. 

Cor. z.— If a sphere be described about a cone, its tan- 
gent plane at the vertex is parallel to the plane of sub- 
contrary section. 

174. Anji section 0/ an ohlique 
is either a parabola, an ellipse, 
hyperbola. 

1°. Let the section he parallel to an 
edge of the cone. 

Let AN be the intersection of 
the section with the plane of refe- 
rent^e. Then, since AN is parallel 
to the edge CD, and NE parallel 
to the diameter of the base, the 
triangle ANE is given in species. 
Hence the ratio of AN: NE is given ; and since AD is equal 
to FN, the ratio of the rectangle AD. AN: FN. NE is given ; 
\>\i.iFN.NE=NP^. Hence theratio^i>.^iV":/yPisgiven; 
therefore PN^ varies as AN- Hence the section is a parabola. 

Cor.— If the point Q be taken in CD, such that DC . DQ 
= DA', then DQ = latus rectum of the section. 



e which is not subcontrary 
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z°. Let the section cut all the edges of 
Let A, B be the vertices of the 
section. Draw any section EF 
parallel to the base, intersecting 
the former in the points P, P' . 
Then, since the planes APB, 
EPF are both normal to the 
plane of reference, their common 
section is normal to it ; hence 
NP is perpendicular to EF. 
Therefore PN"- = EN.NP. 

Again, from the pairs of simi 
ABD, ANE, we get 




triangles BAG, BNF- 



A& : A G.BD : : AN. NB : EN. NF or PN\ 

n, and therefore the 



Hence the ratio AN. NB : PN^ i 

locus of /• is an ellipse. 

3 . Bel the plane of section meet both sheets of the , 
The section in this case will be a hyperbola. 

is, with slight modification, the same as 2°. 



Examples. 

1. The square of the conjugate diameter is equal to the rectangle 
contained by (he diameter of the seclions through A, £, parallel to 
the base. 

2. The orthogonal projection of the section APB on the base of the 
tone is a conic having a focus at the centre of the base. 

3. If (he section of a cone by a plane be a hyperbola ; prove that the 
asymptotes are parallel to the edges in whicii the cone is cut by a plane 

paraUel to the section. (Make use of Art. 172.) 

4. If AB be the diameter of the section of a right cone ; C the vertex ; 
^, F' the points of contact of inscribed drde ; and the esciibed circle of 
the triangle ^.SC, touching ^ C, 5C produced ; F, F' ate the foci of the 
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Dem. — Through A, B draw planes parallel to the base of the c 
then, denoting BC, AC, as in Trigo- n 

nomelry, by a, i ; the diameters of the 
sections made by these planes are, 
respectively, 2* sin \ C, 2a sin J C. 
Hence the square of the conjugate dia- 
meter of the section, whose transverse 
is AB, is (Ei. 1), 4dS sin= \ C, or 
ts - (a - if = AB' - FF^. Hence 
F, F' are the foci. 

5. If P be any point in the circum- 
ference of the section; prove CP—FP, 
aadCP-vF'P,i 




6. If the polars of C, with respect to the circles in Ex. 4, meet AB pro- 
duced in Z, Z' ; prove that the normals to the plane of reference, at the 
points Z, Z', ate the directrices of the section. 

7. The latus rectum of the section is equal to twice (he perpendicular 
from the vertex on the plane, multiplied by the tangent of half the vertical 

8. If the section be a hyperbola, state the theorem corresponding to 
that of Ex. 4. 

9. If P be any point in the circumference of the section ; prove that the 
right cone, having F-P, PF, PC as edges, has the tangent at P to the 
curve for its aiis. 

10. The locus of the vertex of all right cones, out of which a given 
ellipse can be cut, is a hyperbola, passing through the foci of the 

1 1. If through the vertex of an oblique cone standing on a circular base 
a plane be drawn perpendicular to one of its edges, this plane will cut 
the base in a line whose envelope is a conic, having the foot of the perpeo- 
(licular from the vertex on the base as focus. 
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Section VII. — Theory of Homographic Division. 
175. If O be the origin, and the abscissae OA, OB the 

"'ots -^f the o A C B 5 

equal i on ' ' " 



, and OC, OZ? the roots o{ a'x^\zh'x^h'=->\ 
then, if C, D be harmonic conjugates to A, B, 

ad' + a'b - 2.hh' = o. (602) 

3>eni.^If the abscissa of C be x', its polar, with respect to 
oj? + zhx + b, is axxf -k- k{x + x') + b = 0; and the points 
whose abscissae are x, x" will be harmonic conjugates with 
respect to A, B, and therefore x, xf will be the roots of 
a'x^ + th'x + y = o. Hence 

zK , V 

X + x: = y, XX = — , ; 

and, substituting in ttx:xf + A (x + .s:') + 5 = o, we get 
aV + dl - zW = o. 
Cor. 1. — The pair of points denoted by 
Axx' + 3[x + x')+C = o 
ate harmonic conjugates to the pair 

Ax'' + zBx + t7 = o. 
Cor. 2, — If the pair of points ax^ + ^hx \h = o bo har- 
monic conjugates to 

U^ aV + zh'x + i' = o and to Y^ a'V + zh"x + b" = o, 
they are also harmonic conjugates to U\-ky= o. 

Cor. 3. — If the pair of lines ax^ + zhxy ^by^ = be har- 
monic conjugates to the line a'x^ + zh'xy + b'y^ = o, then 
ai' + a'b - ihh' = 0. 

Cor. 4. — The line pairs 

C= as^ + i.hxy + ^f^ = 0, V= a'x' + zh'xy + iy = o 
have the line pair 

{ah' - a'h)x^ + (ab' - a'b)xy + (W - h'b)y'' = o 
as harmonic conjugates. For each of the former line pairs 
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fulfil with this the condition of harmonicism. The last 
equation may be written 

dU_ <iV__dU_ dV_ ^ 
dx' dy dy ' dx 
Cor. 5. — If the line pairs U = o, F= o, be written in 
Aronhold's notation thus, 

{fliXi + QiX'i^ = 0, (ii-r, + lj;xif = o, 
the condition that they form a harmonic pencil is 

{a,^i - aji^f = o, (60+) 

where, as usual, Oi flj, &c., have uo meaning until the multi- 
plication is performed. 

176. If c/ = o, &," = be the equations of two conies, it 
is required to find the locus of a point whence tangents to 
them form a harmonic pencil. Let x be the point ; then if 
_>< be a point on a tangent to a/ = 0, the equation of a pair of 
tangents from y to a^ = is got by substituting the expres- 

{xiyi -- x,yi), {xsy, - Xiy^), {xiy^ - x^^y^) 
for Xi, Xj, Xa in the tangential equation A;^' = (Art. 158, 6°). 
Hence the pair of tangents is — 



and putting ^3 = o, the pair of points, where the tangents meet 
the third side of the triangle of reference, are given by the 
equation 

[{A.^s - ■^3^a)j'i + {A3X, - AiXi)^^}' = o ; 

where Au A^, A^ have no meaning until the multiplication is 
performed. Similarly we get from the conic, h^ = o. 
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Hence (Art. 175) the condition of hat 

I AtX^-A-sXt, A^i- A1X3, 
I BiXi - BiX-i, B^i - B,Xi 



287 



Similarly, the envelope of K, 1 
harmonically, is 



h, 



(606) 



The two conies (605), (606) may be called, respectively, Ike 
point and line harmonic conies of a^ = o, lij = o. Their im- 
portance in the theory of a pair of conies was first noticed 
by Dr. Salmon. 

Cor. — The point and line harmonic conies of aiX,^ + a-^i 
+ a^^ = 0, and b^x? + h-tx^ + hipci = are, respectively, 
aii{aj!3-^a'^^x^-^aj>i[afii^a,}i^xi\aj)),{afi.i^a^^xi = 0, 

(607) 
and 

(02^3 + ^A) V+ ("3*1 + oi5j) \i + (a/, + a^h^ V= o. (608) 

177. If two series of points on the same or on different lines 

have a 1 to i correspondence: that is, if to a point of either series 

correspond one, and only one, point of the other, they divide the 

lines homographically. 

Bern. — From the hypothesis, it is evident that the dis- 
tances :*■, a^ of corresponding points from two fixed points 
must be connected by an equation of the form 
Axx' + Bx^ Cx! + D^o. 
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Now, giving X any four arbitrary values a,, a.„ /I3, at; and to 
x" the four corresponding values 

^a, + D Ba^ "•" "^ jfr 

" Aa, + C" " A<H^C' ' 
got from Axj/ -i- Bx + Cx" + D = 0; we see that the an- 
harmonic ratio 

("1 - -is) (la - Oi) ~ («i - "a) (as - Oi) 
of the four points Ui, a^, a^, a,, is equal to that of the four 
corresponding points. Hence the proposition is proved. 
In like manner two pencils with the same or different vertices, and 
which have a i to 1 correspondence, are homographic. 

Examples. 

1. A variable tangeni to a conic cuts two fixed langents homographi- 
cally. For the points of section have a i to I correspondence. 

2. Two series of rays connecting two fiied points of a conic to a variable 
point of the same curve are homographic. 

3. If S, S\ S", &c., be circTimconics of a quadrilateral ABCD; 
through A, B draw two transversals, meeting the conies in the ranges 
of points a, a', a", &c. ; b, 5', b". Sec. These points have a I to I cor- 
respondence. Hence the conies divide the lines homographically. 

4. If two systems of points have a i to I correspondence, and if we 
take on each system (he point which corresponds to infinity on the other, 
the distances of a pair of corresponding points from these new points have 
a constant rectangle. 

For, makmg x' infinite, we get ^ = --7! ^"^ making x infinite, we 
get^ = - -J. Hence, putting x - -, x' - - for x, x', respectively, 
in Axx' ^J3x ^C^ + D'^o, we get A'^xx' = BC - AD, which proves 
the proposition. 

5. In forming two homographic systems of points, three points of each 
system can be taken arbitrarily. For if o, h, c be three points of the first 
system ; a', b',c' three poiits of the second system; then if x, x' be two 
variable points fulfilling the conditions of dividing the lines homographi- 
cally, we get 

ia-b)\f-x)^\a-c){b-x) = {d-J/W~x-)^{<i-e-)[b--x\ 
which, reduced, gives an equation of the form Axx' + ^s -i- Ci' + Z> = o. 
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178. If two systems of points which have a i to i correspon- 
dence be measured on the same line, two points can be formed, 
each of which coincides with its conjugate. 

For, if in the equation Axx' + Bx + CV -^ D-o we put 
j; " y, we get a quadratic for determining a/. 

Or, geometrically, if A. B, C be three points of one 

system ; A', B' , C the corresponding points of the other, and 

O AS _C_ A' S c 



Hence 



a point which corresponds with its conjugate ; then the 
anharmonic ratios {OABC), {OA'B'C), being equal, we have 
OA.BC _ O A'.B'C 
OB. AC ~ ~0B'. A' a ■ 
OA OB' AC.B'C 
OA'-0B= A'C'.BC = '=''"'*^"*' '^^ ^'■ 
Now OA . OB', OA' . OB are the squares of tangents drawn 
from O to circles described on AB, A'B as diameters ; and 
since the ratio of these tangents is given, the locus of O is a 
circle, which will intersect the line OX in the two required 
points. 

Def. — The two points which coincide with their conjugates are 
called the double points of the homographic systems. 

If two triads of points A, B, C; A', B", C, be on a conic, 
the Pascal's line of the hexagon, ^ 

which they form, will intersect the 
conic in the double points. For, 
joining AA', it is evident that 
{A'. OABC) = {A . OA'B'C). 

The method of finding double 
points enables us to solve a num- 
ber of problems which would be 
otherwise very difficult. We give 

the following as an example : — ' To inscribe in a conic S' 
tion a polygon all whose sides pass through fixed points.' 
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Solution.— Assume any point a at random on the conic for 
the vertex of the polygon, and form a polygon whose sides 
pass through the given points : the point a\ where the last side 
meets the conic, will not in general coincide with a. If we 
make three such attempts, we get three paii:s of points a, a' ; 
h, h'; c, e-. then a point O, such that the anharmonic ratio 
{Oabc) = (Oa'iV), will be the vertex required. 

179. If two homographic systems on the same line be 
determined by the relation Axxf -^ Bx ^ Cx' + D = 0, the 
correspondents of a given point will be different, according 
as it is regarded as belonging to the first or second system. 
Thus the corespondent of the point, whose abscissa is a in 

. Ba + D ^ . . ., , Ca + D 

one system, is - -5 ^, and m the other system - ^^^ --g , 

and these in general are different, unless when B = C, and 
then they always coincide. Two systems fulfilling this 
condition are said to be in irwolulion. Thus the systems 
determined by the equation Axx' \ B {x -v x') + D are in 
involution. 

Cor. I. — Three pairs of points, which are harmonic conju- 
gates to a given pair, form a system in involution. 

For any pair of points determined by the equation 
Axx" + B{x-\-:>^) + D = o 
are harmonic conjugates to the pair of points Ax'' + zBx-^ D. 

Cor. 2. — If three pairs of points be in involution, the an- 
harmonic ratio of any four points is equal to that of their 
four conjugates. 

Cor. 3. — If O, 0' be harmonic conjugates to any numbers 
of pairs of points in involution, each pair will be inverse 
points with respect to the circle described on 00' as dia- 
meter. 

Def. — The points 0, O' are called the douhh points of the 
involntion, and their middle point its centre. 
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Examples. 

through four points cuts any transversal 

having a , = „ 

system of points 



z. A system of conies having a commoa self.conj agate triangi 
every transversal passing through any of its vertices ™ " "-*— " - 
in involution. 

Section VIII. — Theory of Reciprocal Polaes. 

180. We have alieady, in Art. 125, given some proposi- 
tions connected with reciprocal polars. We propose, in this 
section, to give a more systematic account of this method of 
transformation, so important in Modern Geometry. 

Def. — If any figure A 'he given, by taking the pole of every 
line and the polar of every point in it with respect to any arbi- 
trary conic S, we construct a new figure B, which is called the 
polar reciprocal of A with respect to S. The conic S is called the 
reciprocating conic. 

181. From the definition, we have at once the following 
results : — 

B. 



1°. A tangent to. 

1°. A point on. 

3°. A pencil of concur- 
rent tines. 

4°. A system of collinear 
points. 

5°. Two pencils of homo- 
graphic lines. 

b°. The intersection of 
two lines. 

7°. The envelope of a 
line. 

, few theorems proved by this 



1°. For a point on. 

z°. A tangent to. 

3°. A system of collinear 
points on. 

4°. A pencil of concur- 
rent lines. 

5". A pair of lines ho- 
mograph ically di- 
vided. 

6°. The join of two 
points. 

7°. The locus of a point. 

i8z. The following are a 
method ; — 
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Examples, 

1. Any two fixed tangents to a conic are cut homographkally by a: 
variable tangent. 

Let AT, if 7" be two fixed tangents, "^ 

touching the conic at the points A, B; 
CD any variable tangent touching it at 
P. Join AP,BP. Now ^-P is the polar 
ot C, and BP o! D; and HP take four 
different positions, the point f will take 
four corresponding positioas, and so will 
D, Then the anharmonic ratio of the 
four positions of C wiil be equal to the 
anhannonic ratio of the pencil from A to the four positions of P. Simi- 
larly, the anharmonic ratio of the four positions of Z" will be equal to the 
anharmonic ratio of the pencil from B to the same positions ol P; but the 
pencils fi^om A and B are equal. Hence the anharmonic ratio of the four 
positions of C is equal to the anharmonic ratio of the corresponding posi- 
tions of 2). 

From the theorem just proved it follows, that if two lines be divided 
equianharmonically by four others, the six \lines are tangents to a conic. 
And, more generally, If two lines be divided komogrccpkically, the enve- 
lope of the join of corresponding points is a conic. 

2. Any four fixed tangents to a conic are cut by a variable tangent in 
points lahose anharmonic ratio is constant. 

Dem. — The joins of the point of contact of the variable tangent to the 
points of contact of the fixed tangents are the polars of the points of inter- 
section of the variable tangent with the tixed'ones ; but these form a con- 
stant pencil. Hence the proposition is proved. 

i.lfa hexagon be described about a coniOt the joins of opposite angular 
points are concurrent. 

For the circumhesagon is the polar reciprocal of the inhexagon, and the 
joins of its opposite vertices are the polars of the intersection of opposite 
sides. Hence the proposition is the reciprocal of Pascal's Theorem. 

4- The three pairs of points, in which a transversal meets three circuni- 
conics of a quadrilateral, are in involution. 

J. The common tangent to any two of three circumconics of a quadri- 
lateral is cut harmonically by the third conic. Hence, if three conies 
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^, S', S" be inscribed in a quadrilateral; and if from P, a point of inter- 
section of S, S', tangents be drawn to S", these fonn a harmonic pencil 
with the tangents at P to S, S'. 

6. From Ex. z it follows that the intercepts made on any variable tan- 
gent to a parabola made hy three fixed tangents have a ^ven ratio, 

7. TheredprocalofEit.2,Art.i;9, is— pairs of tangents to a system of 
conies having a common self-conjugate triangle, drawn from any point in 
one of its sides, form a pencil in involution. 

8. The six sides of two inscribed triangles of a conic are such that any 
two are cut equianiarmonically by the remaining four. Hence they touch 
another conic. 

Reciprocally, if two triangles circumscribe a conic, the six vertices lie 
on another conic. 

9. The locus of the pole of a given Une, with respect to any circum- 
conic of a quadrilateral, is another conic. Hence the envelope of the polar 
of a given point, with respect to a conic inscribed in a quadrilateral, is 

183. When the reciprocating conic is a circle, its centre is 
called the centre of reciprocation. The following results 
will be evident from a diagram : — 

1°. The angle between any two lines is equal or supple- 
mental to the angle at the centre of reciprocation subtended 
by the join of their poles. 

2°. Since the nearer any line is to the centre of recipro- 
cation the more remote its pole, it is evident that the pole of 
any line passing through the centre must be at infinity, and 
in the direction perpendicular to the line through the centre. 
Hence it follows, since two real tangents can be drawn from 
any externa! point to a conic, that the polar reciprocal of 
that conic with respect to O is a hyperbola. Similarly, the 
polar reciprocal of any conic with respect to any point on 
it is a parabola, and its polar reciprocal with respect to any 
internal point is an ellipse. 

f. If a conic reciprocate into a hyperbola, the asymptotes 
of the hyperbola are perpendicular to the tangents drawn 
from the centre of reciprocation to the original curve. 



Hosted by 



Google 




294 Miscellaneous Invesugations. 

4°. If a conic reciprocate into an equilateral hyperbola, the 
locus of the centre of reciprocation is the auxiliary circle. 

S". The polar of the centre of reciprocation with respect 
to any conic will reciprocate into the centre of the reci- 
procal conic. 

6°. If the original conic bo a , 
circle, its centre will recipro- 
cate into the directrix. 

184. If O be the centre of 
reciprocation ; ABC the tri- 
angle of reference for trilinear 
co-ordinates; A'B'C its reci- 
procal ; L the polar of any point 
P; Ai,\j,X3 perpendiculars from 
A'BC on L ; and ui, aj, 03 the B' 

trilinear co-ordinates of /*; then (Sequel, Book III., Prop. 27), 
if OA', OB', OC be denoted by p„ p,, pa, we have 



Hence, if {a, h, c,f, g, A)(ai, a,, c^f = o be the equation of 
any conic, the equation of its reciprocal with respect to the 
circle O will be 

{-:l':C,/,g,k)['^, ^, ^^Y=0. (609) 

Again, if {A, B, C, F, G, -ff)(A„ X,, X,y = o be the tangen- 
tial equation of a conic, where Ai, A^, A3 denote perpendicu- 
lars from the angles A', B', C of the triangle of reference 
on any tangent Z to the conic ; then if Xi, x^, x, be the tri- 
linear co-ordinates of O with respect to the reciprocal tri- 
angle ABC, we have x,pi = r', where r is the radius of 
reciprocation. Hence, eliminating pi between this equation 
and - ^^-^^ 
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and similar values for X^ \. Hence tlio transformed equa- 
tion is — 

(A.B.C.F.G.Hi-^. I. 5)'.o. (6,.) 

Examples. 

1 . The eqaation of the eircumcircle of the triangle of reference is— 

Now it is easy to see that the angles ^ , 5, C of the old triangle of reference 
wm be the supplements of the angles, which the sides of the new triangle 
of reference subtend at the centre of reciprocation. Hence, denoting these 
angles by ^i, ^1 if/s, respectively, the result of reciprocation gives the fol- 
lowing theorem -.—Given a focus and a. triangle circumscribed to a conic. 
Us tangential equation is — 

,lnt,.i!+i.t..J + .i»t..g-o. (6.1) 

2. If a polygon of any number of sides be inscribed in a circle, and if 
(he angles which the sides subtend at any point m the circumference be 
denoted by i^i, if^i ^. &'=■. we have (Art. 79), if ai = 0, m = a, 03 = o, 
&c., be the standard equations of its sides, 2 — ^ = o. Hence, recipro- 
eating with respect to any point in the circumference, we get the following 
theorem -—If a polygon of any number of sides circumscribe a parabola, 
and if +1, i^j. 'h' **=- ** '^^ angles subtended at its focus by the sides of 
the polygon \,, M, hs, &'<:-, perpendiculars from the vertices on any tan- 
gent Pi, pa, ps, ^C, the distances of the angular points from the focus. 



(612) 



3. In equation (270), if we put sm^, sinB, s 
gential equation of the citcumcirde of the triaii 

Ein^\/\"; + sin5v^M + sinC- 
Hence, by the foregoing substitutions, being glv< 
gents, the equation of the conic is 



"Jt"'"*'Jl*"°*=JS" 
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4. If the focus be one of the Brocard points, viz., the point whose ci 
ordinates are — 



then the angles if-i, ■)'!, i^s, which the sides subtend at tliat point, are \ 
supplements of the angles C, A, B, respectively. Hence the equal 
of the Brocard ellipse, that is, the inscribed ellipse, whose foci are 
Brocard points, 



^^T^+^/?-^■^l^-°■ 



S, If the angles of a polygon circumscribed to a circle he denoted by 
A, B, C, &c., and the perpendiculars from its angular points on any 
tangent to the circle by \i, Xs, &e., we have 
/ cot M \ 

Hence, if a polygon of any number of sides be inscribed in a conic ; and if 
x\, Xi, x-i, &c., be the perpendiculars from one of its foci on the sides, 
and ifi, i,%, &c., the angles subtended at that focus by the sides, we have 

.(?1^5!liiiUo. (6.S) 



Section IX,— Invariants and Covariants. 

185. Def. I. — An invariant is afunclion of the coefficients of 
the equation of a curve expressed in point co-ordinates, which 
remains unaltered by linear transformation. 

Def. II. — A covariant is a function of loth coefficients and 
variables, which is unaltered by linear transformation. 

Def. Ill, — If the equation of Ike curse be expressed in line 
co-ordinates, the functions corresponding to invariants and co- 
variants are called contravariants. 

i36. If 5= o, S' = be the equations of two conies, and 
if by linear transformation they become S, S, it is evident 
that the conic .S + W = o will become by the same trans- 
formation ^S" + IS' = o. Hence, if k be determined so as to 
make S -i- kS' = o fulfil some special condition— such, for 
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instance, as to represent an equilateral hyperbola, or to touch 
a given line — the same value of k will make S + kS' = o fulfil 
the same condition. Now if in any function of the co- 
efficients expressing a special property of S we suhstitute 
a + ka', h + kh', &c., for a, b, &c., the resulting equation in 
A will represent the same property for the conic S + kS' = o ; 
and since the value of k remains unaltered by transformation 
of co-ordinates, the ratios of the coefficients of the several 
powers of k will be unaltered by transformation of co-ordi- 
nates. Hence the ratios of the coefficients will be invariants. 

Examples. 

it is requited lo find ijie value of k, for which S + kS' = o represents an 
equilateral hyperbola. 

If S = o represent an equilateral hyperbola, pulling it into Cartesian 
co-ordinates, and equating to zero the sum of the eoeffieienls of x^3.ady, 
we get 

a + 6 + .:-2/cosA -2gco^B-zkcosC = o. 
Hence the value of k, for which S + kS' = o represents an equilateral 
hyperbola, is obtained from the equation 

4 -6 (a' + 6' + c' - 2/' cos A - if cos S - 26' cos C) = o ; 
or, say, a + ^' = o ; eliminating t between this and S + ^S' = o, we get 
&S-@S'=o. (616) 

Cor. I. — In general, only one equilateral hyperbola can be described 
through four points. 

Cor. 2.— If J'==0, ,S'-^0 denote equilateral hyperbolas, S+f:S' = o will 
be an equilateral hyperbola for every value of i. 

2. Find the value of k, for which the conic S +iS' =0 wiU touch the 

Let S = ax^- o, S' ^ i^^^o; then the condition that S touch A, is — 
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and substituting an + ibn, 013 + Mni, &c., for a^, an, &c., ivc get a 
result wlijcli may be written 

or, denoting the middle term by fli, 

A^^ + i^ + M"'B^^ = o. [617) 

Cor. I.— Two conies of tHe pencil S + kS' = o touch As = o. 

For the equation (617) in A is of the second degree. The equation 
of these conies is got by eliminating k between the equation (617) and 
S + iS' = o. 

Cor. 2.— By supposing a, = o to be the line at infinity, we see that fwo 
conies of the pencil ^4 AS' = denote parabolas. 

Cor. 3.— If the line A, = o pass through one of the points of intersection 
of 5, S', it is evident only one conic can be drawn to loueh A,, and the 
two values of * in equation (617) will be equal.. Hence Ihe discriminant 
of that equation is the condition that \, will pass through one of the four 
points of intersection of the conies ^, 5', or, in other words, the tangential 
equation of the four points of intersection of the conies 



a^^ = o, S,= = o is 4^^=.S^ 


^-<Pi = o. 


{6rS) 


Cor. 4.— The locus of the pole of x. = 0, with respect to all the conii 
of the pencil S + tS' = 0, is a conic. 

For since two conies of the pencil touch a,, the locus will meet A, = 
in two points. Hence the locus is a conic. 


3. Find the value of*, for which O;,' + * {A:,)= 
The discriminant is — 


■ represents 


two Hght line 


aii + i\i\ Oi2 + *AiA3. a 


13 + *AlA3, 




, oji + *A5Ai, a-a + k\i', a. 


13 + *AsA3, 


= 0; 


, aji + *A3A|, Uss + f A;iA2, a. 


13 + :4A3^ 




or, denoting the discriminant of a,^ = by ^^ 






A^kA.^^O; 







eliminatmg k between this and the eqiiation a,' + k (a,)% we get the 
equation of the pair of tangents drawn to Oi', at the points where it meets 

^A=.a,'-A(A,) = o. (619) 

Cor.—By supposmg A, = o to be the line at infinity, wc get the equa- 
tion of the asymptotes. (Compare Art. 105, Cor. 4.) 
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4'. If Ai? = o, Bx'' = o be the tangential equations of two conies, if is 
requited lo determine the value of i, in order that the conic A)^ + ^Sx'= o> 
which is inscribed in the quadrilateral formed by their four common tan- 
gents, may pass through Ihe point whose equation x^^ = o. 

If the equations in point co-ordinates corresponding to^;^^ = 0, B)^= O, 
be fli' = 0, 5i' = o ; and a, A' denote their discriminant!,, the equation 
corresponding to A)^^ + A^^' = o is 

Aa,3 + iF+ g^A'6/ = o. (620) 

Where ^has the value in equation (605), and since this must pass through 
the point x^ = o, we have a quadratic to determine *. Hence two conies 
of the system A^' + kB)^=:0 will pass through the point; if the point 
be on one of &e font common tangents of A)^ = o, Bfi = o, the two 
conies will coincide ; and we infer, as in Ex. 2, that the equation of the 
four common tangents to the two conies Oz' = o, ft/ = o is 

i'! = 4AA' a^^b,'. (iSji) 

(hr. i.^The envelope of the polar of 3 given point with respect to 
a system of conies inscribed in a given quadrilateral is a conic. 

For, since the equation (620) is of the second degree, two conies of the 
system pass through the given point. Hence two tangents to the enve- 
lope can be drawn through it. Therefore the envelope is a conic. 

187. TAree comes of ihe pencil S + kS' = o represent line- 
pairs. 

Dem. — Let S ^a^ - o, S' = h^ = o ; then the discriminant 
of -S + kS' is— 

«ii + hbn, a,2 -I- kiii, Oij + kha 

a%\ + ^^21, ass + lib.a, Ojj + ^^23 

flji + ^1^31, aj, + ^^32. a-a + kb-a 

or A + ®:J + ©'^ + a'^3, where A, A' are the discriminants of 
a^, h^, respectively, and = Af, & ^ Bi, Hence the con- 
dition required is 

A + 0* + ®':4= + AT = o ; (622) 

giving three values for k, which proves the proposition. 
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Cor. — By eliminating k between S + h^ = a and the equa- 
tion (6z2), we get the equation of the three line-pairs, viz. — 
A^" - ©S^S + ©'S-S^ - ^'S' = o. (623) 

188. The equation (622) is called the invarianl equation of 
the pencil of conies S + kS' = o. It will be found that every 
relation which is independent of the axes can be expressed 
in terms of its coefficients. We shall now examine the geo- 
metrical interpretation of the vanishing of some of these 
coefficients. 

1°. If A' = o, the equation (622) reduces to a quadratic: 
this happens when one of the conies S, S' denotes a line- 
pair. 

Examples. 

I. Find the equation of the bisectors of the angles of the line-pair 
ax' + 2kxy + by' = o, the axes being oblique. The equation x^ ■'^ y' 
+ 2^cos(o-r* = o represents a circle. Hence the quadratic in ^, which 
is the discriminant of 

ai^ + iAjj' + Sy'-i- k{x'- +_j^ + Sjj/cosai- /■■) = o, 
or of 

(n + k)x^ + (5 + k)y' + 2 {A + * cosm) .rj- - £r! = O, 

will evidently give us two line-pairs, which, from the property of the circle, 
will be such that each pair denotes parallel lines, and such that one pair is 
perpendicular to the other. Now, make ?■ = o in the equation of the 
circle, and each line-pair becomes a perfect square ; hence, making r = o, 
the discriminant of 

{a -H A)*= + (4 + *)y + 2 (ft + * cos B,) xy 
is (a + i)(S + i)-(A-l-Acos.«)' = o; 

and, eliminating k between these equations, we get 

Hence the equation of the bisectors is 

(.CO.. -*)«■ + to- »)»,. + (i-Sra.)^>.o. 
The same result may be obtained by differentiating the equation 
{a -h k)x^ + (6 + k)f + 2(fi .^ kta9a,)xy 
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with respect to x aaA y, respectively, and eliminating k between the 
differentials. 

2. When a' = o. If the quadratic A + S* + 6'^' = o, to which the in- 
variant equation reduces, has equal roots, only one line-pair distinct from 
S' can be drawn through the intersection of S and S'. This can happen 
only when S touches one of the lines of S', as is evident from a figure. 
Hence the condition that S touch one of the lines of 5' is, 

03 = ^^@'. {625) 

z°. When = o. 

The full value of for the equations 
(«, h, c,/, g, h)(p., /3, yY = o, (a', b\ d,f, g', k'){<x, /3, yf = o, 
is (fc -r) a' + {ca -g')b' + [ah - A') ^ + 2 {gh - a/)/' 

+ <fg-ch)g-^i{fg-ch)h' = o. (626) 

Hence, if a', b\ if, f, g, h, each separately vanishes, © 
vanishes ; that is, if the equations of the two conies be of 
the forms 

or, in other words, © vanishes when S' is a conic described 
about a Iriangle which is self-conjugate with respect to S. Again, 
©vanishes: if/', /, A', bc-f, ca-g\ <r^ ~ A=, each vanish, 
which will happen, if the equations of the conies can be writ- 
ten in the forms 

yT^ + y 1^-t ^"^ = o, aV + b-^' + cY = o ; 

that is, i/S can be inscribed in a triangle, which is self-conjugate 
with respect to S'. 

Similar results may be inferred from the vanishing of ©'. 
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Examples. 



I. Kfour equilateral hyperbolas have a common point, and be connected 
with the conic S' by the relation = 0, the poinls of inlersection of any 
pair and those of the remaining pair lie on an equilateral hyperbola. 

(Psor. CiraTis, s.j.) 

For, taking the common point as origin of co-ordinates, and the four 
hyperbolas as ^i, St, S3, St, where 

5 s ai {J^ -yj + 2ki{xyj + 2giX + z/iy = 0, S^s oj (^ -jyi) + &c., 
we have from the given conditions four equations of the foim 



ai{A -B) + 2hiH + 



V ^M = 



Hence, multiplying the first column by a:' — _j^, the second by 2^, the 
third by zx, the fourth by 2_c, and adding the other columns (o the first, 
we get- 

Ai, .ri, /i, 

^i. gi, A 

or, as il may be written, ISi - mSi + nSa -^Si s o. Therefore the 
equilateral hyperbola ISi ~ mSs = o, passing through the intersection of 
Si, Si, is identical with the equilateral hyperbola ^St - nSi = o, passing 
through the intersection of ■S'3, Si. 

2. If two conies Si, S2 be homothetic, and connected with S' by the 
relation ©', their common chord passes through the centre of S'. {Ibid.) 

From the hypothesis, we liave 



■iA- + ih^H' + bjB' + zfif + igiff + aC = o 
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F' G' 

therefore 2(/ia!! -/sfli) -^ + 2{gia^-giai) — + ^la^ - cso, = o ; 

1, . G- F' 

are the eo-orditiates of the cenlre of .5'. Hence the proposition is proved. 

3. If a variable conic 5 be connected with four fixed conies ^i, Si,S^,Si 
by the relation 0' = o, the locus of its cenlre is a right line. (Jbid.) 

From the hypothesis, we have four relations of the form 
A B ^ S , I2F ^ 2G \ 



we get a linear relation between — , — , 

which are the co-ordinates of tlie cenlre of S. 

Cor. I. — If S\, Jj, &c., break up into line-pairs, we have the theorem, 
that the locus of the centre of a conic, which has four given pairs of con- 
jugate lines, is a right line. 

Cor. 1. — If Si, Si, &c., become perfect sqoares, they must be the 
squares of lines touching S. Hence the locus of the centre of a conic 
inscribed in agiven quadrilateral is a right line. 

189. — Examples of Invariants. 

1. Calculate the invariant equation for the conies 

A„s. {i i- a){i ■H)ii + c). (62;) 

2. Calculate the invariant equation for (he conic 



and the circle {x — V)^ + (y —yy = r'. 

Hence e = -■- (j;'^ +_/= _ a= - js _ ^) ; and, therefore, if e vanish, 
x" +y' = a^ + f + r^. Hence we have the theorem that 3 eircumcircle 
of a triangle self-conjugate with respect to a central conic cuts its director 
circle orthogonally. (FAuaE.) 

3, Calculate the invariants for the conies 

V^ + V"^+^=0 and 2/0y + 2gya + 2haB = o. 
Am. A = -4, e = 4[/+^+A), e-=_{/+^+A)=, A- = 2fgh. 
Hence ©= = 4^0' ; (629) 
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wMeh is therefore the condition that a triangle may be inscribed in one 
conic, and circumscribed to another. (Cayiet.) 

4. If a variable triangle inscribed in one conic be circumscribed to 
another, it is self-conjugate with respect to a fixed conic. 

{R. A. Roberts.) 
For, forming the equation of the conic F, which is the locus of points 
whence tangents to the conies S, S' [Ex. 3) form a harmonic pencil, we 

P^ 4(/+^+ ^)(/3t + ^» + ^<-») - 4fe*«' + ^fff ^fgi") = o, 
it is evident that ^Aii=+ ^f^'-^fgy^ "s eipressible in the form 2i^-e-S=o, 
which proves the proposition. 

5. Calculate the invariants for the Broeard circle 

abc (a' + e' + -h - («*jSt + S^T" + <^o)9) = o ; 
and the Broeard ellipse 

where a, h, c denote the lengths of the sides of the triangle of reference. 

A'= - f_ (a6 + S= + .* - 3q'SV=) . 

In terms of these and of the radius of the circumcircle can be expressed 
several metrical relations in the recent geometry of the triangle. Thus, 
if (), p' denote the radii of the Lemoine and Broeard circles, 

3P^ = -ff'(^^), P = -^R^. (630) 

190. If the conies^, ^' touch, it is evident from a diagram 
tha.t instead of three distinct line-pairs, passing: through their 
intersection, we shall have only two; this will happen because 
one of the three hne-pairs coincides with another. Hence 
the invariant equation (622) will have two equal roots. Thus 
the condition for the contact of two conies, called their Tact- 
Invariant, is the vanishing of the discriminant of the equa- 
tion (6ii), viz., 

©^'=+ i8AA'©®'=- i7AW^-+(A@^ + A'e") = 0. (631) 
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The Tact-invariant jusi written is the product of six anhar- 
monic ratios. 

Dem. — Let the conies be referred to their common self- 
conjugate triangle; then their equations may be written 

ao? + d^ + cf = o, a' + p" + / = o, 

and the cubic in k will be (Art. i8q, Ex. 1), 

Again, if we denote by 0', &", $"', the angles of the anhar- 
monic ratios (Chap. 11., Ex. 32), in which the sides of the 
triangle of reference are intersected by the two conies ; then, 
to determine ff, we must find the anharmonic ratio in which 
the side a = o is intersected by the two conies. After an easy 
calculation, we get 

Hence sm' (> = —7 — - 

Now, if we denote the roots of the invariant equation by 
^, H', H", since these roots are -a, -h, -c, we have the 
following system of equations 1 — 



-(*" 


-n'y 


- iff", 


- (i™ 


-Kf 


4- 4^'"-*', 


-(* 


-f'Y 


^4^-6". 



Hence the condition that the discriminant "of S + kS' = o 
will give two equal values of k is 

sin=e'.sin'e".sin'i9"' = o; 
and as sin*^, &c., are each the product of two anharmonic 
ratios, the proposition is proved. 

191. Tofindthe Tad-invariant of two conies S-U; S-M\ 
both inscribed in the same conic ^'^a' + yS^y' = o. 
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^ If we write the equations in the forms S^-L^o, S^-M=o, 
Si-L + k{Si-M)-o denotes a conic passing through the 
two points, in which the common chord L - M meets the 
conies S-L'^, S - JtP ; and forming the discriminant of 
Si - £ + k{Si - M), after clearing of radicals, we get 

{t-S"W+2ii-S)k + {L-S') = o, (632) 

where S', S" denote the powers of the poles of L and M 
with respect to S, and R the power of the pole of Z with 
respect toM. Now, since the equation (632) is of the second 
degree in k, two line-pairs can he drawn through the intersec- 
tion of the conies S-L^, S-JIP with the common chord 
L-M, each having double contact with S, as is geometrically 
evident. Hence the condition of contact of S-i^ S-M^ 
is, that these iine-pairs coincide; that is, the vanishing of 
the discriminant of (632) with respect to k. Therefore the 
Tact-invariant of the conies is 

(.-if)=-(.-50(i-5") = o. (633) 

We should have got the same result if we had worked with 
the equation 5'i + i4-*{5i + jl/) = o ; but if we had used the 
equation 5i t Z + A (5"' ± M\ we should have got 

Ci+7?)'-(i-S')C.-S") = o. (63+) 

Hence there are two Tact-invariants. 

Cor. I.— If we put i~R= ■/ {i - S'){i - S") cos i*, we 
get, denoting the roots of (632) hy ^1, k^, 

,-3.|; (635) 

and if we had formed the discriminant of Ji* Z+ h{Si ± M')^ o, 
and denoted the roots of the resulting equation in k by *3, K, 
we should get, putting i ^ R^-^/ {\~S'){\ -S")co&<l>, 

Hence the Tact- invariants of the conies i'-Z', S-HP are 
equivalent to the equations d = 0, <^ = o. 
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Cor. 2. — If &= -, y =- I, and the pencil is harmonic 
which is formed of the lines L, M and the chords of con- 
tact of the two line-pairs, which can be drawn to touch S 
through the intersection of Z-vI/with S-L^; hence, what 
corresponds, in the geometry of conies inscribed in a given 
conic, to two circles cutting orthogonally, are two conies 
whose angle B is right, we shall by an extension of the term 
say that the conies cut orthogonally. In general, to the angle 
of intersection of two conies corresponds the angle B of the 
conies. 

Examples. 

1. If 3, 2' be the tangential equations of S, S', (he discriminanf of 
2 + *2' is 

4' + hiad' + PA'9 -f *'A'=. {636) 

2. If the conic S' be the product of two hnes, Q = o is the condition 
that they should be conjugate with respect \o S; for e = o is the condi- 
tion that a triangle self-conjugaf e with respect to 5can be inscribed in S' ; 
and when S' denotes a pant of lines, this imphes tliat they must be conju- 
gate lines with respect to S. 

3. If 2, 2' be tangential equations, and if 2" denote two points, 9' = o 
is the condition that their join should be cut harmonically by 3. Hence, 
if 2' represent the circular points at infinity, ©' = o is (he condition that 
2 shall be an equilateral hyperbola, 

4- If a system of conies touch two rectangular lines OX, OY in two 
fixed points, the normals in these points intersect in a point P. Prove 
that the line joining the feet of the two other normals drawn from P to 
each conic passes through a fixed point. 

5. If 9 = o, the centre of perspective of any triangle inscribed iv. S' , 
and its reciprocal with respect to S, is a point on S'. (Salmon.) 

6. In the same case, the asis of perspective of any triangle circum- 
scribed to S, and its reciprocal with respect to S', is a tangent to S, 

[Ibid.) 

7. The polar reciprocal of 5 with respect to 5' is 

&S'-F. (637) 



Hosted by 



Google 
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8. If the polar reciprocal of 5 with rcEipect fo S' be denoted by S" ; 
prove that the invariant angles (see Art. 190) are 2fl', zS", z6"'. 

9. The envelope of the line An, cut harmonically by the conies S, S 
(Art. 190). is 

(638) 



\-JY 



w*- . 



Vvr- 



10. Prove that the conic P, which is the locus of points whence tangents 
oS.S' form a harmonic pencil, may be written in the form 

(V*^cos9-)«i=-l-W*''«>s9^)<'!i^+(^'^cose"-)o3= = o. (639) 



11. Ifthecelationi-iS-V(i-.S')(r-^")be denoted by(i2), &c.; 
rove that the invariants of four conies inscribed in a given conic S, and 
tangential to a fifth conic, also inscribed in S, are connected by the rela- 



V (12) (34) ± V (23) ('4) ± V(3i)(24) - 



(640) 



This theorem was discovered by me in 1867, and published in my 
Bicircular Quartics, which was read before the Royal Irish Academy in 
diat year. The following proof is due to Dr. Salmon : — 

Let the conic 5 be a^i^ + JVs' + J^s', andletibeAj, jy = ;ji,&e.; then 

then the Tact- Invariant 5 -Z', 5 .- Jl/= (see Art. igl) is (is). 
Now, let us multiply the two matrices, each contaming five columns and 



., V(i~^"), 

I,, vo^^, 
3, V(7T5i), 

t be equal h 





~^), 


., V(7 


73^), 


.. V(7 


^^s^\ 


. Vp 


^S). 


r., vr 


"^^) 


more I 


ws than 
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A relation between the 
conic S. Suppose now that the 
{15), &c., vanish, and 



lie (s) touches the other four, then 
have the theorem that the invariants of four 



eitcks, all mscribed in 
re connected by the relation 

I O, (12), 



c S, and tangential to the s 



(13). 
(23), 



v'[i2) (34) ± V('3) (*4) ± A14) (23) = o. 



Co/-.— This expressed in terms of the ir 
in form with the corresponding theorem for circles. 

12, If corresponding lines of two figures directly similar be conjugate to 
each other with respect to a given conic, the envelope of each line is a 

13, In the same case, the join of the points, where each line touches its 
envelope, is a conic. 

14. If the two conies Si - L, Si - M be connected by the relation 
i_ie=o, the pole ofZ with respect to 5 is also the pole of Z -A/" with 
respect to S - jl/'. 

15. The equation of a conic touching the three conies 5i-Z, Si-M, 
Si-Nis 

V(23)(5i-i) ± -f{y){Si-M) + ■^{ii){Si-N) = o), 

[Proc, R. I. A., 1866.) 
Dem.— From equation (63Z) we see, taking * = 0, that the discrimi- 
nant of 51 - i is I - 5'. Hence, when 51 - i = o denote sone of a 
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line-pair, the Tact- 
Again, if m, 03, ng b< 



of 51 - Z and S\-M reduces to if 
of any point on the conic 5* — Z = 

- (Aioi + Ajaj + A3B3), 



denotes a conic whose discriminant vanishes, and wMch touches 51 — Z. 
Now if ai, 03, 03 be the co-ordinates of any point on the conic which 



touches the three co 


ics S\ 


-Z = o, S\-M^o, Si 


N=o, and lake 


the conic 


\ .r,= + 


„-f -'••".* •'.•*"■ 





for a fourth; then the functions (14), {24), (34) are respectively 



M 



N 



Si' 



Si' 



Hence, from equation (640), we have 

V(!3)(5!-Z) ± V(i0T5tTl^ + V(i2)(5l-A0 = 
For another proof see ^circular QuaHUs, p, 70. 

16. The operafiop. ^1-=— + /a — + ^ — performed oi 

aa\ ffos da^ 

Si — lg = o, where 5 s ni' + oj' + as' = o, gives a conic cui 
orthogonally. 

17. The conic 



s orthogonally the < 



«2, 

I - la, Si -mi, Si-na = o; and three 
others are got by changing the signs of /i, h, h ui the second column ; of 
mi, ms, ma in the third ; and of «i, na, nj in the fourth. 

18. If the four conies of Es. 17 be denoted by Ji, Ji, Jj; prove that 
the poles of their chords of contact with S are the four radical centres of 
the conies S - L^, S-M^, S- N'K 
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Mis 



1 . The two lines fotming any of the three line-pairs, joining four concychc 
points on a conic, are equally inclined to either axis. 

2. The ases of all conies passing through four concyclie points are 
parallel, 

3. Find the equation of the dicle whose diameter is the normal at the 
origin to the conic ax^ + zhxy + Jy' + zfy = o. 

Ans. b (a;* + y^) -i-zfy^o. 

4. Find the locus of a variable point, if the perpendicular from a fised 
point on its polar with respect to {a, S, c,f, g, h)(x,y, if = 0, be con- 

5. If two triangles be self-conjugate with respect to any conic, their six 
vertices lie on one conic, and their sii sides are tangential to another. 

6. If two lines be at right angles to each other, the diameters with re- 
spect to Ihem of the trfangle ofreferen.ee meet on the line 

a cos ^ + 5 cos .ff + •>■ cos C. (M'Cay.) 

J. If ai be the Brocard angle of the triangle of reference, prove that 

(B'-l-j9= + 7=)sin^-{uSsin((7-^) + BTsin(^-^) + 7osin(ff-»)}=o 

is the equation of its Brocard circle. 

8. The locus of the point of intersection of the polars of any point, 
with respect to two conies, is a circumconic of the common self-conjugate 

9. The locus of the pole of the line X„ = o, with respect to a system of 
confocal conies given by their general equation, is, if 5 = o be the tangen- 
tial equation of oae: of them, and 

n^A,^ + Aa' + A3'-2AaAacosj4 -2X3X1 cos£ - 2\,Xi cosC, 
and ill, Hj, as, the differential coefficients. 



:wo circles in trilineat co-ordinati 
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11. Find the locus ofapoint from which tangents to two given conies 
ate proportional to their parallel semidnmeters. 

12. If two figures be direLlly similar, and if corresponding points be 
conjugate wHh respect to a giien circle, the locus of each is a chcle, and 
the envelope of their line of connection is a conic. 

13. Show thai the normal to an ellipse, which cuts the cun'c most 
obliquely at its second intersection with the curve, is parallel to one of the 
equiconjugate diameters. (Prof. J. Purser.) 

14. The directrix of a conic, and any two rectangular lines through the 
focus, form a self-conjugate triangle with respect to the conic. 

15. If _>< = 3; tan cfp, the equation of a tangent to a conic maybe written 
^aos^ -iyim^- e-i = o where 7 = o is a directrix. 

16. If two points on a conic subtend a given angle at a focus, the loctis 
of the intersection of the tangent at these points is a conic, having the 
same focus and directrix ; and so also is the envelope of their chord. 

17. If two semidiameters of an ellipse make a given angle, the line join- 
ing their extremities meets its envelope at the point in which it meets a 
symmedian of the triangle formed by it and the semidiameters. 

(D'OCAGNE.) 

iS. If two tangents to an ellipse intersect at a given angle, their chord 
of contact meets its envelope at the point in which it meets a symmedian 
of the triangle formed by it and the tangents. {Ibid.) 

19. Given the base and area of a triangle, prove that the locus of its 
symmedian point is a hyperbola. 

zo. A circle S passes through a fined point O, and intersects a fixed circle 
in a varying chord L. Show that if L envelops any curve given by its 
polar equation, with O as the origin, the polar equation of the envelope of 
^ may be at once written down ; and hence show — 1°. If5envelop a conic 
concentric with t>, Z will envelop a conic, having O as focus. 2°. If 5 
touch a line, Z will envelop a conic. (Mr. F. Purser, f.t.c.d.) 

21. Two conies U, V axe taken; t/ inscribed in a triangle ABC; 
V touching the sides AC, BCinA, B. Prove that the poles, with respect 
to i7 ofacommon chord of f, F, hes on V. {Ibid.) 

22. If from any pouit on a given normal to a conic the three other nor- 
mals be drawn ; prove that the circle through their feci belongs to a fixed 
coaxal system. [Ibid.) 
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23, If from a point O, whose distances are p, p' from the foci of an ellipse 
(whose major axis is za), two tangents be drawn making an angle 9 ; prove 



Iff 

Dem. — If F, F' be tlie foci ; T one of the points of contact ; join FT, 
F-T. Prodnce FTlo S, malting TS = TF\ Jom05; then the sides of 
the triangle OFS are eqnal to p, 2a, p', respectively ; and the angle 
F0S=9. Hence the proposition is proved. 

24. B', C are variable points on the sides AC, AS of a fixed triangle, 
snchthat^ffi.S'C: : BC' : CA. Prove that the envelope of^iCiis a 
parabola. 

35. If^be the focus of the parabola in Ex. 24, .iJ/the cireumcentre of 
the triangle ABC, the angle AFMis right. 

a6. The directrix of the parabola bisects the portion of the perpendicular 
between vertex and orthocentre. 

27. If a variable conic S' be connected with two fixed comes Si, Si by 
the relation a = o, the locus of the ceatie of perspective of the triangle of 
reference, and its polar reciprocal with regard to S', is a right hne. 

(Prof. Curtis, s.j.) 

28. Two concentric and coaxal conies U, Fare such ±at a triangle can 
be inscribed in U, and circumscribed to F. Show that the normals to <7 
at the vertices are concurrent, and that the locus of their centre of concur- 
rence is a coaxal conic. (Mr. F. Purser, f.t.c.u.) 

29. If a self-conjugate triangle, with respect to a conic section, be inde- 
finitely small, the radius of its circumcircle is half the corresponding radius 
of carvature. 

30. If a triangle be formed by three consecutive tangents to a conie sec- 
tion, the radius of its circumcircle is one-fourth the corresponding radius of 



31. If a, (3, y be the tiiliuear co-ordinates of a point in the plane of a 
triangle, ttirough which are drawn parallels to the sides meeting them 
respectively in the points 1. 4; 2, 5 ; j, 6; prove that the trilmear co- 
ordinates of the centre of the conic msciibed in the hexagon 123456 are 

i{a + bsmC), i(B + csmA, i(-y + 1 sin^). 

32. If for a, ,8, y of the last exercise we substitute successively the co- 
ordinates of the points 0, e,, 0j, 03, of Ex. 58, chap. ii. ; prove that the 
resulting conies will be the inscribed and escribed circles of the triangle of 
reference. (Lemoine,) 
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33- The locus of the points of contact of tangents from the point o'P'y' 
to the system of conies 0,8 = ky^ when k varies, is the coiiie 



34. Ifevary, the locus of the paints of contact of tangents from ^y to 
a^ + y = «=-/ is (J^ + ^)-^ (^+y) =7'v7. 

35. The locus of a point, whose polars with respect to two circles meet 
on 3, given line, is a hyperbola. 

36. The equation Vo sin^ + i^ staB + V- 7 sin (7 = o denotes a hy- 
perbola whose asymptotes are parallel to (he lines o, j8. 

37. If a circle whose diameter is d passes through the origin and inter- 
sects Ihe conic (a, b, c,f, g. k){x,y, 1)' in four points, whose radii vectors 
ate pi, p3, p3, pi; prove that 



38. The lines through the origin, and tl 

{a, b, c,f, g, k) {x, y, lY = o, with AJc + fxy + p^o, 
are at right angles if 

39. In the same case, the locus of the foot of the perpendicular from the 
origin on Xjt + ^j + ji = o is the circle (a + b)(x'' +y^) + 2gx + 2/y + c = o, 
and the envelope oC \x + iiy + e = is the conic 

c{a + b){;,^=+:,^) + igx + 2/y + c) = i/^-gyr. 

40. If the axes be oUique, find the equation of the rectangular hyper- 
bola, making intercepts \, \' ; /t, fi on them. 

41. Find the condition that \x + /ly + y = should be normal lo 



42. Find the equation of the locus of the ci 
four right lines 
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i88, from the given conditions we have four equation 

- ■ - — ■ 



Hence, by eliminatit 
eos=fl, 



sin^a, 



i*i(Jfl 



-M 



sinflcosS, i*3{z5 + /j), 

siiiScosS, ^i(J5 +^,) 
which is the required equation. If the determinant be expanded, and 
putting ; = sin &y . sin yS . sin Bfi, &c., we get 

and the origin being transferred to any point of the locus, by put- 
ting ^1 = a, /j = j8, &c., this becomes L = Ib?- mS^ + "-f- — ''8^ = o> 
which, though apparently of the second degree, is only of the first ; for, on 
substituting x cos a \y sin o - /, for a, &c., the coefficients of x^, xy, y^ 
vanish identically. 
43- If the equation in Es. 42 be written in the foiin 

we infer that a parabola may be described, having the triangle ajS7 as self- 
conjugate, and toncWng X at the point where it meets 8. {Ibid.) 

44. In the same case, prove that W — mfp = o is a pair of common 
tangents to the parabolae r^ +L = o, ny' - i = O, and ny' — rS^ = o, 
a pair of common tangents to the parabolae mgi' + Z = o, /a' — X = o, and 
that the former pair intersects the latter on X. 

45. If n Tary in position while 0, y, 8 remain fixed ; then, if o touches 
a lized conic to which ^ and y are tangents, the envelope of X is a conic. 

{Ibid.) 
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48. The covariant F of two conies S, S' passes through their eight 
points of contact with their common tangents. 

49. Find, by means of tile covariant F, the equation of the director 
eu-cle of the conic (a, b, c, f, g, h){x,y, if. 

50. The envelope of the line cutting the conies S, S' harmonically 
touches the eight tangents drawn to S, S' at their four points of intersec- 

51. If two of the vertices of a self-conjugate triangle with respect to S 
lie on S', the locus of the thwd yeites is &S - AS'. 

52. If the Joins of the points in which {a, b, c, f, g, k) {a, B, t)^ meets 
the sides of the triangle of reference to tie opposite vertices form two 
triads of concurrent lines ; prove abc — ifgh — a/' — bg"^ — eh'' = a. 

Compare the equation with 

which meets the sides in points which connect with the opposite vertices 
by the two triads la = mff — "y, I'a = m'$ = n'y. 

53. Find, in this manner, the equation of the nine-points circle, the 
Lemoine circle, the inscribed conic, and the inscribed circle, &c. 

54. If X, li, y denote the perpendiculars from the angular points on 
a tangent ; prove that a' tan A + /i.^ tan £ + :/' tan C = o denotes a circle. 

55. From last Example prove by reciprocation, if &' + m$^ + «y^ = o 
denote a dicle, that 

lan^i fan^ tan^ 
'■"''■''■'■~;^'~ff^'-~y-~' 

where o', ,8', y denote the co-ordinates of the centre, and i(i|, i^i, ijij the 
angles subtended by the sides at the centre. 

56. Four concentiic equilateral hyperbolas can be described, haring the 
four triangles formed by any four arbitrary lines as self-conjugate. 

57. Prove thai the polars of the four radical centres of ^ - i^, S - JtP, 
S - N', with respect to 5 - i=, are 



and three others got by changing the sign of A, h, h in the a 
of »ii, iKi, mi in the third ; and of «i «2, na in the fourth. 
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58. Prove the following method of constructing the conies Jt, Ji, J3, Jj, 
cutting the three conies SI - L, Si- M, Si- I^ orthogonallj-. 

Draw tangents from the radical centres to (he three conies, and describe 
a conic through the four systems of six points of contact corresponding to 
the four radical centres. 

59- The conic Ji is the locus of all the double points of 

\i{Si -L) + Li {Si -M)+I.3 {5i - iV) = 0. 

60. If a triangle be turned round the centre of its inscribed circle through 
(wo tight angles, the triangle in its new position, and that formed by the 
points of contact of its sides in its original position with its inscribed 
circle, are in perspective ; the centre of perspective is the point e. {See 
Chap, ir., Ex. 58.) 

6t. If through any point in the axis of perspective of a triangle and its 
orthocentric triangle paraEels be drawn to the three sides, these parallels 
meet (he sides in six points which are on an eqnilateral hyperbola. 

6z. Parallels to the sides of the triangle of reference through any of the 
points a, (ui, an, a>a of Chap. II., Ex. 59, are in each case equally distant 
from the vertices of the triangle ; the distances being in the respective 
cases the diameters of the inscribed and escribed circles. 

63. In a given conic inscribe a triangle whose sides shall pass through 
given points. 

Let the given conic be afl = 7^, the given points aiK, a'b'c', a"d"c", and 
the perametric angles of the angular points of the inscribed triangle 
e, e", 6"; then, putting i=taa9, &c., we have (Art. 160) the three 

a+btl'-c{t + f)=o, a- + yfr-c'{f + f]^o, a" + l,"ft-c"(f + t)=o. 
Hence, eLminating t', i", we get a quadratic in i, viz. 

where a denotes the determinant (aye"). Hence, in general, two triangles 
can be inscribed: the condition for only one is the equation in t, having 
equal roots. Hence, if two of the points be given, and the third variable, 
its locus, so that only one triangle can be described, is a conic. 

64. The conies 

1 + 1+1 = 0, sin*^i/n + sinisVe + sin4CV7 = o, 
a & y 

are eonfocal. (LemoineJ 
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65. In the same case, the "symmedian point of the triangle fonned by 
the centres of the escribed circles of the Iriangle of reference is the com- 
mon centre of the conies. (Lemoine.) 

66. A triangle is inscribed in x^ + j^ - e' = o, and two of the sides 
touch ax^ \ by' — c^ = q; find the envelope of the third side. (Salmon.) 

The condition that kx -\- py ■\- vz shall touch aifi + Sj'' ~ «' is 



and denoting (Art. 139, Cor. z) the parametric angles of the vertices of 
the triangle inscribed in x^ -^^ y^ ~ s^ by fl, e', e", the equation of the Join 

:Kcos^(e + e") +:vsinj(fl + r) - Ecos^{e - 6") = o. 
Hence the condition for this touching ojr^ + Sj* — cs' t o is 
cos' 1(9 + r\ sin' ^(9+ r') _ cos'^(9-9-) _ 






jH(fl + g') "Sine" _ _ sin i (a 4 9' ) 



isi(fl-ff)' " / cos^(e^e')- 

Now the chord of x^ i-y' — s', which is the join of the points 8, S', is 
.rcos ^(9 + ff) +y sin^(9 + ff^ - e c0si(fl -S')=0. 
Hence mx cos B" + ny sin e" + /s = o, 

and the envelope is n^^ + n'^ — l-^ = o. 

67. The equation of a conic confocal with 

and touching \a + iifi + vy = o, is 

fi=5 - nsi' + a=J/2 = D [jI/=osin^ + S sin .5 +7 sin C]. 

68. i*r, grate tangents to a conic at the pointsi*, Q; from the centres 
erf curvature at P, Q perpendiculars are drawn to the chord of contact 
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PQ ; prove that the parallels to PT, P^.drawn thcongh the feet of the 
perpendiculars meet on the symmediau line of the triangle /'(?7' drawn 
through T. (D'OcAgne.) 

69. The hyperbola 

and the hyperbola 

(cos=i^.o + cos=J^.fl+5m=J<7.T)=-4secH'^-sec'J-S.a3 = o 
are confocal, and their common centre is the symmedian point of one of 
the triangles formed by the incentte and Ihe centres of two of the escribed 
circles. (Lemoine.) 

JO. A system of four conies having two points common, and each con- 
nected with a fifth conic by the relation %' = o, are such that then: points 
of intersection, six by siir, He on three conies. 

For, taking the common points as vertices of the triangle of reference, 
the equation wil be of the form 

S s Oil' + 2fiy + 2g\zx + ih\xy = o, &c. ; 
and there are four relations, 

oi^' + ifiF' + 2^i(?' + 2hiH' = o, &e. 
Hence, as in Art. 188, 2°, Ex. i, 

IS, ~ !nSi + nSi -j'Si s o, &c. 
71. The condition (hat the line (y — y) = >" (x — x'} should be normal to 



m" (J^'i) - ams {d^xy) + m' (4 V= + a'/ ' - c*) - im (aVy ) + o^'" =o. 
Hence, find an expression foe (he sum of (he angles which the four nor- 
mals from any point make with the axis of x. 

72. The Slim of (he angles made with a given line by the four normals 
from any point (0 a series of confocal conies is constant. 

73. The locus of points having (he same eccentric angle on a series of 
confocal ellipses is a confocal hyperbola. 

74. Throngh a given point .^ on a conic (wo rectangular lines are drawn, 
meeting the conic again in the points B, C;BC meets the normal at A in 
O. Prove, if A move along the conic, that the locus of O is a homo- 
thetic conic. 
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75. A circle passing through three points on any one of a series of COQ- 
foeal ellipses, Ihe points always lying on fixed confocal hyperbolae, meets 
the ellipse again, where it is met by another of the confocal hyperbola. 

76. In the last question, supposing the three points to coincide, we 
have a theorem for the circle's curvature of a series of confocal ellipses. 

77. The locus of the centres of curvature at points on confocal ellipses 
where 3 confocal hyperbola meets them is 

, cos«^ _ sin^^ ^ _! 
X-'- f- c^' 

78. The centres of the six circles of curvature which can be drawn 
through any point to a given conic lie on a conic ; find its equation. 

79. If four normals OA, OB, OC, OD be drawn to a conic from the 
point x'/ ; prove that the tangents at the points A, S, C, D, and the 
axis of the conic, all touch the parabola 

(xx' +yy + c'f = \c'xfx. 
So. Prove that the directrix of the parabola in Es. 79 is the join of the 
given point x'y to the centre. 

81. If on perpendiculars erected at the middle points of the sides of a 
triangle portions be taken Imeasured either inwards or outwards) propor- 
tional to its sides, the triangle formed by the points thus constructed is in 
perspective with the original triangle. (KieI'ert.) 

It is easy to see that the co-ordinates of the corresponding points may 
be denoted by sinB, sin(C-e), sin (5-9); sin (C- e), sin 9, sin(^-e); 
sin(S-9), sm(^-e), sine. 
Hence the lines of connection of the vertices of the triangles are 
o sin (^ - fl) = fl sin (S - 0) = 7 sin (C - 9), 
which proves the proposition. 

8i. The envelope of the axis of perspective of the two triangles is the 
parabola 

^(.(fi'-tija + VS(c=-o=)S + Vc(a= - S')y ^ a. 
83. The envelope of the polar Ime of the centre of perspective with 
respect to the triangle js the conic 

Vsin(J-C)tt + Vsin[i;'-^)B + v'sin(-4-.5)T = o. 

'Dj.t.— If the co-ordinates 0/ one of the foci of a conic inscribed in the 

triangle of reference be a, 0, 7, the co-ordinates of Ihe other focus inill be 

- — , -. Hence, being given the locus described by one focus, -we can 
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■arrite dawn the locus dsscribed hy the other. This tiansformation, wktck 
is of considerable importance, we shall, a/fer Neuberg {Afaihesis, torn 1., 
p. 184), call the ISOGONAL Transfokmation ; and t'eo /amti related 

as aBy, ( 1, IsOGONAi Points. For example, the ortlioeentre and 

\aB-jl 
circumcentre of a triangle aie isogonal points, and the eenttoid and the 
symmedian point, 

84. Prove that the isogonal transformation of the circumcirtle is the 
line at infinity. 

85. Prove that the isogonal transformation of a line is an ellipse, a 
parabola, or a hyperhola, according as it is exterior to, tangential to, or a 
secant of, the circumcircle of the triangle of reference. (Brocahd.) 

86. The isogonal transformation of any diameter of the chcumdrcle is 
an equilateral hyperbola circumscribed to the triangle of reference. 

{Ibid.) 

87. The locus of the centres of the isogonal transformations of all the 
diameters of the circumcircle is the nine-points circle. [ibid.) 

88. The isogonal transformation of the line joining the symmedian point 
to the eircumeentre is the locus of the centre of perspective in Kiepert's 
theorem 81. 

89. The isogonal transformations of the four lines la t '"B * "7 ^re the 



which, being four circtimconics to the triangle of reference, correspond to 
the four in-conics. 

90. Prove that the envelope of Tucker's circles is the Brocard ellipse. 

91. Given four tangents to a conic, viz., a = o, 3 = 0, y = o, 5 = o; 
find the iocus of the foci. Let ao + 6fi + i^y + ifi s o be an identical re- 
lation ; then 

- + - + ~+ - = o (Salmon.) 

a B y 8 
is the locus of the foci. 

92. If a variable conic pass through two given points, and have double 
contact with a given conic, the chord of contact passes through one or 
other of two given points ; prove this, and thence infer that four circum- 
conics of a given triangle can be described, each having double contact 
with a given conic. 
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93. If .9 s (I, I, 1 -cos^, - cos B^- cos C){x,y,zf = o; prove that 
each of the four conies S — {x ±y ± zf = touches the four conies 

5-{TCos(^t C)+yca%{Ci A) + Z cos {A ±IB)}^ = o, 
where the choice of sign is such that there must he an odd numher of 
negatives. 

94. If a^ = 0, Sj' = o, c^ = o he three conies, fulfilling the condition 
tliat each shall circumscribe a triangle self- conjugate with respect to the 
other two ; prove that 



95. Given a tangent to a variable conic, its eccentricity, and one of the 
foci, prove that the locus of the other focus is a circle. 

96. M'Latirin's Method af describing Conies. — The locus of the vertex 
of a variable triangle whose sides pass through three fixed points, and 
u'hose base angles move on two lixed lines, is a conic section. 

97. Tlie circumcentre of any triangle self-conjugate with respect to a 
parabola is on the directrix. 

98. If a quadrilateral be described about a parabola, the three circles 
described on the diagonals of the quadrilateral as diameters have the direc- 
trix for their common radical axis. 

99. A, B, C; A', S, C are two triads of points on two lines Z, M. 
Three honiothetic conies through ABC, BCA\ CAB' meet M again in 
the points P', Q', R' ; and three other homothetic conies through AB'O, 
BCA', CAB' meet L again in P,Q,R; prove that the lines PF, QQ, 
RR' arc parallel. (Mr. F, Pussek, f.t.c.o.) 

100. NeiBton's Method of Generating Conies. — Two angles of given 
magnitude tnm about two fixed vertices ; then, if two of their legs intersect 
on a fixed line, the locus of the intersection of the other legs is a conic 
passing through the vertices of the angles. 

loi. Given two conjugate semi-diameters CP, CQ of a hyperbola, con- 
struct the axis. 

102. If JST, y be the co-ordinates of a focus o{ ax^-t- 2hxy + Sy' + c = o. 



and if ^ denote the product of the perpendiculars from the foci o 
tangent, prove that (-+aJ(- + SI=A'. 
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103. Prove that the equation of the pair of t.mgents from x'y' lo 
^ + p-l may be written {x ~ x-fd' ^ {y -^fV^ ={xf- x'yf. 

(Prof. Cb.ofton.) 

104. If if be (he circumraiJius of the triangle of reference, a. the Brocaid 
angle, prove that fl sin « is the radius of the auxiliary circle of the Brocard 

105. Prove that the eccentricity of the conic given by the general equa- 
tion in terms of its invariants I\, /j of the first and second degree in the 
coefficients is given by the equation 



oa, Pa, ?3, S3, 



7», S* m, Si, Ti, I 

(Prof. Curtis, s.j.) 
that '^i p' , f" , f" be the perpendiculars of a triangle 



r / /' f" • r- p- f f' ■ 
Also, if A', x", \'" denote perpendiculars from the vertices of any triangle 
on any line through the centre of the in-tircle, prove that 

p' f /" ^ ' 

108. If Li, Zi, X3, £4 be perpendiculars from four points A, B, C, D, 

to a lineZ; then i, [BCD) - L^{CDA) + La (DAB) - Li (ABC) = o. 

{Compare equation (216).) {/»id.j 

log. Given three tangents to a conic, and the length of the minor aiis 

i, to find the focus. Let the co-ordinates of the foci ofiy, a'B'y'; and the 

perpendiculars of the triangle of reference p', p", p"' ; then, from (106), 






; *=, 



*\ 



o, P", o, 
o, o, ^■", 
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f» ^'» fy 



■^^=^. 



where S denotes the circamcircle of the triangle of reference. When the 
conic is a parabola, b is infinite, and the equation reduces to ^ = o. 

{Ibid.) 
no. If ABC be a triangle self-conjugate to a conic ; K, n, r perpen- 
diculars from A, B, C on the tangent at any variable point D on the 
curve ; prove that 

\ (BCD) + n (CAD) + , (ABD) = o. (Ibid.) 

111. The circumcitcles of the triangles formed by four right lines 
a, |9, y, S meet in a point O; tangents af the vertices of the triangle fiyS 
to its circumdrde meet a in the points A, A', A". Similarly are found, 
on the lines $, y, 5, the triads B, ff, B" ; C, C, C" ; A i>, D". These 
points Le four by four on three circles, each passing through O, and 
through the extremities of a diagonal of the quadrilateral afiyS. 

(Ibid,) 

112. If 2 be the drcle through the drcumcentres of the triangles a^y, 
oBS, 078, ^78, the diameters of the circumdreles of the triangles afly, 
a^S, ay, passing through the vertices opposite the common base u, concur 
in 2. 

113. Being given a selt.conjugafe triangle and a tangent to a conic, 
the locus of its centre is a right line. (See Art. 188, Ex. 3.) 

114. If one of four sides of a quadrilateral envelop a conic, the other 
three being fixed, the line through the middle points of the diagonals 
will also envelop a conic. (Prof. Curtis, s.j.) 

115. If sis line-pairs xx',yy, is*, «ii', i/if, •avf be conjugate pairs to 
the same conic, they are connected by a linear relation 

tejc' + myy + mm' -i- puu' +fw' + rane' s o. (liid.) 

116. Hence, if two triangles be self.conjugate to the same conic, they 
are both inscribed in another conic. 

For, if x'=y, / = J, s' = x, u' = v, 1^ = -w, m' = a, we have 
l^ + mys + nzx = — (puv -^ gina + rma). (Ibid.) 



the triangle xyz is self-conjugate to the conic, and uvw circumscribes it 
and, from (l 14), we get Ixz + myx + nsy = — (^a= + gii' + t-u^) ; or 
scribes the triangle xys, and has icwi self-conjugate. 
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I r8. Tangents drawn to a parabola, from the centre of a 
a self-conjugate triangle of the parabola, are conjugate diameters of the 

For if x,y, z be the sides of tie triangle ; a, v the tangents, and taking 
w to denote the line a.t infinity by (ll6), we get the conic 
Ixs + mjyx + i!!y = - {pn^ ■^ gx' + constant). 

119. If a circle be described about a triangle self-conj agate with respect 
to a parabola, its centre is on the directrix. 

For the tangents from the centre, being conjugate dbmeters, must be at 
right angles. 

120. If the centre of the conic be a point on the parabola, an asymptote 
of the conic is a tangent to the parabola. 

121. If corresponding points of similar figures, similarly described on two 
sides of a triangle, be the poles with respect to a circle of corresponding 
linestof the same figures ; prove that the points are equally distant from 
the centre of the circle. 

13!. The four conies which touch three given lines, and have double 
contact with a given conic 2, are all touched by four other conies, each 
having doable contact with 2. (See Ei, 93.) 

123. Given 5^<M^ + 2Arj' + 5v' + ^ = o; prove that the equation of any 
pair of conjugate diameters is 

ic— ■+"y— = 0; 

and if the diameters be equiconjugate, their epilation is 



124. The equation of the reciprocal of the parabola at the 
with respect to the circle x^ +y^ = *= is 

125. The reciprocal of the parallel to an ellipse at the dist; 
respect to the circle «' +jfi = A^ is 



1 triangle, its symmedian point, and the 
QTthocentre of its pedal triangle, are collinear. (Tucker.) 

127. The orthocentre of a triangle, its symmedian point, and the sym- 
median of its pedal triangle, are collinear. (E, Van Aubel.) 
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ijS. If L. M,N\^ three collinear points, L',M', M" tieir coirespond- 
ing isogonal points (Es. 84) ; prove that if the tiiads £', M, N'\ M', L, iV* 
be respectively collinear, the points L', M', N are collinear. 

129. Hence show if L', M', N' be points on Kiepert's hyperbola, and 
if iV' be the fourth point where the hyperbola meets the eircuracircle of 
the triangle ABC, that the chord LM is parallel to the Brocard line OK. 

130. In the same case, if N' be either of the points where the hyperbola 
meets infinity, jVwiU be one of the points where the Brocard line cuts the 
circomcircle. 

131. The asymptotes of Kiepert's hyperbola are the Simson's lines of 
the points where the Broeatd line meets the circumcircle, (Brocard.) 

132. The trilinear equation of Neuberg's circle, page 120, is 
[iB sin C+ a-y sm ^ + 7« sin B) 

= sin^Ocosec(7+7cosec.5)[usin^ + esinS+7SinC). 
(Neuberg.) 

133. The trilinear equation of M'Cay's circle (o), page 553, is 
3(a^sin C+ Bysin ^ + 7»smS) 

= sin^(flcosec(7+7COsec^ + 2ac0t-^)(asiii^+^siQ.ff + 7sinC). 

134. If the base and the Brocard angle of a triangle be given, the locus 
of the centre of its Brocard circle is an ellipse. (Neuberg.) 

135. If a variable conic S, passing through two fixed points /, J, touch 
a tiled conic .5' at a fixed point ; prove that the locus of the point of in- 
tersection of a pair of common tangents to S, S' is a conic inscribed in the 
quadrilateral formed by the tangents from the points /, J io S'. 

136. If the axes and a tangent to a conic be given in position ; prove 
that the locus of the centre of the circle osculating it at lhe> point where it 
touches the tangent is a parabola. 

137. If the esttemilies of the base of a triangle be given in position, 
and also the symmedian passing through one of these extremities, the 
locos of the vertex is a circle. (Neuberg.) 

138. In the same case, the envelope of the symmedian passing through 
the vertex is a conic. 

139. The extremities B, C of 3l triangle are given in position, and the 
vertex moves on a given'conic, passing through the points B, C; prove, if 
BA, .^Cpass through coitesponding points C, B' of two similar figures, 
that the loci of the points C, B' are conies. (Neuberg.) 
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140. The base BC of a triangle is given in position, and the angle B 
in magnitude; prove, ilA'B'C be the triangle formed by Ibe tangents to 
the cireumcircle at A, B, C, that the following loci are conies :— i". Of 
the point C; 2°. of the symmedian point of ABC; 3°. of the point of 
intersection of ^5' and AC. (Ihid.) 

141. In the same case, prove that the envelopes of the lines B'C, AA\ 
and the join of the circumcentre and orthocentre are conies. {Ibid.) 

142. If from a point P perpendiculars be drawn to the sides of the tri 
angle ABC, and produced, such that 

the perpendicular 00 a meets a in ^1, h in ^2, c in ^3; 



then denoting by T,, Ti, Tj, the areas of the triangles A\.BiC\, AiBiCi, 
AiBiCs, the locus of points for which T'j = T^ is Kiepert's hyperbola ; and 
for every point in the plane the ratio of Ti : Tj + T3 is constant. {Ibid.) 
143, Prove that the equations of the three aies of perspective of the 
triangle ABC and Brocard's first triangle are — 
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to the Siith Bool of Euclid, the chapteta on lie ' Theory of Invereion ' and on the 
' Poles and Polara ' heing especially good. Its meUiod Eiillully combines the me- 
thods of old and modem Geometiy ; and a student, well acquainted with its sub- 
ject-matter, would be iairly equipped with the geomettiual knowledge he would 
require for the study of any branch of physical science." 

The "Practical Teacheb." 

" Professor Casey's aim has been to collect wiliiin reasonable compaaa all fhose 
propositions of Modem Geometry to which reference is often made, but which are 
as yet embodied nowhere. . . . We can unreaerredly give the highest praise 
to the matter of the boot. In most caaes the proofa are extraordinarily neat. 
, . . The Kolas to (he Sixth Book are the most satisfactory. Feuerbach'a 
Theorem {the nine-points circle touches inscribed and escribed circles) is favoured 
■with two or three proofs, all of which are elegant. Dr. Hart's estanaion of it ia 
extremely weU proved. ... We shall have given sufficient commendatiou t« 
the hook when we say, that the proofs of these (Malfatti's Prablem, and Miquel's 
Theorem), and equally complex problems, which we- used to shudder to attack, 
even by the powerful weapons of analysis, are easily and triumphantly accom- 
plished by Pure Geometry. 

"After showing what great results this book has accomplished in the mioimuio 
of space, it is almost superanona to eay more. Our author is almost alone in tha 
field, and for the present need scarcely fear rivals." 
The "Academy." 

" Dt. Casey is an accomplished geometer, and this little boot is worthy of his 
reputa^on. It is well adapted for use jn the higher forms of our schools. It is a 
good introduction to tha larger works of Cbasles, Salmon, and Townsend. It con- 
tains both a text and also^merous examples." 

" Journal of Education." 

" Dr. Casey's ' Sequel to Euclid ' will he found a most valuable work to any 
student who has thoroughly mastered Euclid, and imbibed a real taste for geo- 
metrical reasoning. . . . The higher methods of pure geometrical demonstra- 
tion, which form by far tie larger and more important portion, are admirable ; the 
prepositions are for the most part extremely well given, and will amply repay a 
careful perusal to advanced students." 

" Mathbsis," April, 1885. 

"A S«9Me^<<J.Ei«;s(;deM.J. Casey est undo ceslivresolassiquesdontlesuecSs 
n'est plus 4 faire. La premiere edition a paru en 1881, la seconde en 1882, la troi- 
dhme en 188*, et Ton pent predire sans crainte de ae tromper, qn'elle sera suivis de 
beaueoup d'autres. C'est un ouvrage analogue aus Theorimes et Problimet de Gia- 
m4trie de M. Catalan, et il a lea mimes qualit^s : il est dair, coneis, et ranferma 

beaucoup de matiSres, sous uo petit volume Le sixi6me Uvre de 

I'ouvrage de Casey est atissi etendu ^ lui seul que lea quatre premiers. D occupa 
lea pages 67 i 158, c'est-^dire la moitie du volume. C'est en reality une Intro- 
duction a la Geometric St^^rieme. Dans oette pertie de I'ouvrage, on rencontre 
ie% demonstrations d'une rare 6i6gsnoe dues k M. Casey lui-mdme. 

"LBliTreMtacmine_^ar des propositions et eiereices aupplSmentaires. Nous 
avona remarqu* avac plaisir que cet appendice est consacr6 aurlout k ces propri^t6s 
du triangle et de certains cercles spSciani trouvees par nos collaboraleurs MM. Bro- 
card et Lamoine, et par M. Tucker. Ces proprietes, d'ont I'etude est, continuee 
par divers geomttrea, ont ^te le point de depart d'uo devellopement inattendu de 
la g^om^tne du triangle. . . . 

"Nous recommandons vivement le livre de M, Casey aax professeurs et aux 
6lfevas de nos ccdlJgea. . . . 

" Les nombretrs corollaires que M. Casey ajoute ^ la plupart des th&>r&mes ne 
peuvent manquer d'eveiller I'esprit d'obserration chez ceux qui pratiqueront son 
livre ; les eiercicea qui en snivent chacune des grandes divisions permettront au 
lecteur da sa familiociaer aveo lea propositions et les thfories nouveUes qui y sont 
expot^ea." 
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